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Eq.(4.4) should read q = P R + P R .y y z z
lines 19 and 20 replace by Vj.
line 23 replace (H) by (M) .
line 2 omit subscript B on (C^ .
line 15 m = (m ,m ) should read m = (m ,m ) . y z ~ y z
line 10 omit subscript A from
line 8 replace ^  by^ 1 ^  .
line 13 replace n by n .
line 15 replace ,1 by I
Eq.(10.7) should read AY = R P(I +  I.)' D ~~
Eq.(11.7) replace I by IB ~B «
Eq.(13.1) replace V.V by V.V
Eq.(19.1) replace s, T by z,Tb z b z
line 10 the signs of G and G should both beya za
lines 7 and 9 replace G^ by AG^
Eq.(24.12) replace G . ^  by g u ' l u <jjtVTai J 6pVTai > H t
Eqs.(25.4) subscript y to be omitted from g
y
Eqs.(25.5) in equation for V. , S and Ö shouldJ y v
read 5 . and 5 .yj vj
line 11 the first Q should be Q
Eq.(26.4) should be
line 18 Y and V should be Y and V
P. 80 Eqs.(27.2) the equation for is
P] = -c[A^_1 + nß.V - cY.(V+Vb)] .
P. 91 table 30/1 the last term in the equation for
t . is s . p.. ql ql ri|r1
P. 93 table 31/1 line 6 the second equation is £ ^ s^g
P. 96 table 32/1 in the equation for t Q , replace S by RTo B B
P.111 Eqs.(40.4) each G should be G
Eqs.(40.6,7) in these three equations replace I by ,Ig
P.267 line 1 replace "surface" by "transfer".
P.272 Eq.(89.2) ,2 2 § (<x -pt) should read (cr -»pt)
P.327 line 12 replace N , by N, yl ~1
line 19 replace Sp(5) by Sb(5)
P.162 Table 59/2 in the second equation, replace Tß  ^ by S
(i) The work in this thesis has been generalised to arbitrary 
plane symmetric surfaces and a paper reporting this has been 
submitted for publication.
(ii) A computer listing of an improved version of the programme 
of Appendix F is available on request from
Dr P.J. Sands,
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Faculty of Science,
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I .  INTRODUCTION
(a)  The s tudy  o f  th e  a b e r r a t i o n s  o f  an o p t i c a l  system  i s ,  in
e f f e c t ,  th e  s tudy  o f  th e  behav iou r  o f  some s u i t a b l y  d e f in e d  f u n c t io n s  
r e p r e s e n t in g  th e  e x te n t  to  which r a y s ,  a f t e r  t r a v e r s i n g  th e  system , 
f a i l  to  pass  th rough  a s s ig n e d  p o in t s  in  th e  image space . In  p a r t i c u l a r  
th e  T ay lor  s e r i e s  o f  th e s e  fu n c t io n s  may be s tu d ie d ,  th e  c o e f f i c i e n t s  
o f  w hich, th e  s o - c a l l e d  a b e r r a t i o n  c o e f f i c i e n t s , a r e  somehow to  be 
c a l c u l a t e d  from th e  system p aram ete rs  ( i . e . ,  th e  pa ram ete rs  s p e c i f y in g  
th e  c o n s t i t u t i o n  o f  th e  sy s tem ).  The r a d iu s  o f  convergence o f  th e s e  
s e r i e s  i s ,  in  g e n e r a l ,  unknown and v a r i e s  from system  to  system . The 
a b e r r a t i o n  c o e f f i c i e n t s  have sometimes been de term ined  ap p ro x im a te ly  
by t r a c i n g  a s e t  of s e l e c te d  ra y s  and f i t t i n g  polynom ials  of a p r e - a s s ig n e d  
o rd e r  to  th e  r e s u l t s  of th e s e  t r a c e s . ^  The p o in t  o f  view adop ted  h e re  
i s  t h a t  th e  a b e r r a t i o n  c o e f f i c i e n t s  them selves  s h a l l  be e x a c t . To 
d e te rm in e  th e s e  c o e f f i c i e n t s  i t  i s  o f  co u rse  n e c e s s a ry  to  have a lg e b r a i c  
fo rm ulae  e x p re s s in g  them e i t h e r  d i r e c t l y  or i n d i r e c t l y  in  term s o f  th e  
system  p a ra m e te rs .  I t  i s  th e  d e te rm in a t io n  o f  th e s e  fo rm ulae  w i th  which 
t h i s  t h e s i s  i s ,  in  p a r t ,  conce rned .
Very l i t t l e  work has  been done in  t h i s  r e s p e c t  fo r  system s
o th e r  th an  symmetric sy s te m s , t h a t  i s ,  systems which a r e  b o th  a x i a l l y
symmetric and a r e  i n v a r i a n t  under r e f l e c t i o n  in  any p la n e  c o n ta in in g  the
a x i s  o f  symmetry, or o p t i c a l  a x i s , o f  th e  system . However, t h e  work o f  
2 2Smith and Wynne may be c o n s u l te d .  For symmetric system s a r b i t r a r y  
ra y s  have been t r a d i t i o n a l l y  r e f e r r e d  to  th e  ra y  which l i e s  a lo n g  th e
See, fo r  example, H erzberger (1958) p .385 .
Smith (1928a,b) and Wynne (1954).  See a l s o  §b on p .3 .
2o p t i c a l  a x i s ,  i n  which case  th e  subsequen t u s e fu ln e s s  o f  th e  s e r i e s
r e p r e s e n t i n g  th e  a b e r r a t i o n  fu n c t io n s  i s  r e s t r i c t e d  to  a c e r t a i n  n e ig h b o u r-
3
hood of th e  a x i s .  The a x i a l  th e o ry  o f  Buchdahl i s  an example o f  a
th e o ry  by means o f  which th e  exac t a b e r r a t i o n  c o e f f i c i e n t s  up to  th e
sev en th  and h ig h e r  o rd e r s  may, in  p r a c t i c e ,  be c a l c u l a t e d  fo r  symmetric
system s. I t  i s  a m a t te r  of e x p e r ie n c e  t h a t  when a n g le s  o f  in c id e n c e  o r
r e f r a c t i o n  become s u f f i c i e n t l y  l a r g e  no r e l i a n c e  can be p la ced  on th e
a b e r r a t i o n s  p r e d i c t e d  u s in g  th e  T ay lo r  s e r i e s  f o r  a b e r r a t i o n  f u n c t io n s
4
in  th e  neighbourhood  of th e  o p t i c a l  a x i s .  Depending v e ry  much on th e  
c l a s s  o f  system , t h i s  o ccu rs  a t  r e l a t i v e l y  low a p e r t u r e s  and f i e l d  a n g le s .  
The problem as  to  how th e  r e l i a b i l i t y  o f  th e  p r e d i c t i o n s  may be p r e -
4
de te rm ined  r e c e iv e s  l i t t l e  a t t e n t i o n  in  th e  l i t e r a t u r e  a l th o u g h  Ford 
i n v e s t i g a t e d  t h i s  i n  r e l a t i o n  to  th e  u s e f u ln e s s  o f  a b e r r a t i o n  c o e f f i c i e n t s .
I t  i s  c l e a r  t h a t  i t  i s  im p o ss ib le  to  p r e d i c t  th e  a b e r r a t i o n s  
o f  ra y s  in  th e  o u te r  r e g io n s  o f  th e  f i e l d  o f  system s of  even q u i t e  
m odera te  maximum f i e l d  an g le  i f  a r b i t r a r y  ra y s  a r e  always r e f e r r e d  to  
th e  o p t i c a l  a x i s .  T h is  may be overcome by in t ro d u c in g  th e  concep t of 
t h e  b a s e - r a y : th e  b a s e - r a y  i s  d e f in e d  to  be a ra y  which has been
a c c u r a t e l y  t r a c e d  th rough  th e  system  and to  which a r b i t r a r y  r a y s  may be 
r e f e r r e d  in  a s u i t a b l e  manner. The b a s e - r a y  may, i n  p r i n c i p l e ,  be chosen  
a r b i t r a r i l y .  G ran ted  t h a t  th e  a b e r r a t i o n  fu n c t io n s  can be expanded about 
th e  b a s e - r a y  ( i . e . , in  term s o f  th e  v a r i a b l e s  s p e c i f y in g  a r b i t r a r y  r a y s
H. A. Buchdahl: " O p t ic a l  A b e r r a t io n  C o e f f i c i e n t s " .  O.U.P. 1954.
T h is  monograph w i l l  h e r e a f t e r  be r e f e r r e d  to  by th e  l e t t e r  M. 
E qua tions  in  M w i l l  be r e f e r e n c e d  by p la c in g ,  in  p a r e n t h e s i s ,  th e  
l e t t e r  M fo llow ed  by th e  e q u a t io n  number as i t  appea rs  in  M.
See Ford (1962); Buchdahl (1959) §3, (I960) §7.
3 .
w ith  r e s p e c t  to  th e  b a s e - r a y )  th e  r e s u l t i n g  a b e r r a t i o n  c o e f f i c i e n t s  can 
be used  to  p r e d i c t  th e  a b e r r a t i o n s  of r a y s  which l i e  in  a ne ighbourhood 
o f  th e  b a s e - r a y .  In  t h i s  manner r e g io n s  o f  th e  f i e l d  away from th e  a x i s  
o f  the  system  can be s a t i s f a c t o r i l y  co v ered .  N a tu r a l ly  th e  new s e r i e s  
f o r  th e  a b e r r a t i o n  functions  w i l l  g ive  r e l i a b l e  p r e d i c t i o n s  o n ly  w i th i n  
a c e r t a i n  neighbourhood o f  th e  b a s e - r a y .  I t  i s  expec ted  t h a t  a s tu d y  
o f  th e  re a so n s  fo r  th e  breakdown o f  th e  new s e r i e s  w i l l  g iv e  a d d i t i o n a l  
in fo rm a t io n  r e l a t i n g  to  th e  analogous problem  in  th e  neighbourhood of 
t h e  a x i s ,  and may even make i t  p o s s ib le  to  g ive  more d e f i n i t e  r u l e s  o f  
thumb r e l a t i n g  to  th e  convergence of th e  s e r i e s  f o r  th e  a b e r r a t i o n  fu n c t io n s .
(b) A th e o ry  whereby th e  ex ac t  a b e r r a t i o n  c o e f f i c i e n t s  d e f in e d
w i th  r e s p e c t  to  an a r b i t r a r y  b a s e - r a y  may be c a l c u l a t e d  w i l l  be c a l l e d
a b a s a l  th e o r y ; in  p a r t i c u l a r ,  th e  th e o ry  p re s e n te d  in  t h i s  t h e s i s  w i l l
be c a l l e d  th e  b a s a l  th e o r y . I t  i s  a p p o s i t e  to  m ention  h e re  th e  work o f
2
Sm ith , Wynne and W e in s te in .  Smith has i n v e s t i g a t e d  f i r s t  o rd e r  imagery 
f o r  a g e n e ra l  asymmetric system  u s in g  th e  an g le  c h a r a c t e r i s t i c  f o r  a 
s i n g l e  s u r f a c e  as h i s  s t a r t i n g  p o in t .  He d e r iv e s  th e  laws fo r  combining 
th e  second o rd e r  p a r t s  o f  th e  c h a r a c t e r i s t i c  fu n c t io n s  o f  two system s 
and thus  c o n s t r u c t s  th e  c h a r a c t e r i s t i c  f u n c t io n  of th e  com plete  system , 
c o r r e c t  to  th e  second o rd e r  ( i . e . ,  f i r s t  o rd e r  as  r e g a rd s  d i s p la c e m e n t) .
I n  p a r t i c u l a r  he i l l u s t r a t e s  h i s  r e s u l t s  by a d i s c u s s io n  of s p e c t a c l e  
l e n s e s  and th e  human eye. As a c o n t in u a t i o n  o f  h i s  e a r l i e r  work, Smith"* 
c o n s id e r s  f i r s t  o rd e r  ( p a r a b a s a l )  imagery in  th e  neighbourhood o f  a skew 
ra y  t r a v e r s i n g  an asym m etr ica l system . Again u s in g  th e  a n g le  c h a r a c t e r ” 
i s t i c  o f  a s in g l e  r e f r a c t i n g  s u r f a c e ,  he  d e r iv e s  th e  fo rm ulae  r e p r e s e n t i n g
5 Smith (1930).
4th e  c o o rd in a te s  s p e c i fy in g  th e  r a y  a f t e r  r e f r a c t i o n  in  term s o f  th o s e  
b e fo re  r e f r a c t i o n  a t  a s in g l e  s u r f a c e .  With s u i t a b l e  fo rm ulae  fo r  
t r a n s f e r r i n g  from one s u r f a c e  to  th e  n e x t ,  ray s  may be t r a c e d  th ro u g h  
the  system  in  much th e  same way as p a r a b a s a l  ra y s  may be t r a c e d  u s in g  
e q u a t io n s  (1 3 .9 ,1 0 )  o f  t h i s  t h e s i s .  The c o o rd in a te s  o f  th e  r a y  in  th e  
image space may be ex p ressed  l i n e a r l y  in  terms o f  th o se  in  th e  o b je c t
space  u s in g  s i x t e e n  c o e f f i c i e n t s ,  o f  i^hich te n  on ly  a r e  in d e p en d en t.
2
Wynne has d e r iv e d  from th e  wave f r o n t  a b e r r a t i o n s  th e  t h i r d  o rd e r  ra y  
a b e r r a t i o n s  and p rim ary  ch rom atic  ra y  a b e r r a t i o n s  o f  an anam orphotic  
system  o f  c y l i n d r i c a l  l e n s e s .  I t  i s  to  be no ted  t h a t  th e  a b e r r a t i o n s  
o f  even o rd e r  v a n i s h  i d e n t i c a l l y  fo r  such sys tem s. W e in s te in  has  
d e r iv e d  e x p re s s io n s  fo r  th e  wave a b e r r a t i o n  o f  a p e n c i l  o f  r a y s  about 
a p r i n c i p a l  r a y  up to  th e  f o u r th  o rd e r  in  th e  a p e r tu r e  ( i . e . ,  th e  t h i r d  
o rd e r  f o r  ra y  i n t e r s e c t i o n  a b e r r a t i o n s ) .  His b a s e - r a y  (a  p r i n c i p a l  ra y )  
i s  a c c u r a t e l y  t r a c e d ,  and m e r id io n a l  and s a g i t t a l  fans  in  th e  f i r s t  
o rd e r  neighbourhood of th e  p r i n c i p a l  r a y  a r e  " t r a c e d "  to  d e te rm in e  the  
d a ta  r e q u i r e d  to  compute th e  a b e r r a t i o n  c o e f f i c i e n t s .  The th e o ry  
p re s e n te d  in  t h i s  t h e s i s  goes beyond t h i s  s in c e  p e n c i l s  in c l in e d  to  th e  
b a s e - r a y  a r e  a l s o  covered . The s y s te m a t ic  development o f  th e  th e o ry  
makes i t  p o s s i b l e  to  c a l c u l a t e  c o e f f i c i e n t s  o f  o rd e r  exceed ing  th e  t h i r d .
Although i t  i s  a n t i c i p a t e d  t h a t ,  as i t  s t a n d s ,  th e  b a s a l  th e o ry  
p r e s e n te d  in  t h i s  t h e s i s  w i l l  be a p p l ie d  p r i n c i p a l l y  to  an i n v e s t i g a t i o n  
of th e  perfo rm ance o f  wide a n g le  symmetric system s in  th e  o u te r  r e g io n s  
of th e  f i e l d ,  th e  th e o ry  i s  c o n s id e r a b ly  more g e n e ra l .  For i n s t a n c e ,  
th e  a b e r r a t i o n  fu n c t io n s  a r i s e  e s s e n t i a l l y  from r e f r a c t i o n s  a t  each
6 W ein s te in  (1949 , 1950)
ss u r f a c e  and t r a n s f e r  from one s u r f a c e  to  th e  n e x t .  In  c o n s id e r in g  bo th  
t h e  r e f r a c t i o n  and th e  t r a n s f e r ,  th e  e x p l i c i t  assum ption  t h a t  th e  system  
i s  symmetric i s  n o t  n e c e s s a ry .  The symmetric n a tu re  o f  th e  system  i s  
h id d e n ,  so to  speak , in  th e  t r a c e  o f  th e  b a s e - ra y  and is  q u i t e  i r r e l e v a n t  
to  th e  development o f  th e  th e o ry .  C onsequen tly ,  i f  th e  s u r f a c e s  a r e  
assumed to  be s p h e r i c a l ,  th e  th e o ry  w i l l  app ly  to  systems of s p h e r i c a l  
s u r f a c e s  s u f f e r i n g  from a r b i t r a r i l y  l a rg e  d e c e n t r in g s  i n  a g iven  p la n e .
Such a system  is  s c a r c e ly  o f  more th a n  academic i n t e r e s t ,  and of more 
p r a c t i c a l  i n t e r e s t  i s  a g e n e ra l  system  o f  s u r f a c e s  which a r e  n o t  n e c e s ­
s a r i l y  r o t a t i o n a l l y  sym m etric. A lthough th e  b a s a l  th e o ry  developed  h e r e  
assumes th e  s u r f a c e s  to  be s p h e r i c a l ,  th e  g e n e ra l  p r i n c i p l e s  h o ld  fo r  
a s p h e r ic  s u r f a c e s  and th e  g e n e r a l i z a t i o n  of th e  th e o ry  to  such systems 
i s  in d i c a te d  in  Appendix D. In  p a r t i c u l a r ,  th e  f i r s t  o rd e r  c o e f f i c i e n t s  
o f  such a system  a r e  o b ta in e d .  G ranted  t h i s  g e n e r a l i z a t i o n ,  th e  th e o ry  
cou ld  be a p p l ie d  to  th e  o u te r  r e g io n s  o f  th e  f i e l d  of a wide a n g le  symmetric 
system  in c o rp o r a t in g  a s p h e r i c a l  s u r f a c e s  so as  to  ex tend  th e  r e g io n  of th e  
f i e l d  in  which r e l i a b l e  p r e d i c t i o n s  of th e  a b e r r a t i o n s  o f  f i n i t e  p e n c i l s  
o f  ra y s  can be made,,
In  o rd e r  to  g a in  i n s i g h t  in to  th e  most g e n e ra l  c a s e ,  o n ly  a 
p lan e  symmetric system  w ith  a b a s e - r a y  ly in g  in  the  p la n e  o f  symmetry 
i s  c o n s id e re d .  A p lane  o f  symmetry o f  any system  i s  c a l l e d  a m e r id io n a l  
p la n e . The th e o ry  i s  thus  a b a s a l  th e o ry  w ith  a m e r id io n a l  b a s e - r a y .
The b a s e - r a y  cou ld  be any ra y  in  th e  m e r id io n a l  p lane  o f  an a r b i t r a r y  
p lane  symmetric system  or a r a y  in  a m e r id io n a l  p lane  o f  a symmetric 
system . I t  i s  f u r t h e r  assumed t h a t  th e  s u r f a c e s  a r e  s p h e r i c a l .  A lthough 
a system of s p h e r i c a l  s u r f a c e s  w i th  t h e i r  c e n t r e s  r e s t r i c t e d  to  a p la n e  
b u t  s u f f e r i n g  from la rg e  d e c e n t r in g s  i s ,  as  has  a l re a d y  been rem arked , 
l a r g e ly  academ ic, th e  th e o ry  i s  developed  as i f  the  system  were no t
6 .
( a x i a l l y )  sym m etric . The a r t i f i c i a l i t y  of th e  r e s u l t i n g  system  i s  
i r r e l e v a n t  in  view o f  th e  f a c t  t h a t  i t  i s  on ly  a m a t te r  o f  d e t a i l  and 
no t o f  p r i n c i p l e  to  g e n e r a l i z e  to  a r b i t r a r y  s u r f a c e s .
Weakly d e c e n tre d  system s have r e c e iv e d  c o n s id e r a b le  a t t e n t i o n  
in  th e  l i t e r a t u r e .  For example, to  m ention  b u t  a few, Conrady, M ardchal, 
S tephan  and K iu t i^  ex p re ss  th e  a b e r r a t i o n  due to  d e c e n t r in g  as  s e r i e s
in  t h e  d e c e n t r in g  p a ra m e te rs .  For weak d e c e n t r in g  th e  second and h ig h e r
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powers o f  t h e s e  p a ram ete rs  may be n e g le c te d .  E p s te in  c o n s id e r s  th e  
a b e r r a t i o n  due to  d e c e n t r in g  by t r a c i n g  ra y s  th rough  th e  c e n t r e d  p o r t i o n s  
o f  a system , th e  d e c e n t r in g  e f f e c t s  a r i s i n g  from t r a n s f e r  from one c e n t r e d  
p o r t i o n  to  th e  n e x t .
(c )  The s ig n  co n v en tio n s  employed th ro u g h o u t t h i s  t h e s i s  a r e  th o s e
o f  c o o r d in a te  geometry and no t th e  t r a d i t i o n a l  co n v en tio n s  o f  o p t i c s .
In  r e f e r e n c e s  to  th e  a x i a l  th e o ry  i t  i s  assumed t h a t  th e s e  c o n v en tio n s  
a r e  i n  f a c t  used in  M. Thus, in  th e  n o ta t i o n  o f  M, the  d i r e c t i o n  c o s in e s  
o f  a r a y  a r e  (<x,ß,7 ) and e has  th e  components a , ß  and 7 ( c f .  M§2). V and 
W, th e  c o r re s p o n d in g  d i r e c t i o n  t a n g e n t s ,  a r e  ß / a  , 7/ a .  F u r th e r  th e  
c o o rd in a te s  o f  th e  o b je c t  p o in t  0 a r e  now ( i ^ ,  H ^ ,  H ^ )  ( c f .  M§1). In  
o rd e r  to  c o n v e r t  th e  eq u a t io n s  o f  M to  th e s e  s ig n  conven tions  i t  i s  
s u f f i c i e n t  to  n o te  t h a t  th e  changes a r i s e  on ly  from th e  changes in  th e  
s ig n s  o f  X and H. A l l  o th e r  changes can , w ith  a l i t t l e  c a r e ,  be deduced 
from th e s e .  In  a d d i t i o n  a n t i - c lo c k w i s e  t u r n in g  i s  reckoned p o s i t i v e  in
7 Conrady (1919),  Mar6c h a l  (1949) ,  E p s te in  (1949),  S tephan (1950),  
K iu t i  (1951).
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the measurement of angles, and the angles of incidence and refraction 
are measured from the normal to the surface (at the point of incidence) 
to the ray.
Rays are specified with respect to the base-ray by their 
canonical variables Y = (Y,Z), V = (V,W) such that the first pair define 
a point on the ray and the last pair give the direction of the ray (§5). 
X and X are, of course, quasi-linear (§25 and M§9b). In addition, rays 
are specified in the object space by their paracanonical coordinates 
.S and T, that is, some combination of the canonical variables at the 
first surface, in particular by their SPC (see §6 and M§12,13). For 
the base-ray all four of Y, V, .S and T are zero. In order to take the 
maximum advantage of any simplifications inherent in the plane symmetry 
of the system, the variables and coordinates are chosen so that under 
a reflection in the plane of symmetry, Y, V, and remain unchanged 
whereas Z, W, and change in sign.
The aberration of a ray may be defined in several ways (§7b).
Imagery is not ideal in the first order (parabasal) neighbourhood of the
base-ray and thus the definition of the aberration which one naturally
employs in the axial theory requires modification. Two possible choices
are as follows: first, having assigned some suitable image plane (H),
the "ideal image" may be defined to be the point in (H) specified by
ii ' = (m 'H ., m 1H .) and the aberration defined to be e ' = H, 1-h, '. k yk yl zk zl ~k "°k k
(Note, the magnifications m ' and m^' may be distinct.) Alternatively - 
and this is especially useful for extreme wide angle systems - define 
= H^'-Hp^ where is the image height in (H) of the principal
8 Although refraction only is explicitly referred to, reflection can 
be treated by the usual artifice of setting N' equal to -N.
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ray from the object. (A principal ray is any ray through the centre 
of the diaphragm. See §62.) It is simplest to regard H ' as the
iC
fundamental quantity rather than e. ' and to determine the coefficientsK.
of the Taylor series for in terms of ,S and T - that is, the
coefficients in the paracanonical expansion (§24a) of H. 1 - to which---------------------
those of je 1 are simply related, irrespective of the definition of *.K K
The theory is of course based on the laws of refraction from 
which the behaviour of the canonical variables under refraction may be 
derived (§10). The simplicity of the resulting equations naturally 
depends on the choice of canonical variables and has a strong bearing on 
the relative simplicity of the algebra of the theory but not on the general 
principles involved. As a first approximation to the behaviour of the 
rays traversing the system the dominant terms of the exact equations are 
considered. These give rise to parabasal optics (Chapter III), the 
analogue of paraxial optics. In the literature the parabasal region is 
usually defined to be the neighbourhood of the base-ray such that second 
and higher powers of the canonical variables may be neglected. However, 
unless considerable caution is exercised in the application of this 
definition, inconsistent results are obtained (§18). Essentially, the 
second and higher order terms must not be neglected as soon as they 
appear; rather, the exact equations describing the required result 
must be obtained to a higher order before any approximations are made.
As examples of correct results obtained in this manner are (i) the 
sagittal focal line is not in general normal to the base-ray, and will 
be so if and only if a certain second order coefficient vanishes (§21), 
and (ii) a straight line in the meridional plane and normal to the 
base-ray is imaged by meridional rays into a straight line which is again
9.
not necessarily normal to the base-ray (§20). It is usually stated 
that both these lines are normal to the base-ray.
Two invariants £ may be defined for arbitrary pairs of parabasal 
rays (§16). However, if one of these rays is not parabasal, j», now 
denoted by G, is in fact not an invariant. Since G reduces to an invariant 
in the parabasal region, it is said to be a quasi-invariant. If .Q happens 
to be an invariant in the case of a particular system, then parabasal 
optics accurately describes the imagery of the system. However, given 
the parabasal equations and the quasi-invariant £ it is possible to obtain 
the exact equations describing the passage of rays through the system (i.e., 
the exact equations for Y and V) simply by replacing .S and T wherever they 
occur by ,S + and JT + where ^
of the surface or refraction increments AG to G (§25). The essential 
problem is thus the determination of G. Moreover, the augmented image 
height (§22 and §7) can be expressed as the sum over surfaces of the 
refraction increments AG and an out-of-focus term which is almost 
invariably small (§23,24). H may therefore be expressed as a sum of 
contributions by the individual surfaces. In particular the paracanonical 
coefficients of H (the coefficients of its Taylor series in terms of 
and T) are expressed as a sum of surface contributions. This feature is 
highly desirable since it is just a knowledge of the contributions from 
the individual surface to the final aberration which makes the axial 
theory so useful.
The surface increments to the quasi-invariants are expressible 
in terms of the canonical variables before refraction at the surface in
and ^  are expressed simply in terms
9 Synge (1937) §9; Luneburg (1964) §35; Born and Wolf (1964) §46.
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q u e s t i o n  t h r o u g h  two a u x i l i a r y  q u a n t i t i e s  R and X (§ 2 6 ) .  The e x p a n s i o n  
o f  AG p r o c e e d s  i n  t h r e e  s t a g e s .  F i r s t ,  t h e  s u r f a c e  e x p a n s i o n s  ( i . e . ,  t h e  
e x p a n s i o n  i n  t e rm s  o f  t h e  c a n o n i c a l  v a r i a b l e s  b e f o r e  r e f r a c t i o n  a t  a 
s u r f a c e )  o f  v a r i o u s  q u a n t i t i e s ,  i n  t h i s  c a s e  R and P(= RX), a r e  formed 
( § 3 0 - 3 4 ) .  T h i s  e s s e n t i a l l y  i n v o l v e s  s o l v i n g  q u a d r a t i c  e q u a t i o n s  f o r  R 
and X as  s e r i e s  i n  Y and V. Second,  a s  a p u r e l y  f o rm a l  s t e p  b ^  and 5^ 
a r e  ( a t  t h e  s u r f a c e  i n  q u e s t i o n )  i n i t i a l l y  t a k e n  as  z e r o .  T h i s  makes 
Y and V l i n e a r  f u n c t i o n s  o f  .S and .T, and t h e  s u r f a c e  e x p a n s i o n s  o f  b o t h  
R and P a r e  t r a n s f o r m e d  i n t o  e x p a n s i o n s  i n  t e rm s  o f  ,S and T by s u b s t i t u t i n g  
t h e s e  l i n e a r  f u n c t i o n s  i n  p l a c e  o f  Y and V (§ 3 6 ) .  The r e s u l t i n g  e x p a n s i o n  
i s  i n  g e n e r a l  n o t  e x a c t  and i s  t e rm ed  t h e  p s e u d o - e x p a n s i o n . F i n a l l y ,  t o  
o b t a i n  t h e  e x a c t ,  or  p a r a c a n o n i c a l , e x p a n s i o n  o f  R and P i t  i s  s u f f i c i e n t  
t o  r e p l a c e  ,S and T i n  t h e  p s e u d o - e x p a n s i o n  by ,S + and T + r e s p e c t i v e l y  
( § 3 7 ) .  The i n c r e m e n t s  b ^  and <5^  a r e  d e p e n d e n t  upon t h e  AG a t  p r e c e d i n g  
s u r f a c e s .  Thus t h e  p a r a c a n o n i c a l  c o e f f i c i e n t s  f o r  R and P a r e  a l s o  d e p e n d e n t  
upon t h e  g - c o e f f i c i e n t s  ( t h e  p a r a c a n o n i c a l  c o e f f i c i e n t s  of  AG) a t  t h e  
p r e c e d i n g  s u r f a c e s .  These  g - c o e f f i c i e n t s  a r e  a l s o  n e c e s s a r y  i n  o r d e r  t o  
e x p r e s s  t h e  ^ - c o e f f i c i e n t s  a t  t h e  s u r f a c e  unde r  c o n s i d e r a t i o n  i n  t e rm s  
o f  t h e  r -  and p - c o e f f i c i e n t s .  I t  i s  e v i d e n t  t h e r e f o r e  t h a t  i n  o r d e r  t o  
d e t e r m i n e  t h e  g - c o e f f i c i e n t s  a t  t h e  j t h  s u r f a c e  i t  i s  n e c e s s a r y  t o  know 
t h e  c o r r e s p o n d i n g  c o e f f i c i e n t s  a t  t h e  p r e c e d i n g  j - 1  s u r f a c e s .  However , 
a t  t h e  f i r s t  s u r f a c e  t h e  g - c o e f f i c i e n t s  a r e  t r i v i a l l y  z e r o .  Hence t h e  
p r o c e s s  h a s  a s t a r t i n g  p o i n t  and t h e  g - c o e f f i c i e n t s  may be d e t e r m i n e d  i n  
an i t e r a t i v e  f a s h i o n  by p r o c e e d i n g  from s u r f a c e  t o  s u r f a c e  t h r o u g h  t h e  
s y s te m  ( s e e  a l s o  § 2 8 ,3 5 ) .  M oreover ,  t h e  g - c o e f f i c i e n t s  up t o  t h e  ( n - l ) t h  
o r d e r  a t  t h e  f i r s t  j - 1  s u r f a c e s  a r e  r e q u i r e d  i n  o r d e r  to  compute t h e  n t h  
o r d e r  ^ - c o e f f i c i e n t s  a t  t h e  _j th s u r f a c e .  Hence t h e  l a t t e r  c o u ld  i n  f a c t  
be o b t a i n e d  i t e r a t i v e l y  by p r o c e e d i n g  o r d e r  by o r d e r ,  t h e  f i r s t  o r d e r  
g - c o e f f i c i e n t s  b e in g  z e r o  s i n c e  G i s  a q u a s i - i n v a r i a n t .
Because  o f  t h e  symmetry o f  t h e  sy s te m ,  H , 1 and H , ' a r e
yk zk
r e s p e c t i v e l y  even and odd i n  t h e  p a i r  o f  v a r i a b l e s  S and T . I t  f o l l o w s
t h a t  a t y p i c a l  t e rm  i n  t h e  e x p a n s i o n  o f  e i t h e r  i s  o f  t h e  form 
n-p. U.-V V—T T
c o e f f  X Ty , w he re ,  i n  v iew  of  t h e  symmetry p r o p e r t i e s
o f  Ü  1 , V i s  even  i n  H , 1 and odd i n  H , 1, The o r d e r  o f  t h e  t e r m  i syk zk ---------
t h e  v a l u e  o f  n. I t  i s  e v i d e n t  t h a t  t h e r e  a r e  two f i r s t  o r d e r ,  s i x  second
o r d e r  and t e n  t h i r d  o r d e r  t e rm s  i n  H ' and two f i r s t  o r d e r ,  f o u r  s econdyk
o r d e r  and t e n  t h i r d  o r d e r  t e rm s  i n  H 1 ( § 2 4 a ) .  I n  g e n e r a l  t h e r e  w i l l
Z K
be  a s i m i l a r  number o f  t e rm s  i n  t h e  a b e r r a t i o n  f u n c t i o n s .  Th is  number i s  
t o  be compared w i t h  t h e  two f i r s t  o r d e r  and t h e  s i x  t h i r d  o r d e r  t e rm s  o f  
t h e  image h e i g h t  i n  t h e  a x i a l  t h e o r y .  The g r e a t  v a r i e t y  o f  c o e f f i c i e n t s  
can  be c o n v e n i e n t l y  c l a s s i f i e d  by g e n e r a l i z i n g  t h e  c l a s s i f i c a t i o n s  o f  
S tew ard  and B u c h d a h l ^  t o  c o v e r  t e r m s  o f  a l l  o r d e r s  ( § 4 9 ) .  The t e rm s  
" p r i m a r y " ,  " s e c o n d a r y "  and " t e r t i a r y "  a r e  u sed  i n  t h e  c o n t e x t  o f  t h e  
a x i a l  t h e o r y  o n l y ,  and as  u s u a l  a r e  synonomous w i t h  t h e  t h i r d ,  f i f t h  
and s e v e n t h  o r d e r s  r e s p e c t i v e l y .
J u s t  a s  i n  t h e  a x i a l  t h e o r y ,  c e r t a i n  i d e n t i t i e s  e x i s t  be tw een  
t h e  a b e r r a t i o n  c o e f f i c i e n t s ,  more e x p l i c i t l y  be tw een  t h e  G - c o e f f i c i e n t s .  
F i r s t ,  t h e  e x t r e m a l  i d e n t i t i e s , a r e  o b t a i n e d  a lo n g  t h e  l i n e s  o f  B u c h d a h l ^  
from t h e  e x i s t e n c e  o f  an e x t r e m a l  c o n d i t i o n  ( F e r m a t ' s  p r i n c i p l e ) ,  
a s s o c i a t e d  w i t h  t h e  p o i n t  c h a r a c t e r i s t i c ,  say  (C h a p te r  V I I ) .  Second,  
i f  t h e  sy s te m  i s  i n  f a c t  r o t a t i o n a l l y  symm etr ic  a d d i t i o n a l  i d e n t i t i e s  
must  e x i s t  s i n c e  t h e  i m p o s i t i o n  o f  r o t a t i o n a l  symmetry r e d u c e s  t h e  
number o f  d e g r e e s  o f  f reedom o f  t h e  sys tem  and t h i s  i s  n a t u r a l l y  r e f l e c t e d
^  S teward  (1958)  §16; Buchdahl  (1958)  §7. 
11 Buchdahl  (1965) §9.
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i n  t h e  number o f  i n d e p e n d e n t  c o e f f i c i e n t s  a s s o c i a t e d  w i t h  im age ry  o f  any
o r d e r .  I n  t h i s  c a s e  t h e  a d d i t i o n a l  i d e n t i t i e s ,  t h e  r o t a t i o n  i d e n t i t i e s
( § 5 7 - 5 9 ) ,  a r e  o b t a i n e d  from a g e n e r a l i z a t i o n  o f  t h e  i n v a r i a n t  E * of
x
t h e  a x i a l  t h e o r y  (M§4b) and t a k e  a q u i t e  r e m a r k a b l e  form (T a b le  5 9 / 2 ) .
I f  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  a symmetr ic  s y s te m  i s  d e t e r m i n e d  w i t h  
r e s p e c t  t o  an a r b i t r a r y  b a s e - r a y ,  i t  w i l l  be f o r m a l l y  i n d i s t i n g u i s h a b l e  
f rom t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  an  a s y m m e t r i c a l  sys tem .  However ,  i n  
v i e w  o f  t h e  r o t a t i o n a l  symmetry,  c e r t a i n  i d e n t i t i e s  be tw een  t h e  c o e f f i c i e n t s  
o f  t h e  c h a r a c t e r i s t i c  f u n c t i o n  must  be s a t i s f i e d .  These  i d e n t i t i e s  a r e  
e x a c t l y  e q u i v a l e n t  t o  t h e  r o t a t i o n  i d e n t i t i e s  and can  be d e t e r m i n e d  from 
a d i f f e r e n t i a l  e q u a t i o n  which  t h e  c h a r a c t e r i s t i c  f u n c t i o n  (qua  f u n c t i o n  
o f  t h e  b a s a l  c o o r d i n a t e s )  must  s a t i s f y  when i t  i s  t h a t  o f  a symm etr ic  
s y s t e m  ( s e e  §57c ) .
12(d )  I t  i s  o f t e n  s t a t e d  i n  t h e  l i t e r a t u r e  t h a t  i t  i s  i m p o s s i b l e
t o  p r e d e t e r m i n e  t h e  e n t r a n c e  p u p i l  f o r  p e n c i l s  o f  r a y s  t r a v e r s i n g  a 
sym m etr ic  s y s te m  w i t h o u t  t r a c i n g  a l a r g e  number o f  r a y s  t h r o u g h  t h e  sys tem 
and  e xam in ing  ea ch  f o r  v i g n e t t i n g .  However,  t h i s  i s  n o t  t h e  c a s e  ( ev e n  
f o r  p l a n e  symm etr ic  s y s t e m s )  once  t h e  G - c o e f f i c i e n t s  a r e  known. Given
t h e  G - c o e f f i c i e n t s , t h e  c o o r d i n a t e s  o f  Y, ( t h e  d iaph ra gm  c o o r d i n a t e s )
~ d  -------- ------------------------------ ---------------
o f  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  any r a y  w i t h  t h e  d iaphragm  may be  e x p r e s s e d  
a s  s e r i e s  i n  .S and JT ( § 6 3 ) .  I t  c a n  be shown (§61)  t h a t  t h e s e  s e r i e s  may 
be  i n v e r t e d .  Thus,  e x p r e s s i n g  „S i n  t e rm s  o f  and .T, i t  i s  p o s s i b l e  t o  
d e t e r m i n e  ( i )  t h e  b o u n d a ry  and a r e a  o f  t h e  e n t r a n c e  p u p i l  ( § 6 4 ) ,  and 
( i i )  t h e  c o o r d i n a t e s  ,S o f  t h e  p r i n c i p a l  r a y  o f  t h e  p e n c i l  ( § 6 5 ) .  I t
12 H e r z b e r g e r  (1958)  p . 1 0 5 ;  StavroudJLs and S u t t o n  (1965) p . 2 .
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13i s  t o  be n o t e d  t h a t  t h e s e  a r e  n o t  t r i a l  and e r r o r  methods  ( c f .  Gardner  ) ;  
t h e  r e q u i r e d  q u a n t i t i e s  a r e  g i v e n  d i r e c t l y  once t h e  G - c o e f f i c i e n t s  a r e  
known and no r a y  t r a c i n g  ( a p a r t  f rom t h e  b a s e - r a y )  i s  r e q u i r e d .  With .§ 
now known f o r  p r i n c i p a l  r a y s  as  a f u n c t i o n  T i t  i s  p o s s i b l e  to  e x p r e s s  
t h e  image h e i g h t  o f  p r i n c i p a l  r a y s  as  a s e r i e s  i n  T, t h e  c o e f f i c i e n t s  o f  
wh ich  a r e  a l l  o f  t h e  d i s t o r t i o n  t y p e  ( § 6 6 ) .  The a b e r r a t i o n  may be  r e f e r r e d  
t o  t h e  p r i n c i p a l  r a y  by s u b t r a c t i n g  t h e s e  c o e f f i c i e n t s  f rom t h e  c o r r e s ­
p o n d ing  c o e f f i c i e n t s  i n  H. A l t e r n a t i v e l y  -  and i n  r e t r o s p e c t  i s  i s  f e l t  
t h a t  t h i s  o f f e r s  t h e  most  p r a c t i c a l  a d v a n t a g e s  -  t h e  members o f  a p e n c i l  
o f  r a y s  c o u ld  b e  s p e c i f i e d  by T and ,S where  .S -  £  -  ^  , and .S^ i s  t h e
v a l u e  o f  f o r  t h e  p r i n c i p a l  r a y  o f  t h e  p e n c i l .  Then,  r a y s  a r e  r e f e r r e d  
t o  t h e  c e n t r e  o f  t h e  e n t r a n c e  p u p i l  a s s o c i a t e d  w i t h  t h e  g i v e n  p e n c i l ,  
and H may be e x p r e s s e d  i n  t e rm s  o f  .S and T, i n  which c a s e  t h e  image 
h e i g h t  o f  t h e  p r i n c i p a l  r a y  i s  g i v e n  by t h e  d i s t o r t i o n  t e rm s  a l o n e .  The 
a b e r r a t i o n  i s  t h u s  r e f e r r e d  t o  t h e  p r i n c i p a l  r a y  by n e g l e c t i n g  t h e  
d i s t o r t i o n  t e r m s .  S i m i l a r  r e s u l t s ,  d i f f e r i n g  i n  d e t a i l ,  may be d e r i v e d  
i n  t h e  c o n t e x t  o f  t h e  a x i a l  t h e o r y .  However,  i t  i s  e x p e c t e d  t h a t  r e s u l t s  
such  a s  t h o s e  above  a r e  l i k e l y  t o  be  o f  most  u s e  i n  t h e  a n a l y s i s  o f  w ide  
a n g l e  s y s t e m s ,  t h a t  i s ,  i n  t h e  c o n t e x t  o f  t h e  b a s a l  t h e o r y .  The i l l u m i n ­
a t i o n  o f  t h e  image i s  g i v e n  when t h e  image h e i g h t  o f  t h e  p r i n c i p a l  r a y
14and t h e  a r e a  o f  t h e  e n t r a n c e  p u p i l  a r e  known as  f u n c t i o n s  o f  f i e l d  a n g l e  
C o n s e q u e n t l y ,  t h e  i l l u m i n a t i o n  may be e s t i m a t e d  from t h e  b a s a l  c o e f f i c i e n t s .
(e)  I t  i s  e v i d e n t  t h a t  t h e  p r i n c i p l e s  o f  t h e  t h e o r y  a r e  v e r y  s i m i l a r
t o  t h o s e  o f  t h e  a x i a l  t h e o r y .  D i f f e r e n c e s  i n  d e t a i l  a r i s e ,  how ever ,  f rom
13
14
G ardne r  (1947)  p a r t  V I I .
For  example ,  s e e  R e i s s  (1948)  e q u a t i o n  17.
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s e v e r a l  s o u r c e s .  F i r s t ,  t h e  sy s tem  i s  n o t  r o t a t i o n a l l y  symm etr ic  and 
c o n s e q u e n t l y  t h e  number o f  c o e f f i c i e n t s  o f  any o r d e r  i s  g r e a t l y  i n c r e a s e d ,  
and many o f  t h e  e q u a t i o n s  l o s e  t h e i r  s y m m e t r i c a l  a p p e a r a n c e s :  y -  and z -
c o m pone n t s ,  i n  f a c t ,  r e q u i r e  s e p a r a t e  t r e a t m e n t .  Second,  t h e  b a s e - r a y  
does  n o t  p a s s  t h r o u g h  t h e  sy s tem  u n d e v i a t e d  (compare a r a y  a l o n g  t h e  
a x i s  o f  a sym m etr ic  s y s t e m ) .  C o n s e q u e n t l y  t h e r e  a r e  many q u a n t i t i e s  
a s s o c i a t e d  w i t h  t h e  b a s e - r a y ,  t h e  s o - c a l l e d  p s e u d o - p a r a m e t e r s  ( § 2 , 1 1 ) ,  
w h ich  do n o t  t a k e  s i m p l e  v a l u e s  l i k e  z e r o  or  u n i t y .  Because  o f  t h i s  
p r o l i f e r a t i o n  o f  p a r a m e t e r s ,  t h e  t a s k  o f  f i n d i n g  s im p le  forms -  such  as  
t h e  S e i d e l  form o f  t h e  a x i a l  t h e o r y  -  f o r  t h e  i n t r i n s i c  c o n t r i b u t i o n s  
( p s e u d o - c o e f f i c i e n t s )  o f  even  t h e  second  o r d e r  i s  one o f  ex t r e m e  com­
p l e x i t y ,  and i t  i s  d o u b t f u l  w h e th e r  t h e  f i n a l  e q u a t ions  would be  o f  any 
a d v a n t a g e  ove r  t h o s e  p r e s e n t e d  h e r e .  A l l  manner o f  c o e f f i c i e n t s  have  t o  
be  l e f t  i n  t u r n  as  f u n c t i o n s  o f  o t h e r  c o e f f i c i e n t s  u n t i l  some q u a n t i t i e s  
c a n  be e x p r e s s e d  s im p l y  i n  t e rm s  o f  t h e  sy s tem  p a r a m e t e r s  ( e . g . , t h e  p-  
and r - c o e f f i c i e n t s ,  § 3 2 , 3 3 ) .  I n  v iew o f  t h i s ,  t h e  t a s k  o f  c om put ing  t h e  
l o w e s t  o r d e r  c o e f f i c i e n t s  o f  AG i n  t h e  b a s a l  t h e o r y  ( i . e . ,  t h e  second)  
i s  c o n s i d e r a b l y  h e a v i e r  t h a n  t h e  c o r r e s p o n d i n g  t a s k  i n  t h e  a x i a l  t h e o r y ,  
t h a t  i s ,  t h e  c o m p u t a t i o n  o f  t h e  p r im a r y  ( t h i r d  o r d e r )  c o e f f i c i e n t s .
T h i r d ,  t h e  p r e s e n c e  o f  t h e  o u t - o f - f o c u s  t e rm s  (§22)  i n  t h e  e x p r e s s i o n  
f o r  j i  i n  t e rm s  o f  t h e  q u a s i - i n v a r i a n t s  i m p l i e s  t h a t  b o t h  t h e  a -  and b -  
components  o f  t h e  n t h  o r d e r  G - c o e f f i c i e n t s  a r e  r e q u i r e d  i n  o r d e r  t o  
d e t e r m i n e  t h e  e x a c t  v a l u e  o f  t h e  n t h  o r d e r  h - c o e f f i c i e n t s .  The o u t - o f -  
f o c u s  t e r m  a r i s e s  f rom t h e  n o n - c o i n c i d e n c e  o f  t h e  m e r i d i o n a l  and s a g i t t a l  
f o c i  o f  t h e  b a s e - r a y .  I t  i s  t o  be n o t e d  t h a t  t h e  t e rm s  o f  o r d e r  h i g h e r  
t h a n  t h e  f i r s t  must be  i n c l u d e d  i n  t h e  o u t - o f - f o c u s  t e rm  o t h e r w i s e  t h e  
r e s u l t i n g  h - c o e f f i c i e n t s  would n o t  be e x a c t .  Compare t h i s  w i t h  t h e  
u s u a l  method o f  t r e a t i n g  s m a l l  d i s p l a c e m e n t s  o f  t h e  image p l a n e ,  where
15 .
o n ly  t h e  f i r s t  o r d e r  t e rm s  o f  V a r e  i n c l u d e d  (M§36).
A l th o u g h  t h e  g e n e r a l  p r i n c i p l e s  i n v o l v e d  i n  t h e  b a s a l  t h e o r y  
a r e  v e r y  s i m i l a r  t o  t h o s e  o f  M (by d e s i g n ,  t h e  b a s a l  t h e o r y  c l o s e l y  
p a r a l l e l s  t h e  a x i a l  t h e o r y ) ,  a l l  t h e  r e s u l t s  r e q u i r e d  a r e  d e r i v e d  anew 
i n  a more g e n e r a l  manner .  No knowledge  o f  t h e  c o n t e n t s  of  M i s  r e q u i r e d ,  
a l t h o u g h  such knowledge would n a t u r a l l y  be a g r e a t  a i d  t o  t h e  f u l l  
c o m p r e h e n s i o n  o f  t h e  t h e o r y .  The m a th e m a t i c s  employed i n  t h e  d e r i v a t i o n  
o f  t h e  e q u a t i o n s  l e a d i n g  up t o  t h e  c o m p u t a t i o n  o f  t h e  c o e f f i c i e n t s  i s  
e l e m e n t a r y ,  c o n s i s t i n g  e s s e n t i a l l y  o f  m a n i p u l a t i o n s  o f  s e r i e s  and 
i d e n t i t i e s  i n  f o u r  v a r i a b l e s .
( f )  I t  h a s  a l r e a d y  been  m en t io n e d  t h a t  t h e  s i m p l i c i t y  o f  t h e
d e r i v a t i o n s  above  depends  on t h e  d e f i n i t i o n s  o f  t h e  c a n o n i c a l  v a r i a b l e s .
So do t h e  p r a c t i c a l  a s p e c t s  o f  t h e  t h e o r y .  P e rhaps  t h e  most i m p o r t a n t  
p r a c t i c a l  a s p e c t  o f  t h e  a x i a l  t h e o r y  i s  t h a t  t h e  c o n t r i b u t i o n s  by t h e  
v a r i o u s  s u r f a c e s  t o  t h e  f i n a l  a b e r r a t i o n  c o e f f i c i e n t s  a r e  known. T h i s  
i s  b e c a u s e  t h e  f i n a l  a b e r r a t i o n  i s  e x p r e s s e d  s im p ly  i n  t e rm s  o f  t h e  
q u a s i - i n v a r i a n t s .  I f ,  i n  e i t h e r  t h e  a x i a l  or  t h e  b a s a l  t h e o r i e s ,  t h e  
image p l a n e  i s  n o t  normal  t o  t h e  x - a x i s  o f  t h e  c o o r d i n a t e  sys tem s  
a s s o c i a t e d  w i t h  t h e  s u r f a c e s ,  t h e  a b e r r a t i o n  i s  n o t  e x p r e s s e d  s im p l y  i n  
te rm s  o f  t h e  q u a s i - i n v a r i a n t s  ( c o n s i d e r  t h e  a n a l y s i s  o f  §22 b a s e d  on ( 7 .4 ) )  
and i t  i s ,  i n  f a c t ,  d o u b t f u l  i f  s u r f a c e  i n c r e m e n t s  c o u ld  be u s e f u l l y  
d e f i n e d  i n  t h i s  c a s e .  Second,  s u ppose  t h a t  t h e  t r a n s f e r  i n c r e m e n t s  to  
t h e  q u a s i - i n v a r i a n t s  were  n o t  i d e n t i c a l l y  z e r o  ( f o r  i n s t a n c e ,  i f  r o t a t i o n  
o f  c o o r d i n a t e s  w ere  a s s o c i a t e d  w i t h  t r a n s f e r ) ,  t h e n  the  f i n a l  a b e r r a t i o n  
c o e f f i c i e n t s  would c o n s i s t  o f  s u r f a c e  c o n t r i b u t i o n s  as  w e l l  as  t h e
e s s e n t i a l l y  r e d u n d a n t  t r a n s f e r  i n c r e m e n t s .
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At t h i s  p o i n t  i t  i s  a p p r o p r i a t e  to  c o n s id e r  some o f  t h e  p o s s i b l e  
c h o ic e s  o f  c o o r d i n a t e  sy s te m s  a s s o c i a t e d  w i th  e a ch  s u r f a c e  and by means 
o f  w h ich  r a y s  a r e  r e f e r r e d  to  t h e  b a s e - r a y .  For symmetry r e a s o n s  th e  
z - a x i s  i s  a lw ays  t o  be  t a k e n  norm al t o  t h e  p la n e  o f  symmetry. F i r s t  
t h e r e  a r e  t h e  s o - c a l l e d  h a m i l t o n i a n  c o o r d i n a t e s  (§84) i n  w hich  t h e  x - a x i s  
i s  a lo n g  th e  b a s e - r a y  and two c o o r d i n a t e  sy s tem s  a r e  a s s o c i a t e d  w i th  each  
s u r f a c e  -  one i n  t h e  o b j e c t  sp a ce  and one i n  t h e  image sp a c e .  I t  i s  
e v i d e n t  t h a t  t r a n s f e r  from  th e  image s p a c e  o f  one s u r f a c e  to  t h e  o b j e c t  
s p a c e  o f  t h e  n e x t  i s  s im p ly  a t r a n s l a t i o n  o f  c o o r d i n a t e s .  Hence t h e r e  
a r e  no t r a n s f e r  i n c r e m e n ts  t o  t h e  g - c o e f f i c i e n t s .  However, t h e  image 
p l a n e  i s  n o t  i n  g e n e r a l  norm al t o  t h e  b a s e - r a y  and th e  image h e i g h t  i s  
t h e r e f o r e  n o t  l i n e a r l y  d e p e n d e n t  upon t h e  q u a s i - i n v a r i a n t s  and c o n s e q u e n t ly  
t h e  s u r f a c e  c o n t r i b u t i o n s  t o  t h e  a b e r r a t i o n  c o e f f i c i e n t s  c a n n o t  be o b t a i n e d .  
M oreover ,  t h e  a s s o c i a t i o n  o f  two c o o r d i n a t e  sy s tem s  w i th  e a c h  s u r f a c e  
i n t r o d u c e s  c o n s i d e r a b l e  c o m p l i c a t io n s  to  t h e  a l g e b r a  o f  th e  t h e o r y ,  
e s p e c i a l l y  t o  t h e  q u a d r a t i c  e q u a t i o n  f o r  R and i t s  s u b s e q u e n t  s o l u t i o n .
As a second  p o s s i b i l i t y  no rm al  c o o r d i n a t e s  (§85) may be c o n s id e r e d .  Here 
t h e  x - a x i s  o f  t h e  c o o r d i n a t e  sy s tem  a s s o c i a t e d  w i th  th e  s u r f a c e  i s  a lo n g  
t h e  no rm al to  t h e  s u r f a c e  a t  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  th e  b a s e - r a y .
T h e re  i s  o n ly  a s i n g l e  c o o r d i n a t e  sy s tem  a s s o c i a t e d  w i th  each  s u r f a c e  
and t r a n s f e r  from  one s u r f a c e  t o  t h e  n e x t  r e q u i r e s  a r o t a t i o n  o f  c o o r d i n a t e s .  
Hence t h e r e  a r e  t r a n s f e r  in c r e m e n ts  to  th e  g - c o e f f i c i e n t s .  A g a in ,  t h e  
im age p l a n e  i s  n o t  n e c e s s a r i l y  no rm al t o  t h e  x - a x i s ,  t h a t  i s ,  p a r a l l e l  
t o  t h e  t a n g e n t  p l a n e  a t  t h e  p o i n t  o f  i n c i d e n c e  o f  th e  b a s e - r a y  w i t h  t h e  
l a s t  s u r f a c e ,  and t h e  s u r f a c e  in c r e m e n ts  a r e  unknown.
I t  i s  e v i d e n t  t h a t  i f  a t  a l l  p o s s i b l e ,  t h e  c o o r d i n a t e  sy s te m s  
m ust s a t i s f y  t h e  f o l l o w i n g  r e q u i r e m e n t s :  ( i )  th e  c o o r d i n a t e  ax e s  o f
e a c h  c o o r d i n a t e  sy s te m  m ust be  r e s p e c t i v e l y  p a r a l l e l  and ( i i )  t h e  x - a x i s
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m ust be no rm al to  t h e  c h o sen  image p l a n e .  These  a r e  s a t i s f i e d  by th e  
t r a n s l a t e d  c o o r d i n a t e s  employed i n  t h e  t h e s i s .  I t  i s  t o  be n o te d  t h a t  
t h e  o b j e c t  p la n e  i s  n o t  n e c e s s a r i l y  p a r a l l e l  t o  t h e  image p l a n e .  However, 
t h i s  i s  a m a t t e r  of d e t a i l  r a t h e r  t h a n  p r i n c i p l e  s i n c e  t h e  u s e  o f  non­
l i n e a r  p a r a c a n o n ic a l  c o o r d i n a t e s ^  may be in v o k ed .
(g) T hroughou t t h e  t e x t  c o n s i d e r a b l e  em phasis  i s  a t  t im e s  p la c e d
on m a t t e r s  r e l a t e d  t o  c o n v e n t io n s  o f  n o t a t i o n .  I t  i s  im p o r ta n t  i n  work 
such  as  t h i s  t h a t  t h e  n o t a t i o n  employed sh o u ld  be as  c o n s i s t e n t  and 
s y s t e m a t i c  a s  p o s s i b l e .  The a d v a n ta g e s  o f  t h i s  f a r  ou tw e igh  t h e  d i s ­
a d v a n ta g e s  o f  h a v in g  a complex sym bolism , e s p e c i a l l y  i n  as  much a s  t h e  
r u l e s  g o v e rn in g  t h e  u se  o f  th e  v a r i o u s  a f f i x e s  a r e  c l e a r l y  s e t  o u t  
( e . g . ,  T a b le  2 9 / 1 ) .  At f i r s t  s i g h t  t h e  mass o f  a f f i x e s  a t t a c h e d  to  
v a r i o u s  k in d s  o f  c o e f f i c i e n t s  i s  r a t h e r  b e w i ld e r in g  -  t h e r e  a r e  i n  
g e n e r a l  two more s u b s c r i p t s  a t t a c h e d  t o  t h e  k e r n e l  symbols o f  t h e  
c o e f f i c i e n t s  o f  t h e  b a s a l  t h e o r y  th a n  to  t h e  c o r r e s p o n d in g  sym bols o f  
t h e  a x i a l  t h e o r y .  However, a f f i x e s  a r e  u n iq u e ly  c h a r a c t e r i z e d  by t h e i r  
" ra n k "  and a s e t  o f  fo rm a l  r u l e s  f o r  t h e i r  i n t e r p r e t a t i o n  i s  g iv e n  (§ 2 9 ) .  
Appendix  H l i s t s  and i d e n t i f i e s  a l l  t h e  symbols w hich  o c c u r  i n  th e  
t e x t .  The p r i n c i p l e s  g o v e rn in g  t h e  n o t a t i o n  o f  M have been  a d o p te d ,  
a l t h o u g h  c e r t a i n  changes  have  b e e n  made i n  t h e  i n t e r e s t  o f  c o n s i s t e n c y .  
S c r i p t  l e t t e r s  ( h e r e  d e n o te d  by a Q  a ro u n d  t h e  p l a i n  t y p e  e q u i v a l e n t )  
e x c l u s i v e l y  r e f e r  t o  g e o m e t r i c a l  c o n c e p t s  a s s o c i a t e d  w i th  t h e  sy s te m  
and r a y s  t r a v e r s i n g  th e  sy s te m . Many q u a n t i t i e s  d e n o te d  by German o r  
G reek ty p e  i n  M a r e  now r e p r e s e n t e d  by Roman ty p e .
See f o o tn o t e  1, §7. Note t h a t  t h e  n o n - l i n e a r  n a t u r e  o f  th e  c o o r d i n a t e s  
r e f e r s  t o  t h e  e x p r e s s io n s  f o r  i n  te rm s  o f  t h e  p a r a c a n o n i c a l
c o o r d i n a t e s  .S, T and t h a t  i n  t h e  p a r a b a s a l  r e g i o n  a r e  a s
u s u a l  l i n e a r  i n  _S, T.
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Examples of the need for, and benefits of, a consistent and 
systematic notation are as follows: first, although the basic equations
occur in asymmetric pairs it is possible through the introduction of 
a simple notation and associated conventions to combine two, and at 
times four, such equations into a single equation and greatly compress 
others without obscuring their basic character. Second, the need to 
distinguish clearly between the surface-, pseudo-, and paracanonical 
expansions and the many coefficients associated with these should be 
obvious. Third, in order to distinguish between basal quantities and 
the corresponding axial quantity, a subscript A is placed on the latter. 
If an axial quantity pertains to the base-ray, a subscript B is attached. 
With very rare exceptions each symbol or combination of symbols and 
affixes has a unique meaning. Attention has been paid to the generalisa­
tion of the notation to the case of a non-meridional base-ray and it is 
believed that no major modifications would be required, nor would any 
inconsistencies develop when such a generalisation is made.
(h) In order to test the quality of the predictions of aberrations
using the basal coefficients numerical work was carried out on a wide
o 16angle system of full field 200 designed by Havlic6k. The use of an 
extreme wide angle system ensured that a wide choice of base-rays was 
available in regions of the field where the axial theory could not 
possibly produce a reasonable representation of the aberrations. (The 
tertiary predictions break down between 30° and 35° half-field for this 
system. See fig.2.) Moreover, a wide range of dominant aberration- 
types presents itself in this case - from large spherical aberration 
near the axis to large coma and curvature of field in the outer regions
16 See §69 and Havlic6k (1951)
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o f  t h e  f i e l d  ( e . g . ,  s e e  §74) • and t h e  a b e r r a t i o n s  a s s o c i a t e d  w i t h  t h e  
p u p i l  p l a n e s  a r e  l a r g e ,  so t h a t  t h e  r e s u l t s  o f  C h a p te r  X may be u s e d  
t o  a d v a n t a g e .  S in c e  t h e  a b e r r a t i o n  i s  r e f e r r e d  t o  t h e  p r i n c i p a l  r a y  two 
f e a t u r e s  a r e  r e q u i r e d  o f  t h e  c o e f f i c i e n t s :  ( i )  t h a t  t h e y  c o r r e c t l y
r e p r o d u c e  t h e  c o o r d i n a t e s  and image h e i g h t s  o f  p r i n c i p a l  r a y s ,  and 
( i i )  t h a t  t h e  a b e r r a t i o n s  r e f e r r e d  t o  t h e  p r i n c i p a l  r a y  (which r e p r e s e n t  
t h e  b l u r  o f  t h e  im a ge ) ,  s h o u ld  be a c c u r a t e l y  p r e d i c t e d  from t h e  c o e f f i c i e n t s .  
The l a s t  o f  t h e s e  r e q u i r e m e n t s  i s  p r o b a b l y  t h e  most  i m p o r t a n t .
B a s e - r a y s  were  chosen  t o  be  p r i n c i p a l  r a y s  c o r r e s p o n d i n g  to  
h a l f - f i e l d s  o f  4 7 . 7 ° ,  6 4 . 1 °  and 7 8 . 6 °  and t h e  b a s a l  c o e f f i c i e n t s  w i t h  
r e s p e c t  t o  each  o f  t h e s e  r a y s  w ere  d e t e r m i n e d  on an  IBM 3 6 0 /50  com pu te r .
The t h i r d  o r d e r  p r e d i c t i o n s  o f  t h e  c o o r d i n a t e s  o f  p r i n c i p a l  r a y s  were  
t e s t e d  i n  two ways ( § 7 5 ) .  F i r s t ,  t h e  p r e d i c t e d  c o o r d i n a t e s  were  compared 
g r a p h i c a l l y  w i t h  t h o s e  o b t a i n e d  by t r a c i n g  r a y s  back  from t h e  c e n t r e  o f  
t h e  d i ap h ra g m .  Second,  t h e  r a y s  w i t h  t h e  p r e d i c t e d  c o o r d i n a t e s  w ere  
t r a c e d  so a s  t o  d e t e r m i n e  t h e i r  d i aph ra gm  c o o r d i n a t e s  which  were  e x p r e s s e d  
as  a  f r a c t i o n  o f  t h e  r a d i u s  o f  t h e  d i aph ra gm .  When t h i s  was a f r a c t i o n  
o f  a p e r c e n t  t h e  p r e d i c t e d  c o o r d i n a t e s  w ere  r e g a r d e d  as  s a t i s f a c t o r i l y  
r e p r e s e n t i n g  p r i n c i p a l  r a y s .  T h i s  was t h e  c a s e  f o r  each  b a s e - r a y  ove r  
a r a n g e  o f  f i e l d  a n g l e s  somewhat l a r g e r  t h a n  t h e  r a n g e  o v e r  which  
s a t i s f a c t o r y  t h i r d  o r d e r  p r e d i c t i o n s  o f  t h e  a b e r r a t i o n s  w e re  o b t a i n e d .
The p r e d i c t i o n s  o f  t h e  a b e r r a t i o n s  r e f e r r e d  t o  t h e  p r i n c i p a l  
r a y  w ere  t e s t e d  by compar ing  g r a p h i c a l l y  t h e  p r e d i c t e d  and c o r r e s p o n d i n g  
t r a c e d  a b e r r a t i o n s .  For  each  b a s e - r a y  m e r i d i o n a l  and s a g i t t a l  f a n s ,  
s p o t  d i a g ra m s  and a p e r t u r e  c u r v e s  w e re  c o n s t r u c t e d  and compared.  An 
a p e r t u r e  c u r v e  i s  t h e  c u r v e  o f  l i g h t  o b t a i n e d  i n  t h e  image p l a n e  by 
r e p l a c i n g  t h e  c i r c u l a r  d i ap h ra g m  by an a n n u l a r  one whose r a d i u s  c o r r e s p o n d s
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t o  t h e  r e q u i r e d  a p e r t u r e .  N orm ally  t h e  c o n s t r u c t i o n  o f  a p e r t u r e  c u rv e s  
would  i n v o lv e  t r a c i n g  a l a r g e  number o f  r a y s  and d e te r m in in g  by t r i a l  
and e r r o r  w hich  o f  t h e s e  p a s s  th ro u g h  t h e  r e q u i r e d  a n n u la r  a p e r t u r e .  
However, t h e  b a s a l  c o e f f i c i e n t s  e n a b le  t h e  c o o r d i n a t e s  o f  r a y s  p a s s i n g  
th ro u g h  an a n n u la r  a p e r t u r e  o f  r a d i u s  p to  be e x p re s s e d  s im p ly  i n  te rm s  
o f  p (§ 7 8 ) .
An a n a l y s i s  o f  t h e  ag re e m e n t  be tw een  c o r r e s p o n d in g  p r e d i c t e d  
and t r a c e d  a b e r r a t i o n s  r e v e a l s  t h a t  t h e  p r e d i c t i o n s  b r e a k  down b a d ly  
once  Sy o r  e x ceed  a v a lu e  c o r r e s p o n d in g  to  t h e  f u l l  a p e r t u r e  o f  t h e  
p e n c i l  a b o u t  t h e  b a s e - r a y .  As th e  f i e l d  a n g le  o f  t h e  p e n c i l  i n c r e a s e s  
t h e  e n t r a n c e  p u p i l  moves away from  t h e  a x i s ,  and t h i s  movement i s  by 
no means n e g l i g i b l e .  Hence, f o r  p e n c i l s  i n c l i n e d  to  a b a s e - r a y ,  t h e  
p o i n t  ,S = 0 does  n o t  c o r r e s p o n d  to  t h e  c e n t r e  o f  t h e  e n t r a n c e  p u p i l .
For p e n c i l s  such  t h a t  T > 0 (< 0) t h e  maximum (minimum) v a lu e  o f  S
y y
e x c ee d s  i n  m a g n i tu d e  th e  c o r r e s p o n d in g  v a lu e  f o r  t h e  p e n c i l  a b o u t  t h e  
b a s e - r a y .  I t  i s  t h e s e  l a r g e  v a l u e s  w hich  c o r r e s p o n d  to  t h e  r a y s  whose 
a b e r r a t i o n s  a r e  b a d ly  p r e d i c t e d .  Even f o r  f i e l d  a n g le s  such  t h a t  t h e  
p r e d i c t i o n  o f  t h e  f l a r e  o f  t h e  s p o t  d iag ram  i s  v e r y  poor t h e  p r e d i c t i o n  
o f  t h e  c o r e  i s  q u i t e  good ( s e e  f i g . 1 5 ) .  I t  i s  p o s s i b l e  t h a t  by e x p r e s s i n g  
H i n  te rm s  o f  T and jj t h e  q u a l i t y  o f  t h e  p r e d i c t i o n s  m ig h t  be im proved . 
A l th o u g h  v i g n e t t i n g  was d e te rm in e d  w i t h  s u f f i c i e n t  a c c u r a c y  by th e  f i r s t  
and second  o r d e r  te rras  o n ly  ( § 7 7 ) ,  i t  was a b s o l u t e l y  n e c e s s a r y  t h a t  t h e  
t h i r d  o r d e r  te rm s  b e  in c lu d e d  i n  t h e  a b e r r a t i o n .  I t  a p p e a r s  a s  th ough  
t h e  p r e d i c t i o n s  o f  t h e  a b e r r a t i o n s  o f  p e n c i l s  i n c l i n e d  to  th e  b a s e - r a y  
may be c o n s i d e r a b l y  im proved by i n c l u s i o n  o f  t h e  f o u r t h  o r d e r  te rm s  and , 
i f  s o ,  t h a t  t h e  m ain  c a u se  o f  im provem ent would p r o b a b ly  be due t o  th e  
c o e f f i c i e n t s  o f  f o u r t h  o r d e r  t h i r d  d e g re e  a s t i g m a t i s m .  O ther  t e r m s ,
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i n c l u d i n g  f i f t h  o r d e r  f i f t h  d e g r e e  a s t i g m a t i s m  and f i f t h  o r d e r  f i r s t  
d e g r e e  coma, w i l l  a c t  as  s m a l l  c o r r e c t i o n s .
( i )  I f  t h e  s y s te m  i s  symmetr ic  t h e  b a s a l  c o e f f i c i e n t s  can  f o r m a l l y
b e  e x p r e s s e d  e x p l i c i t l y  i n  t e rm s  of  t h e  a x i a l  c o e f f i c i e n t s  and c o o r d i n a t e s  
Jig and J£g ° f  t h e  b a s e - r a y .  R e p la c e  t h e  a x i a l  c o o r d i n a t e s  S and i n  
t h e  s e r i e s  f o r  t h e  a b e r r a t i o n  f u n c t i o n  by J> + S and T + T and expand
' D  D
w i t h  r e s p e c t  t o  J> and T. The b a s a l  c o e f f i c i e n t s  t h e n  a p p e a r  as  i n f i n i t e
s e r i e s  i n  JS and JT , t h e  c o e f f i c i e n t s  o f  wh ich a r e  s im p le  c o m b i n a t i o n s  o f  
B ~WB
t h e  a x i a l  a b e r r a t i o n  c o e f f i c i e n t s .  By t r u n c a t i n g  t h e s e  s e r i e s  a t ,  s a y ,  
t h e  t e r t i a r y  t e rm s  and compar ing  t h e  b a s a l  c o e f f i c i e n t s  d e t e r m i n e d  from 
t h e s e  t r u n c a t e d  s e r i e s  w i t h  t h o s e  d e t e r m i n e d  e x a c t l y ,  i t  s h o u ld  be p o s s i b l e  
t o  e x t r a c t  i n f o r m a t i o n  r e l a t i n g  to  t h e  r a d i u s  o f  c o n v e rg e n c e  o f  t h e  a x i a l  
s e r i e s  f o r  t h e  a b e r r a t i o n .
N e i t h e r  c h r o m a t i c  a b e r r a t i o n s  no r  t h e  d e r i v a t i v e s  o f  t h e  b a s a l  
c o e f f i c i e n t s  w i t h  r e s p e c t  t o  t h e  sy s tem  pa ra m e te r s  a r e  c o n s i d e r e d  a t  a l l .  
The main p rob lem  t o  be  overcome h e r e  i s  t h a t  i f  e i t h e r  t h e  c o l o u r  o f  t h e  
l i g h t  o r  a p a r a m e t e r  o f  t h e  sy s te m  i s  c h a n g ed ,  t h e  b a s e - r a y  i s  a l t e r e d  
and h e n c e  t h e  n u m e r i c a l  v a l u e s  o f  t h e  p s e u d o - p a r a m e t e r s  w i l l  v a r y .  By 
c o n t r a s t ,  f o r  a s ym m etr ic  sy s te m  t h e  c h a n g e s  o f  t h e  p a r a m e t e r s  a r e  a lw ays  
such  t h a t  t h e  s y s te m  r e m a in s  sym m etr ic .  The b a s e - r a y  -  t h e  r a y  a l o n g  
t h e  o p t i c a l  a x i s  -  i s  t h e r e f o r e  u n a l t e r e d .
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I I .  TRANSLATED COORDINATES
1. S p e c i f i c a t i o n  of P lane Symmetric Systems
The o p t i c a l  system (K) w i th  which t h i s  t h e s i s  i s  concerned  
i s  an a r b i t r a r y  member o f  a c l a s s  of o p t i c a l  system s, each member o f  which 
possesses a p la n e  o f  symmetry (M) and i s  c o n s t ru c te d  from homogeneous 
i s o t r o p i c  media of r e f r a c t i v e  in d i c e s  N s e p a ra te d  by k s p h e r i c a l  b o u n d a r ie s  
or s u r f a c e s  (F) o f  c u r v a tu r e  c . The j t h  s u r f a c e  of (K) en co u n te red  by 
an a r b i t r a r y  ra y  from some o b je c t  i s  c a l l e d  th e  j t h  s u r f a c e  and deno ted  
by ® . .  Im m ediate ly  p r i o r  to  r e f l e c t i o n  or r e f r a c t i o n  a t  th e  j t h  s u r f a c e  
ra y s  a r e  t r a v e l l i n g  in  th e  o b je c t  space  o f  (F) , and im m edia te ly  a f t e r  
r e f l e c t i o n  or r e f r a c t i o n  a t  (F). th e y  a re  in  th e  image space of (F). .
The r e f r a c t i v e  index  o f  th e  medium in  th e  o b je c t  space of (F). i s  deno ted  
by Nj. Thus, i f  a prim e a t ta c h e d  to  a q u a n t i t y  Q a s s o c ia t e d  w ith  a 
p a r t i c u l a r  s u r f a c e  d en o tes  th e  v a lu e  o f  Q in  th e  image space  of t h a t  
s u r f a c e ,
N . ' = N. , ,
J J+l
In  g e n e r a l ,  i f  Q i s  a s s o c i a t e d  w i th  th e  j t h  s u r fa c e ,  Q i s  deno ted  by Q^. 
S u b s c r ip t s  j  and k a r e  e x c lu s iv e ly  r e s e rv e d  fo r  i n d i c a t i n g  p a r t i c u l a r  
s u r f a c e s  o f  (K), w i th  k r e f e r r i n g  to  th e  l a s t  s u r f a c e .  I f  Q has a d d i t i o n a l  
s u b s c r i p t s  a t t a c h e d  to  th e  r i g h t  of th e  k e rn e l  symbol Q, th e  s u r f a c e  
i n d i c a t o r  i s  a t  th e  extrem e r i g h t  o f  th e s e  ( s e e  §29).
In  o rd e r  to  p r e s c r ib e  (K) u n iq u e ly ,  th e  l o c a t io n s  of th e  c e n t r e s  
C of th e  (F) must be s p e c i f i e d  w i th  r e s p e c t  to  C . To do t h i s  i t  i s
j  J 1
c o n v e n ie n t  to  in t ro d u c e  in  ®  an a r b i t r a r y  s t r a i g h t  l i n e  (A), c a l l e d  
t h e  p se u d o -a x is  o f  (K) , and a c o r re s p o n d in g  c o o rd in a te  system  (C^ whose 
o r i g i n  i s  on (A) , whose x - a x i s  l i e s  a long  (A) and whose y - a x i s  i s  in  ® . 
A c co rd in g ly ,  th e  c o o rd in a te s  o f  in  (C^ a re  ( x ^ ,  ^cj*  ^  an<^
fs t r u c t u r e  o f  (K) i s  now g iven  by th e  4 k - 1 numbers , KL j = 1 , 2 , . .  
and xc ^ xc l > yc j " yCl j =2 » 3 , . . . , k .  These a r e  c a l l e d  th e  ( p ro p e r ) 
p a ram ete rs  o f  (K) and u n iq u e ly  d e te rm in e  i t s  o p t i c a l  p r o p e r t i e s ,  
v a ry in g  any one o f  th e s e  p a ram ete rs  th e  o p t i c a l  p r o p e r t i e s  o f  (K) 
a l t e r e d ,  th u s  (K) w i l l  have 4 k - 1 d eg rees  o f  freedom.
By
a re
E i th e r  fo r  th e  purpose o f  c o n t r o l l i n g  th e  speed o f  th e  l e n s ,  
or fo r  c o n t r o l l i n g  u n d e s i r a b l e  a b e r r a t i o n s  by l i m i t i n g  th e  a p e r t u r e  of 
p e n c i l s  o f  r a y s  t r a v e r s i n g  th e  system , a diaphragm (D) w i l l  be a s s o c i a t e d  
w ith  th e  system . I t  w i l l  be assumed t h a t  th e  diaphragm i s  c i r c u l a r  and 
t h a t  t h e r e  a r e  no f o c i  o f  th e  o b je c t  in  or n e a r  th e  p la n e  of (D).
N e i th e r  t h i s  l a s t  a ssum ption  nor th e  e x i s t e n c e  o f  a diaphragm a r e  e s s e n t i a l  
to  th e  d e r i v a t i o n  o f  th e  e q u a t io n s  le a d in g  to  th e  com puta tion  o f  the  b a s a l  
a b e r r a t i o n  c o e f f i c i e n t s  bu t a r e  n e c e s s a ry  f o r  th e  a n a l y s i s  o f  C hap ter  10.
2 . The Base-Ray and Pseudo-Param ete rs
To d i s c u s s  th e  o p t i c a l  b ehav iou r  o f  (K) q u a n t i t a t i v e l y  i t  i s  
co n v en ien t  to  in t r o d u c e  th e  concep t o f  the  b a s e - r a y .  The b a s e - r a v  (R^ 
o f  (K) i s  any r a y ,  ly in g  in  th e  p la n e  o f  symmetry o f  (K) , which has 
been  a c c u r a t e l y  tra c e d ^  th rough  (K). A r b i t r a r y  ra y s  a r e  r e f e r r e d  to  
(R^ ( s e e  §5a) and c o n se q u e n t ly  th e  a b e r r a t i o n  c o e f f i c i e n t s  o b ta in e d  in  
t h i s  t h e s i s  make i t  p o s s i b l e  fo r  th e  perform ance o f  (K) to  be s tu d ie d  
fo r  a r b i t r a r y  ra y s  i n  th e  neighbourhood o f  (R^ . I t  i s  e v id e n t  t h a t
1 See Appendix C f o r  a d i s c u s s io n  on t r a c i n g  ra y s  th rough  a r b i t r a r y  
p la n e  symmetric system s.
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i f  th e  b a s e - r a y  i s  changed (K) w i l l ,  as f a r  as  th e  b a s a l  th e o ry  i s  
co n ce rn ed ,  behave as a d i f f e r e n t  system . C onsequen tly  s u i t a b l e  s p e c i ­
f i c a t i o n s  fo r  (R^ a r e  in c lu d e d  in  th e  p a ra m e te rs  of (K). This  r e q u i r e s  
two a d d i t i o n a l  p a ra m e te rs  and (K) h a s ,  f o rm a l ly ,  4k+1 degrees  of freedom. 
In  th e  development of th e  b a s a l  th e o ry  i t  w i l l  be assumed t h a t  c e r t a i n  
q u a n t i t i e s  r e f e r r i n g  to  th e  b a s e - ra y  a r e  a c c u r a t e l y  known from th e  t r a c e  
o f  th e  b a s e - r a y  - fo r  example, th e  a n g le s  o f  in c id e n c e  and r e f r a c t i o n  
Ißj> l g j ' , and th e  p o in t s  o f  in c id e n c e  ( P ^  o f  (R^ w ith  (F).. Such 
q u a n t i t i e s  a r e  r e f e r r e d  to  as  p seu d o -p a ram ete rs  and d i s t i n g u i s h e d  by 
th e  appearance  of a s u b s c r i p t  B to  th e  r i g h t  o f ,  bu t a d ja c e n t  t o ,  th e  
k e r n e l  symbol ( s e e  §29). E v id e n t ly  th e  p seu d o -p a ram ete rs  a re  f u n c t io n s  
o f  th e  4k+l p a ram e te rs  of (K) and hence do no t r e p r e s e n t  a d d i t i o n a l  
d eg ree s  o f  freedom. I t  p roves  co n v en ien t  to  use  s im u l ta n e o u s ly  pseudo­
p a ra m e te rs  which a r e  s im ply  r e l a t e d  to  one a n o th e r  (s e e  §11).
2
3. M e r id io n a l ,  S a g i t t a l  and B asa l Rays
The p la n e  o f  symmetry (M) o f  (K) i s  c a l l e d  th e  m e r id io n a l  p la n e  
o f  (K) and any ra y  ly in g  in  (M) i s  s a id  to  be a m e r id io n a l  r a y . Due to  
symmetry r e a s o n s ,  " m e r id io n a l"  i s  a p ro p e r ty  o f  a ray  th ro u g h o u t (K) -  
any ra y  ly in g  in  (M) in  one o f  th e  media c o n s t i t u t i n g  (K) w i l l  l i e  in  
(M) in  a l l  o th e r  m edia. (R^, i t s e l f  a m e r id io n a l  r a y ,  i s  broken  i n t o  l i n e a r  
segments ( P ^  ( P ^ + j by th e  s u r f a c e s  (F).. In  any o f  th e  k+1 d i s t i n c t  o p t i c a l  
media com pris ing  (K) , a s a g i t t a l  p la n e  may be d e f in e d  to  be th e  p la n e
2 I t  i s  to  be em phasized t h a t  th e  b a s e - r a y  i s  i t s e l f  a r b i t r a r y .  The 
on ly  r e a s o n  why i t  was r e s t r i c t e d  to  (M) was to  ta k e  account o f  any 
s i m p l i f i c a t i o n s  due to  th e  p lane  symmetry o f  (g) .
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normal to  (M) b u t  c o n ta in in g  th e  segment o f  (R^ in  t h a t  medium. In  
p a r t i c u l a r ,  th e  s a g i t t a l  p la n es  in  th e  o b je c t  and image spaces  o f  
a re  (S). and (S).1 r e s p e c t i v e l y .  I f  a r a y  l i e s  in  th e  s a g i t t a l  p lan e  in  
a p a r t i c u l a r  medium i t  i s  s a id  to  be a s a g i t t a l  ra y  in  t h a t  medium. 
’'S a g i t t a l "  i s  no t a p ro p e r ty  o f  a r a y  as a whole -  i f  any ray  i s  s a g i t t a l  
in  ® . i t  i s  n o t  n e c e s s a r i l y  s a g i t t a l  i n  (s). ' ( s e e  a l s o  §17). Any p o in t  
ly in g  on th e  b a s e - r a y  i s  s a id  to  be a b a s a l  p o in t  and ra y s  p a s s in g  
th rough  a b a s a l  p o in t  a r e  b a s a l  r a v s . E v id e n t ly  ra y s  in  (M) or in  any 
s a g i t t a l  p la n e  a r e  b a s a l  r a y s .  In  t h i s  c a se  th e  b a s a l  p o in t  th rough  which 
the  ray s  pass  may be v i r t u a l  in  th e  sen se  of a v i r t u a l  o b je c t  o r  image.
A m e r id io n a l  fan  i s  a c o l l e c t i o n  of m e r id io n a l  ra y s  from a p o in t  
o b je c t  (m e r id io n a l  o b j e c t ) in  (M) . S im i l a r l y ,  a s a g i t t a l  fan  i s  a 
c o l l e c t i o n  o f  s a g i t t a l  ra y s  ( i n  th e  o b je c t  space o f  (K) as  a whole) from 
a s a g i t t a l  p o in t  o b j e c t  in  (S^. ( e . g . , see  §17 ,18 ,20  and 2 1 .)  I t  i s
sometimes co n v e n ie n t  to  g e n e r a l i z e  th e  concep t o f  s a g i t t a l  to  r e f e r  to  a 
p la n e  normal to  (M) and c o n ta in in g  a ra y  o f  p a r t i c u l a r  im portance , f o r  
example, a p r i n c i p a l  ra y  ( s e e  §76a).
4. Some C onventions R e la t in g  to  N o ta t io n
Suppose (J i s  a v e c to r  in  some c a r t e s i a n  c o o rd in a te  system , 
fo r  example, th e  normal n to  th e  s u r f a c e  (F )• Q r e p r e s e n t s  th e  t h r e e  
numbers (Q^,Q^,Qz ) .  F re q u e n t ly  i t  i s  s u f f i c i e n t  to  c o n s id e r  on ly  th e  
y- and z-com ponents o f  (J> in  which c a s e  i t  i s  co n v en ien t  to  w r i t e
a  -  <Q . Qz ) . ( 4 . 1 )
The above n o t a t i o n  i s  ex tended  to  cover two q u a n t i t i e s  q^ and q^ which 
a r e  not n e c e s s a r i l y  th e  components o f  a p h y s ic a l ly  m ean ingfu l v e c to r  bu t
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none th e  l e s s  a r e  u n e q u iv o c a l ly  a s s o c i a t e d  w ith  th e  y- and z-com ponents , 
r e s p e c t i v e l y ,  o f  such a v e c t o r .  Thus
3 = (V  V  •
Q u a n t i t i e s  such as JQ and _q a r e  c a l l e d  tw o -v e c to rs  in  d i s t i n c t i o n  to  
v e c to r s  such as n and s c a l a r s  such as R (d e f in e d  in  §8). I f  P, and R 
a r e  t h r e e  tw o -v e c to rs  and q a s c a l a r ,  th e  eq u a t io n s
3  -  PR > q = £•&  , ( 4 . 2 )
a r e  r e s p e c t i v e l y  e q u iv a le n t  to  th e  p a i r  of eq u a t io n s
Q
y
p R
y y
q = P R z z z (4 .3 )
on th e  one hand, and
q P R  + Q P y y z z (4 .4 )
on th e  o t h e r .  I t  i s  f e l t  t h a t  no c o n fu s io n  need a r i s e  w ith  th e  n o t a t i o n s  
o f  (4 .2 )  s in c e  i t  shou ld  be obvious which p roduc t i s  be ing  used from th e  
n a tu r e  o f  o th e r  term s o c c u r r in g  in  th e  eq u a t io n s  in  which such a p ro d u c t  
a p p e a rs .  At any r a t e  th e  s c a l a r  p ro d u c t  i s  w r i t t e n  as a normal s c a l a r  
p ro d u c t  between tw o -v e c to r s .  These n o ta t i o n s  f r e q u e n t ly  enab le  p a i r s  o f  
e q u a t io n s  to  be combined in t o  a s i n g l e  e q u a t io n  and o th e r  e q u a t io n s  to  
be w r i t t e n  s u c c in t ly .
5. T r a n s la te d  C o o rd in a te s  and C anon ica l V a r ia b le s
(a )  At each s u r f a c e  s e t  up a c o o rd in a te  system  (c). o b ta in e d  by
t r a n s l a t i n g  (C^ to  a new o r i g i n  a t  th e  p o in t  o f  in c id e n c e  (P^ of (R^ 
w ith  (F).. C le a r ly  th e  c o o r d in a te  axes o f  th e  (C). a r e  m u tu a l ly  p a r a l l e l ,  
t h e  x -a x e s  a r e  p a r a l l e l  to  (A) and th e  y -ax es  a re  in  (M). The c o o r d in a te
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system s © .  w i l l  h e n c e fo r th  be known as th e  t r a n s l a t e d  c o o rd in a te  system  
a s s o c i a t e d  w ith  th e  j t h  s u r f a c e . C o l l e c t i v e l y ,  th e  © .  w i l l  be termed 
t r a n s l a t e d  c o o r d i n a t e s . The p la n e s  x^ = 0 a re  known s im ply as th e  x^- 
p l a n e s . Except when c o n fu s io n  i s  l i k e l y  to  a r i s e  the  s u b s c r ip t  j  (j*=1, 
2 , . . . , k )  w i l l ,  in  f u t u r e ,  be su p p re s se d .  I n  ©  an a r b i t r a r y  r a y  ©  
may be s p e c i f i e d  some p o in t  Y on th e  ra y  and th e  d i r e c t i o n  c o s in e s  
ß = ( a , ß ,7 )  o f  th e  r a y .  (N o te : The s ig n  conven tions  used in  t h i s  t h e s i s  
a r e  th o s e  of c o o r d in a te  geometry and n o t  th e  t r a d i t i o n a l  ones o f  geo­
m e t r i c a l  o p t i c s ;  see  p .6  §c .)  A co n v en ien t  ch o ice  f o r  th e  i n i t i a l  p o in t  
Y o f  th e  r a y  ©  i s  th e  p o in t  o f  i n t e r s e c t i o n  of ©  w ith  th e  x -p la n e .
Thus Y = (0 ,Y ,Z ) .  D ef in e  th e  d i r e c t i o n  ta n g e n ts  V o f ©  to  be
Pi
( 5 . 1)
C le a r ly  ©  may be u n iq u e ly  s p e c i f i e d  by th e  fo u r  numbers JY = (Y ,Z ),
V = (V ,W ) .  However, i t  i s  co n v en ien t  to  in t ro d u c e  v a r i a b l e s  V d e f in e d
Pi A  A
by
V -  V A B ( 5 . 2 )
where Vß = (ßß/ a B,0 )  a r e  th e  d i r e c t i o n  ta n g e n ts  o f  (R^. The c a n o n ic a l  
v a r i a b l e s  o f  ©  a t  t h e  j t h  s u r f a c e  a r e  Y^, and a t  th e  f i r s t  s u r f a c e  
in  p a r t i c u l a r  Y^, a r e  c a l l e d  t h e  c a n o n ic a l  c o o rd in a te s  o f  (R) and 
u n iq u e ly  s p e c i f y  th e  r a y .  The c a n o n ic a l  v a r i a b l e s  o f  th e  b a s e - r a y  a re  
a l l  z e ro .  Analagous d e f i n i t i o n s  and e q u a t io n s  ho ld  fo r  th e  c a n o n ic a l  
v a r i a b l e s  a f t e r  r e f r a c t i o n  a t  th e  j t h  s u r f a c e .
(b) Suppose t h a t  th e  c a n o n ic a l  v a r i a b l e s  o f  th e  ra y  (R) a r e  r e q u i r e d
i n  some c o o rd in a te  system  (C)* o th e r  th a n  (C). (C) and (C)* a re  assumed 
to  be r e l a t e d  by a r o t a t i o n  about th e  z - a x i s  so t h a t  th e  d i r e c t i o n  c o s in e s  
o f  (R^ in  © *  a re  $gvV* The t r a n s f o r m a t io n  from ©  to  © *  i s  o f  th e  form
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where
x* = ax + by , y* = -bx + ay , z* = z (5.3)
a = a BaB* + ßßßB* , b = <*B*ßB - ßB*aß . (5.4)
The canonical variables in © *  are defined in an analagous fashion to 
those in © .  Thus
V* = ß*/a* - VB* = (aB/aB*)2V/[l+(aBb/aB*)V] 
w* = (aß/aB*)W/ [l+(agb/aB*)V]
(R) will intersect the x*-plane in the point x* = 0, Y* = y*, Thus,
x = -by/a , Y* = y/a , Z* = z . (5.5)
The equation of (R) in ©  is
y = Y + x ( V + V B) (5.6)
and thus, from (5.6),
y = Y/[1+(V+V )b/a] , x = - bY/[a+bV+bV]B D
From (5.6) and the equations preceding these
Y* = (aB/aB*)XV , Z* = X [Z+(aBb/aB*)(ZV-YW)]
V*'= (aB/aB*)2XV , W* = (aß/aB*)xw > (5.7)
X = [l+(aBb/aB* ) v f 1 . (5.8)
If the origin is also transferred, to (djy^z^) say> X must be replaced 
by Y - y + dV + dV • By means of these equations any results obtained 
for translated coordinates may be referred to arbitrary coordinates.
(See also §85.) Furthermore, any coefficients relevant to the new 
coordinates can be expressed in terms of those relevant to the original 
coordinates (see §19). Use will be made of these results when discussing 
parabasal imagery (§20,21).
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In view of the symmetry of (K) the optical properties of (K) 
and of systems of rays traversing (K) must be invariant under reflection 
in (M) . Thus, under reflection in (M) Y and V are invariant whereas Z 
and W change sign. Hence Y and V are even  ^ functions of Z^  and W^, Z 
and W are odd  ^ functions of Z^  and W^. Any two-vector which transforms 
under reflection in (M) like the canonical variables is said to be 
proper two-vector.
6. Paracanonical Coordinates
(a) It is often convenient in practice to specify a ray by some
combination of its canonical coordinates. Such a situation occurs when
the object is an extended element of some surface (H^  or when vignetting
can be effectively represented by some aperture in the object space of (K).
These combinations of Y^  and are called paracanonical coordinates and
may be non-linear (e.g., when (H^  is a plane surface not parallel to the
x-plane). It is natural to choose the paracanonical coordinates so that
they reflect the plane symmetry of (K). If £ = (S ,S ) and T - (T ,T )y z y z
are the paracanonical coordinates to be used in place of Y^  and
and T must be even functions of Z, and W,, S and T odd functions of y 1 1 z z
Zj and W^. This ensures that Y and Z have the same symmetry properties 
with respect to and T as they have with respect to .Y^ and Zy 
Consequently, in the case when £ and T are linear functions of Y^  and 
write
A quantity is said to be even or odd in a pair of variables if under 
a simultaneous reversal of sign of these variables it remains 
unchanged in sign or changes sign respectively.
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■ S - J Ü ^ + i ä ,  » T = tY1 + | V i . ( 6 . 1)
The e ig h t  c o n s ta n ts  cr,ir,;r and j? are  s u b je c t  o n ly  to  th e  c o n d it io n
g = SX  “ 5X £ 0 > (6 .2 )
and c o m p le te ly  c h a r a c te r iz e  th e  s e t  o f p a ra ca n o n ica l c o o r d in a te s  b e in g  
u se d . S in c e  ^  £  0 , ( 6 . 1 )  may be in v erted :^
= ( i § - 5 l ) / g  , V1 = ( - tS+cjT)/^  • (6 .3 )
Four ra y s  o f  p a r t ic u la r  im portance (§15)  are th e  s o - c a l le d  
m er id io n a l and s a g i t t a l  a - and b - r a y s , whose p a ra ca n o n ica l c o o r d in a te s  
are  g iv e n  in  T able 6 / 1 .  I f  th e  p a ra ca n o n ica l c o o r d in a te s  are in  f a c t  
th e  c a n o n ic a l c o o r d in a te s  ( i . e . ,  jj = JT = 1, £  = .£ = 0) th e  a - and b -r a y s
a re  c a l l e d  jd- and c[-rays r e s p e c t iv e ly .  N ote: P aracan on ica l c o o r d in a te s
a r e  d e f in e d  in  th e  o b je c t  sp ace  o n ly  and th e r e  a r e  no " p aracan on ica l 
v a r ia b le s "  ( s e e  a l s o  fo o tn o te  1, §19) .
TABLE 6/1  P a ra ca n o n ica l C oord in ates o f  a - and b -r a y s
S s T T
y z y z
m er id io n a l a -ra y i 0 0 0
s a g i t t a l  _a-ray 0 1 0 0
m e r id io n a l b -ray 0 0 1 0
s a g i t t a l  Jb-ray 0 0 0 1
1
Q / Q  i s  to  be u n d erstood  to  mean J^ q where £  = (1 /q^ > l / q z )
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(b) A class of paracanonical coordinates of particular importance
are the so-called special (linear) paracanonical coordinates or SPC.
Suppose vignetting by (K) can be represented by an aperture (E) in the
plane x = p (see also §61). If E is the basal point of (E) , define I B
JY to be the y- and z-coordinates of the point of intersection of a ray 
with (e) , referred to local coordinates in (E) such that the origin is 
Eg and the y-axis lies in (M). Thus
Ye = Yl + pVj . (6.4)
Further, let (H^  be the plane x^ = and 0^  any point in (K^  . If 0^
is the basal point of (H^  , define as the coordinates of 0^  referred
to a coordinate system in (H^  whose origin is 0 ^  and y-axis is in (M). 
Thus
+ jß^ . (6.5)
(ü^  is called the object height of 0^, see §7a.) Granted these definitions,
the SPC of the ray from the object 0 and intersecting (E) at Y are defined1 E
by
whence
S = jtYe , I-Xg, , (6.6)
2 = P2 , X = lyl
Furthermore, it is evident from (6.4,5) that the y- and z-components of 
each of 2,X>Ü ancl jt are equal, that is, cr = u , etc. - In this casey z
and T_ are written cr,T,cr and t respectively. In future, irrespective 
of the nature of the paracanonical coordinates, the "yM and "z" will be 
omitted from the components of JJ,X>2>X and g. They may be readily restored 
if required since g^ etc., multiplies or divides only quantities with a 
subscript "y", g^ etc., multiplies or divides only quantities with a 
subscript "z".
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7. Image H e ig h ts  and A b e r r a t io n s
(a)  The o p t i c a l  sy s te m  (K) i s  u se d  to  image an o b j e c t  o f  f i n i t e
e x t e n t  on t h e  o b j e c t  s u r f a c e  o n to  some image s u r f a c e  (H) . I t  i s
n a t u r a l  t h a t  t h e s e  s u r f a c e s  s h o u ld  be c o n s i s t e n t  w i th  th e  symmetry o f  
(K) and a c c o r d in g l y  any o b j e c t  o r  image s u r f a c e  i s  assumed t o  be i n v a r i a n t  
under  r e f l e c t i o n  i n  (H) . Le t  (R) be an  a r b i t r a r y  r a y  from  t h e  p o i n t  
o b j e c t  Oj i n  . 0 ,  t h e  image o f  0^ i n  (H) by th e  r a y  (R) , i s  t h e
p o i n t  o f  i n t e r s e c t i o n  o f  (R) w i th  (H), and th e  c o r r e s p o n d in g  image
h e i g h t  Ü i s  t h e  d i s p l a c e m e n t  o f  0 from  th e  b a s a l  p o i n t  0ß o f  (H) . The
d e f i n i t i o n  o f  o b j e c t  h e i g h t  i s  a n a la g o u s  and c o n s i s t e n t  w i th  th e  d e f i n i t i o n  
o f  u sed  i n  §6. The image 0 i s  u n iq u e ly  s p e c i f i e d  by (H) and N o te : 
t h e  image s u r f a c e  o f  (F). can  be t r e a t e d  as  t h e  o b j e c t  s u r f a c e  o f
p ro v id e d  th e  o n ly  r a y s  w hich  a r e  c o n s id e r e d  t o  em anate  from  some p o i n t
o f  i t s  o b j e c t  s u r f a c e  a r e  j u s t  t h o s e  r a y s  w hich o r i g i n a t e  from  t h e  o r i g i n a l  
o b j e c t  0^ and p a s s  th ro u g h  t h e  p o i n t  i n  q u e s t i o n .  Under t h e s e  c o n d i t i o n s ,
t h e  te rm s  image and o b j e c t  a r e  i n t e r c h a n g e a b l e .  ( c f .  t h e  c a s e  o f  t h e  a x i a l
t h e o r y  w here  i d e a l  im ages a r e  u n i q u e l y  d e f i n e d .  A l l  r a y s  from a g iv e n  
o b j e c t  w i l l  p a s s  th ro u g h  th e  ( i d e a l )  image and no q u a l i f i c a t i o n s  such  
a s  t h e  above a r e  r e q u i r e d  i n  o r d e r  to  c o n s id e r  t h e  image by one s u r f a c e  
a s  t h e  o b j e c t  f o r  t h e  n e x t . )
Suppose (H) i s  a p l a n e  w hich  i s  n o t  n e c e s s a r i l y  p a r a l l e l  to  
t h e  x - p l a n e .  L e t (Cj'c b e  a c a r t e s i a n  c o o r d i n a t e  sy s tem  i n  (H) and whose 
o r i g i n  i s  CL, whose y - a x i s  l i e s  i n  (M) and whose z - a x i s  i s  norm al to  (H) . 
Then , i f  y = ( x , y , z )  i s  a p o i n t  on t h e  r a y  ®
y = Y +  xV + xVß ( 7 .1 )
I n  © *  t h e  c o o r d i n a t e s  o f  y a r e
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X *  = a ^ x - i )  + ß * ( y - ^ v ß ) , y* = - ß * ( x - ^ )  + a * ( y - i V B> , z* = z , ( 7 . 2 )
where  i n  (C^ 
i s  ( a * , ß * , 0 ) .
t h e  c o o r d i n a t e s  o f  0 a r e  (X,^V ,0 )  and t h e  normal
B B
I n  o r d e r  t h a t  ( x , y , z )  be a p o i n t  on (H) , x* = 0,
t o  ®  
t h a t  i s ,
T h u s , f rom (7 .  1 ,2 )
x = i (1+V*V_) ~ V*y B ( 7 . 3 )
H = y* = ( Y + iV ) / (a*+ß*V +ß*V)
y b
H = z* = Z + iW -  ß*H W . ( 7 . 4 )
z y
(Compare t h e  above  w i t h  t h e  d i s c u s s i o n  l e a d i n g  t o  ( 5 . 7 ) . )  I n  t h e  s p e c i a l  
c a s e  when (H) i s  p a r a l l e l  t o  t h e  x - p l a n e ,  a *  = 1, ß* = 0 ,  and ( 7 . 4 )  
becomes
H = Y + iV . ( 7 . 5 )
(b)  w i l l  be s t i g m a t i c a l l y  imaged on to  (0) i f  and o n l y  i f  f o r  any
o b j e c t  0^ o f  o b j e c t  h e i g h t  , t h e  c o r r e s p o n d i n g  image h e i g h t  i s  g i v e n  by
ü  = I901 > ( 7 . 6 )
where  m = (m ,m ) i s  some m a g n i f i c a t i o n  which  i s  t h e  same f o r  a l l  r a y s  y z —  ------------------
from 0^ b u t  n o t  n e c e s s a r i l y  i n d e p e n d e n t  o f  . Tha t  i s ,
IS = ISCB-J)
and t h e  image i s  s a i d  t o  s u f f e r  f rom d i s t o r t i o n . I f  in i s  i n  f a c t  i n d e p e n ­
d e n t  o f  image ry  w i l l  be d i s t o r t i o n  f r e e . I n  t h a t  c a s e  d i f f e r e n t  v a l u e s  
f o r  m and m w i l l  n o t  be c o n s i d e r e d  as  c o n s t i t u t i n g  d i s t o r t i o n  s i n c e
y z
t h e i r  d i s s i m i l a r i t y  c o r r e s p o n d s  s im p ly  t o  a d i f f e r e n c e  i n  s c a l e  a l o n g  t h e  
y -  and z - a x e s .  Any d e v i a t i o n  from ( 7 . 6 )  i s  r e g a r d e d  a s  an a b e r r a t i o n ; 
t h e  a b e r r a t i o n  je i s  d e f i n e d  by
e = € CS,T) = H -  jnaH1 ( 7 . 7 )
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where ^  and T are the paracanonical coordinates of rays from 0^. If the 
image is distortion free, e_ is given by (7.7) provided m is taken to be 
independent of . Pistortion is then by definition the aberration which 
depends only on the object. However, in applications of the basal theory 
to symmetric systems, the distortion will generally be large and unavoidable 
(e.g., in wide-angle systems) or irrelevant in the sense that it can be 
allowed for after the image has been formed by © . 1 In such cases the 
general definition (7.7) of the aberration will be used, or preferably, 
if the image height HpCH^ of the principal ray from the object can be 
predetermined (see §65) the aberration is defined by
iL ^H-HpOjp • (7.8)
The aberration is then said to be referred to the principal rav (see §66).
(c) The simplicity of (7.5) as compared with (7.4) suggests that
it is desirable to work with image planes normal to the x-axis. In 
general, however, the image and object planes need not be parallel, in 
which case (A) (and hence all the x-axes) could be taken normal to either 
or (H^‘. If the former, SPC can be used with profit, whereas (7.4) 
must be used in the image space and the surface contributions to the 
quasi-invariants (§22-24) are not simply related to the aberration 
(cf. §22a and 51b). On the other hand, if ©  is taken normal to (H^*,
(7.5) can be used but not SPC unless the object is infinitely distant 
or only a single, fixed, point object is being considered. Curved object 
surfaces and object planes not normal to the x-axis are mo$t conveniently
1 See for instance Hill (1924) and Gardner and Washer (1948).
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treated using non-linear paracanonical coordinates with the pseudo-axis 
taken normal to the image plane. This method ensures that all the 
equations developed in this thesis for the case of parallel object and 
image spaces remain valid and applicable in the more general case. 
Moreover, the full power of analyses of the surface increments to the 
final aberration is readily available for design work. Accordingly, 
formulae for the aberration coefficients will be derived under the 
assumption that the object and image spaces are plane and parallel. 
Curved image surfaces may be treated in a manner analagous to that used 
when a symmetric system has curved image surfaces.
8. The Law of Refraction
Let ß and ß ’ be the direction cosines of the ray (R) before 
and after refraction at the surface (f) and let n be the inwardly directed 
unit normal to (F) at the point of incidence (P) of (R) with (F) .
According to the law of refraction n, "ß and jß' are coplanar and hence 
linearly dependent. Moreover, if I and I1 are the angles of incidence 
and refraction of (R), measured from n to (R) , then A(N sin I) = 0, where, 
for any quantity Q, AQ^ . = Q 1 " Qj *-s the change in Q upon refraction at
If non-linear paracanonical coordinates are used and will be 
expressed as series in .S and T. The effect of this is that the incre­
ments 6 . and 5 . in (25.6) do not vanish at the first surface. The 
most convenient manner in which non-linear or paracanonical coordinates 
may be used is to suppose there exists a fictitious surface in the 
object space that introduces exactly the "aberrations", represented 
by £ j and , required to produce the series for and . The 
theory would then proceed as developed in the following chapters.
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the jth surface. It follows that
ANß = (AN cos I)n .1 (8.1)
Introduce two quantities and R such that
R = (cos I* - k cos I)/a' = R R (8.2)A JD
where R^ is the value of R^ for the base-ray. (Note: For the base-ray
R = 1.) k = N/N5 is the refractance of (F) and need not be confused 
with the k denoting the last surface of the system since k appears only 
as a subscript or as a summation limit. (8.1,2) combined give
ß' - kß = R Ra'n . (8.3)
JD
9. Refraction Increments for V. and Y.. Equation for R.. ---------------------------- A ----- A --- 3----------  A
(a) From (8.3)
1 - k(a/a*) = R.nA X
V  - k(a/a')VA = (9.1)
Thus, eliminating ka/a* between this pair of equations,
A  = - 5A(nA ' a) = - V a
where is defined by
n V A - n XT' A ~
(9.2)
(9.3)
If the coordinates of the point of intersection (P) of any ray (R) with 
®  are y = (X,^ y), then
^ = Y + X VA
1 (AAB)C means (A'B'-AB)C.
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and since Ay = 0
AY = - XAVa  = RaXIa . (9.4)
Equations (9.2,4) give the changes in and Y for any ray upon refraction 
at the surface (F).
To find an interpretation for .1 , it is sufficient to note that
a I A  = “ oua
has the form of the components of the vector product of n and ß” . Define
n V. - n W z A y A (9.5)
Then
n X ß" = (n 7~n ß y z^ n a-n 7 , n ß-n a) z x xK y
a(-I -I - V
From (8.1) it follows that
Thus
N'n xß* = NnX ß
ANaI^x = ANocJ. = 0 (9.6)
(b) A quadratic equation can be determined expressing R in termsA
of -X» VA and the surface normal at the point of intersection of the rayA
with (F). From the definition of Jg it follows that
a2 = 1/0 +^ A-^ A)
Thus, from (9.1)
a + W  o-RAnx>2 = ^ o + v - V *
= k2(,+W 2~A,A\ Y aV  •
Substituting for AV^ according to (9.2), a quadratic equation for
§ 9,10 38
i s  o b ta in e d :
(9 .7 )
where
(9 .8 )
E q u a t io n s  ( 9 .7 ,8 )  a re  th e  ana logues  o f  (M62.4,5)
In  t h e  a n a l y s i s  o f  t h i s  s e c t i o n  no p a r t i c u l a r  form fo r  the
s u r f a c e  (F) was assumed. I t  fo l lo w s  t h a t  th e  e q u a t io n s  o f  t h i s  s e c t i o n
a r e  e n t i r e l y  g e n e r a l .  They would form th e  s t a r t i n g  p o in t  o f  any com puta tion  
o f  th e  a b e r r a t i o n s  and a b e r r a t i o n  c o e f f i c i e n t s  of any o p t i c a l  system  
c o n s i s t i n g  of homogeneous i s o t r o p i c  media. In  Appendix C th e s e  e q u a t io n s  
a r e  a p p l ie d  to  a scheme fo r  t r a c i n g  ra y s  th rough  systems o f  a r b i t r a r y  
s u r f a c e s .
10. R e f r a c t io n  and T ra n s fe r  Increm en ts  fo r  th e  C anon ica l V a r ia b le s
(a)  I f  th e  normal to  (F) a t  (P^ has  th e  components = ^ B x ^ B y * ^
in  (C) , th e  e q u a t io n  o f  th e  s u r f a c e  (F) i s
by lower case  symbols ( s e e  §12). The a b s c i s s e  X i s  o f  prime im portance  
and y may be e l im in a te d  in  favour  of X by u s in g  ( 5 .6 ) .  A cco rd in g ly ,  th e  
v e c to r  n i s
( 10 . 1)
where c i s  th e  c u r v a tu r e  o f  (F) and p o in t s  on (F) have th e  c o o rd in a te s  
y = ( X ,y ,z ) .  The o r d i n a t e s  of p o in t s  on (F) a r e  e x c e p t io n a l ly  deno ted
n = [nßx-cX , nRy-c(Y+XVA) , -c(Z+XWA)]  . ( 10 . 2 )
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Define I and 1 by x
I = I - I , I - I - I , x Ax Bx ~ ~A ~“B (10.3)
From (9.3) and (10.2) X. may be written for spherical surfaces asA
In this case
and from (9.6)
I = cY + n V - n A — BjT-A ~B
Ix = c(YW-ZV) - (nByW+cZVB) , i = cY + nßxV , (10.4)
A(NxI) = -Nx^ IgACa/ag) (10.5)
I plays no role in the theory but .1 is of considerable importance.
From the definition of V, (5.2), and (9.2) the change in V due 
to refraction is found to be
AX = -raia + V 3 - - V(R-DIb+RI] (10.6)
Similarly, from (9.4), it is found that
x  =  »
(10.7)
where P is defined by
P = RX (10.8)
It is evident from (10.6,7) that if Z = W = 0 at the first surface, then 
Z = W = 0 at all surfaces. However, if Y = V = 0 at the first surface, 
in general Y fc 0, V fc 0 at subsequent surfaces. This verifies the 
remarks of §3 on the non-global nature of "sagittal" as a property of 
a ray.
(b) If Q is some quantity referring to a given surface the
corresponding quantity at the next surface is denoted by Q+. Moreover, 
evaluated along a given ray,
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v Qj = Qj+1 -  Q j '  » VQ = Q+ -  Q' (1 0 .9 )
r e p r e s e n t  th e  change in  Q due to  t r a n s f e r  from th e  image space o f  (F). 
to  th e  o b je c t  space  of (F) . S ince  (C) and (C) a re  r e l a t e d  by a
j+1 +
t r a n s l a t i o n
v v A = W  = 0 ~A ~ ( 10 . 10)
I f  th e  d i s t a n c e ,  m easured a long  (R^ , between (P^ and (P^+ i s  dß ' , th e
s e p a r a t io n  o f  th e  x -  and x - p la n e s  i s  d 1 = d ‘a  ' and a r a y  (R) w i l l+ B b
i n t e r s e c t  th e  x+- p la n e  in  th e  p o in t  whose c o o rd in a te s  a re
y. = Y' + d'V '-M- ~A
in  (C) . The c o r re s p o n d in g  p o in t  fo r  th e  b a s e - r a y  i s  th e  o r i g i n  fo r  
(C) . A cco rd in g ly ,  th e  i n i t i a l  p o in t  o f  (R) in  (C) i s
T T
A  -  y +  -  yB+ -  r ' + d' r ( 10. 11)
G ath e r in g  to g e th e r  th e  e q u a t io n s  ( 1 0 .6 ,7 ,1 0 ,1 1 ) ,  the  r e f r a c t i o n  and 
t r a n s f e r  inc rem en ts  to  th e  c a n o n ic a l  v a r i a b l e s  a r e :
AY = y a + i j ) VY = d 1V' ,
A X  = - R b I ( R - 1 ) I b + R I ]  » V V = 0 ( 1 0 . 1 2 )
11. P seudo -param ete rs
I t  i s  e v id e n t  t h a t  th e  e q u a t io n s  of th e  p re c e d in g  s e c t i o n s  in v o lv e
c e r t a i n  q u a n t i t i e s  p e r t a i n i n g  to  th e  b a s e - r a y  and which a r e  n o t  p a ram e te rs
o f  th e  system in  th e  sen se  o f  §1. These a r e  th e  s o - c a l l e d  p seu d o -p a ram e te rs
r e f e r r e d  to  in  §2 and a r e ,  e x p l i c i t l y ,  Rg, nß , ßß , V , I ß , cos I ß , cos I g ' ,
d 1 o r  e q u iv a le n t ly  d ' ,  ß_ 1 and V ' . Note t h a t  d* i s  no t a p roper  B Bk Bk
§ u 41
parameter since it depends on the choice of .the base-ray whereas its 
analogue in the axial theory (d*) is a proper parameter of a symmetric 
system. Henceforth the term parameter is to be understood to mean both 
the pseudo-parameters and the 4k+1 proper parameters of the system. The 
results of §8,9 can be used to derive relations between the pseudo­
parameters which prove of immense value in simplifying the algebra of the 
basal theory (e.g., in §13,31,32). They could be used to eliminate 
certain pseudo-parameters from the theory, but since this effectively 
replaces a single, frequently occurring symbol by a collection of symbols, 
no advantage either in the appearance of the equations or in the subsequent 
computation of the aberration coefficients accrues from such an elimination.
According to (8,2) R_ is given by
Rg = (cos I ' - k cos ib )/0'B' , (11.1)
where
cos Iß = nß.ßB , cos Iß’ = ng.ßg' • (11.2)
Applied to (^ the law of refraction (8.3) is
M'V - - " W b •
If T is the unit normal to the plane of incidence, i sin I = n X  ß. Whence, 
for the base-ray,
Si" XB = Vsy (11.4)
where
h = nB A  ‘ ’ (11.5)
(11.4,5) are consistent with
ANaBIB = 0 . (11.6)
Finally
a*b = -Vb • (11.7)
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A ll  z-components of tw o -v e c to rs  r e f e r r i n g  to  th e  b a s e - ra y  a r e  z e ro .
However, by c o n t in u in g  to  w r i t e  0 = (Q ,0 )  fo r  such q u a n t i t i e s ,  p a i r sB By
of e q u a t io n s  can be r e a d i l y  combined i n t o  a s in g l e  e q u a t io n .  This g iv e s  
a more sym m etrica l appearance  to  th e  e q u a t io n s  concerned  and, i n c i d e n t a l l y ,  
p u ts  many o f  them in to  a form t h a t  i s  v a l i d  even when th e  (K) i s  n o t  p la n e  
sym m etric , f o r  example, ( 1 0 .1 2 ) .
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I I I .  PARABASAL OPTICS
12. P a ra b a s a l O p tic s  and th e  P a ra b a sa l E quations
P a ra b a s a l o p t i c s  concerns i t s e l f  w ith  the  b eh av io u r o f  f a m i l ie s  
o f ra y s  as d e s c r ib e d  by th e  dom inant term s o f th e  e x ac t e q u a t io n s .  The 
e q u a tio n s  o f p a ra b a s a l  o p t i c s  a re  th e r e f o r e  o b ta in e d  from th e  e x a c t 
e q u a tio n s  by n e g le c t in g  a l l  term s o f d eg ree  h ig h e r  th an  th e  f i r s t  in  th e  
c a n o n ic a l v a r i a b l e s .  In  t h i s  p ro c e ss  no h ig h  o rd e r  term s m ust be n e g le c te d  
u n t i l  th e  e x a c t e q u a tio n  c o rre sp o n d in g  to  th e  re q u ire d  p a ra b a s a l  e q u a tio n  
h a s ,  in  p r in c i p l e ,  been  o b ta in e d . I n a t t e n t i o n  to  t h i s  has meant t h a t  
f i r s t  o rd e r  te rm s have in  f a c t  been n e g le c te d  in  c e r t a i n  p a ra b a s a l  
e q u a tio n s ; f o r  exam ple, in  th e  s tu d y  o f p a ra b a s a l  im agery and f o c a l  
l i n e s  (s e e  §18 -21 ). Any ra y  whose b eh av io u r i s  d e sc r ib e d  by th e  e q u a tio n s  
o f p a ra b a sa l  o p t i c s  i s  s a id  to  be a p a ra b a sa l r a y . In  as much as th e y  
a r e  th e  dom inant term s o f  th e  e x a c t e q u a t io n s ,  th e  e q u a tio n s  o f  p a ra b a s a l  
o p t i c s  a re  in  f a c t  r e le v a n t  to  a r b i t r a r y  r a y s ,  n o t m erely  to  p a ra b a s a l  
r a y s .  Q u a n t i t ie s  r e f e r r i n g  to  g e n e ra l ra y s  a re  u s u a l ly  deno ted  by upper 
c a s e  ty p e , in  w hich c a se  th e  c o rre sp o n d in g  low er ca se  ty p e  r e p r e s e n ts  
th e  same q u a n t i ty  in  p a ra b a s a l  o p t i c s .
13. P a ra b a sa l Ray T race  E quations
(1 0 .1 2 ) e x p re ss  AY and as fu n c tio n s  o f Y and V th ro u g h  th e  
dependence o f P, R and I on th e  c a n o n ic a l v a r i a b le s .  AY and AV may be 
fo rm a lly  ex p re ssed  as power s e r i e s  in  Y and V and th e  dom inant te rm s o f 
th e s e  s e r i e s  a r e  o b ta in e d  below , making i t  p o s s ib le  fo r  th e  p a ra b a s a l  
c o e f f i c i e n t s  to  be computed (§ 1 5 ). The h ig h e r  o rd e r  term s a re  n o t 
r e q u i r e d ,  r a th e r  th e  ex p an sio n s  o f Y and V a re  o b ta in e d  in  term s o f  S,
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and T (e.g., §25). The dominant terms of AY and AV, more precisely, of 
Y' and V', follow most readily from (10.1,5). First it is necessary to 
expand a in terms of V:
a = O + V V  4 = aB(1+2aBßBV+~ ’~ ) i
= aß(l-aBßBV) + 0(2) . (13.1)
In general 0(m) denotes any expression containing only terms of degree 
equal to or greater than m in the canonical variables or coordinates.
The coordinates y = (X,Y+XV ,Z+XW ) of the point of incidence (P) ofA A
(R) with (f) are of the first order and consequently (10.1) can be written 
y.nB = 0(2) . Hence
X(n_ +n V )  + n Y = X/A. + n Y = 0(2) ,v Bx By B By 1 By
where
A 1 = a B/cosIB . (13.2)
Thus
X = - ^ n ByY + 0(2) (13.3)
Since Ay ® 0 and An = 0
A(A^) = 0(2) , AZ = 0(2) (13.4)
In view of (13.1) the dominant terms of (10.5) become
AlfaßÜ^W0 = 0(2) • (13.5)
From the second component of this it follows that
ANx„(cZ+n W) =(ANa W + Z)n = 0(2) > (13.6)B Bx B B B bx
where the last equality is obtained from the first by means of (11*3) and 
(13.4). The first component of (13.5) yields
Ä BIcW(V aBPBIBy)V) = °(2) *
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Now, acc o rd in g  to  ( 1 1 .2 , 5 ) ,
nBx '  V b V  = ( V V V l J y K  = a B C° S XB
and hence th e  p re c e d in g  e q u a t io n  may be w r i t t e n
A(Nx cos I ßV) + N ' c ^ ' c ^  Y = 0(2)
D efine
Ny - > NZ =  %
fc » N /N ' , k = N /N 'y y y z z z
(1 3 .7 )
(1 3 .8 )
From (1 3 .4 ,6 )  t h e  p a r a b a s a l  ra y  t r a c e  e q u a t io n s , e x p re s s in g  y '  and v '  
in  term s o f  ^  and v ,  may be w r i t t e n  down:
y' 58 ( ^ 1/ ^ 1 ' ) y  , V* = k y ^ ' M ^ v  -  ( c R ^ / a ^ c o s  i ß ' ) y  »
z 1 = z , w' = k w -  cR z • (1 3 .9 )z D
Since th e  t r a n s f e r  eq u a t io n s  (10 .12 )  a r e  a l re a d y  l i n e a r  in  Y1 and V1 th e y  
w i l l  n o t  r e q u i r e  m o d i f i c a t io n .  Thus, f o r  p a r a b a s a l  r a y s :
v+ = v* , y_j_ = y '  + d ’v '  . (13 .10 )
By means o f  (1 3 .9 ,1 0 )  p a ra b a s a l  r a y s  may be t r a c e d  th rough  th e  system .
Note t h a t  th e s e  e q u a t io n s  a r e  r e a d i l y  g e n e r a l iz e d  to  th e  c a se  o f  p la n e  
sym m etric, a s p h e r ic  s u r f a c e s  (Appendix D) .
14. The P a ra b a s a l  C o e f f i c i e n t s
(a)  The p a r a b a s a l  r e f r a c t i o n  i n v a r i a n t  (A^y,z) fo r  a p a r a b a s a l  r a y
may be i n t e r p r e t e d  as fo l lo w s :  R o ta te  (C) about th e  z - a x i s  u n t i l  t h e
x - a x i s  i s  i n  th e  d i r e c t i o n  o f  nß . The r e s u l t i n g  c o o rd in a te  system  i s  
(C^ ( th e  s o - c a l l e d  normal c o o r d in a te  system  a s s o c ia t e d  w ith  th e  s u r f a c e ,
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see  Appendix B) in  which c a n o n ic a l  v a r i a b l e s  YN and VN may be d e f in e d  as 
in  §5a. From ( 5 .7 )  Y^ = A Y  + 0(2) , ZN = Z + 0(2) . To th e  f i r s t  o rd e r  
i n  th e  c o o rd in a te s  of (?) i n  (C^ a r e  (0,YN,ZN) .  Hence, f o r
p a ra b a s a l  r a y s ,  A^y and z a re  r e s p e c t i v e l y  th e  d i s t a n c e s  o f  (P) from th e  
p lan e  normal to  ®  and c o n ta in in g  n^ and from th e  p la n e  o f  symmetry ® .
(b) ( 1 3 .9 ,1 0 )  show t h a t  y^  and v+ a r e  l i n e a r  f u n c t io n s  of y and v
and hence , i t e r a t i v e l y ,  o f  y ] and v . T h is  may be fo rm a l ly  ex p ressed  
by w r i t i n g
where
V  = W i  + V i  > x j = *p£ i + W  ’
Zp = (V ZP> • Xp = Cvp.wp) . yq -  (yq . v  > V  = (V V  ’
(1 4 .1 )
a r e  the  c a n o n ic a l  p a r a b a s a l  c o e f f i c i e n t s  o f  ®) and a re  f u n c t io n s  of th e  
p a ram ete rs  o f  ®  . S ince  y and v ] a r e  l i n e a r l y  r e l a t e d  to  s. and X by 
( 6 . 3 ) , 1 (1 4 .1 )  becomes
v = Y s + v t  , v . = v . s + v, j t  • (1 4 .2 )Zaf -  T Z b j ~  ’ ~ a j ~  ~ b j ~
The e ig h t  c o e f f i c i e n t s  £  , £ b> 2 a > and vfc a r e  th e  (p a ra c a n o n ic a l )  p a ra b a s a l
c o e f f i c i e n t s  o f  ®  . Of th e s e  th e  fo u r  r e l a t i n g  to  th e  y-components of
( 1 4 .2 ) ,  v i z .  y , y , ,  v and v , ,  a r e  th e  m e r id io n a l  p a r a b a s a l  c o e f f i c ie n t_ s ;
th o s e  r e l a t i n g  to  th e  z-com ponents , v i z .  z^ ,  zfe, w^ and wfe, a r e  th e  sag i t t a l
p a r a b a s a l  c o e f f i c i e n t s . M oreover, th o s e  b e a r in g  a s u b s c r ip t  a or b a r e
a- or b -  p a r a b a s a l  c o e f f i c i e n t s  r e s p e c t i v e l y .  C h a r a c t e r i s t i c  of th e  p la n e
symmetry o f  ® ,  y .  and v .  a r e  independen t o f  s ^ and t z .  and w^ a r e  
J J
1 Note th e  u se  o f  .s and t i n  p la c e  o f  JS and T. (6 .3 )  i s  v a l i d  in  th e  
p a r a b a s a l  r e g io n  even fo r  n o n - l i n e a r  p a ra c a n o n ic a l  c o o r d in a te s .
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independent of and t^. Moreover, the meridional and sagittal coefficients
are dissimilar, that is, in general y /= z etc. (Compare the case of thea a
axial theory, M§5a.) The determinants of the transformations (14.2) are 
simply the products of the determinants of the transformations (6.3) and 
(13.9,10). Thus
j
(y|v)j = O / g ^ k y .  = Nyl/Hyjg 
(2|W). = <i/g)in 1kzi = Nz]/Nzjg (14.3)
where for any two symbols f and g
(f|g)j £ajSbj ‘ fbj8aj (14.4)
As a result of (14.3) only six of the eight parabasal coefficients at 
any surface are mutually independent. Note: Although all the equations
of this section were written in a form appropriate to the object space 
of (f) the same formal equations are valid in the image space provided 
that a prime (') is attached to all symbols bearing a subscript j, for 
example v . becomes v .1.
15. Computation of the Parabasal Coefficients
Parabasal rays may be traced through the system by applying the 
ray trace equations (13.9,10). By tracing the a- and b-rays (§6a) the 
parabasal coefficients are obtained. Assume that the required base-ray 
has been traced and from the values of the associated pseudo-parameters 
compute at each surface the coefficients of ^  and v in (13.9). Suppose 
a set of paracanonical coordinates have been specified by a, jr, jt and t., 
and that the rays to be traced are given by their values of js and t.. By 
means of (6.3) the corresponding values of ^  and v^ are computed, y^
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and from th e s e  i n  two s t e p s :  f i r s t  1 and v^ ' a r e  computed
from (1 3 .9 )  and second, t r a n s f e r  to  th e  second s u r f a c e  i s  c a r r i e d  ou t by
means o f  (1 3 .1 0 ) .  Using th e  v a lu e s  o f  y and v a r e p e t i t i o n  o f  th e s e
•*-2 ““2
two s te p s  g iv e s  ^  and v^> and so on. In  t h i s  manner y^ ' and v ^ 1 a r e  
e v e n tu a l ly  de term ined .
Now suppose th a t  th e  ( p a r a b a s a l )  m e r id io n a l  a-ra y  i s  t r a c e d
in  t h i s  manner. From T able  6 /1 ,  s = l , t  = s  = t  = 0  and hence ,y y z z
from ( 1 4 .2 ) ,
y . = y . , v . = v . , z . = w . = 0  
J a j  j  a j  j  j
Thus th e  m e r id io n a l  ^ - c o e f f i c i e n t s  a r e  de term ined  simply and d i r e c t l y  by 
t r a c i n g  th e  m e r id io n a l  a - r a y .  S im i l a r l y ,  th e  m e r id io n a l  b - c o e £ f i c i e n t s  
and th e  s a g i t t a l  a-  and b - c o e f f i c i e n t s  a r e  determ ined  by t r a c i n g  th e  
m e r id io n a l  b - r a y  and th e  s a g i t t a l  a- and b - ra y s  r e s p e c t i v e l y .  T h is  
i l l u s t r a t e s  th e  u s e fu ln e s s  o f  t h e  a-  and Jo-rays.
16. P a ra b a s a l  I n v a r i a n t s
(a) A q u a n t i ty  Q i s  an o p t i c a l  i n v a r i a n t  p rov ided  fo r  a l l  r a y s
AQ = VQ = 0 (1 6 .1 )
a t  each s u r f a c e .  I f  Q i s  i n  g e n e ra l  no t an i n v a r i a n t  bu t none th e  l e s s  
s a t i s f i e s  (1 6 .1 )  in  th e  p a r a b a s a l  r e g io n ,  i t  i s  c a l l e d  a q u a s i - i n v a r i a n t  
and th e  c o r re sp o n d in g  p a r a b a s a l  q u a n t i t y  q i s  a p a ra b a s a l  i n v a r i a n t . The 
two i d e n t i t i e s  (1 4 .3 )  a re  i n t i m a t e l y  r e l a t e d  w ith  c e r t a i n  p a r a b a s a l  
i n v a r i a n t s  a s s o c ia t e d  w ith  two a r b i t r a r y  p a r a b a s a l  r a y s .  The form of 
(1 4 .3 )  su g g es ts  i n v e s t i g a t i n g  q u a n t i t i e s  such as
gy = f y (yv -  vy) ,
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where f is a combination of the parameters of (K) and y, v and y, v are 
the canonical variables of two arbitrary parabasal rays (R^ and (§). 
respectively. It is required to find the condition that g be a parabasaly
invariant. For this to be the case
Vg = ( y , v - v y ) V f  + f 'V(yv-vy) = 0 y i “r I i y y
for all rays. In view of (13.10) V(yv-vy) = 0 and thus
Vgy = (y+v+-v+y+)Vfy = 0 ,
which will be the case if and only if
Vf = 0 , (16.2)y
Moreover, since A(A^y) = 0 ,
Agy = A ]yA(fyv/A1) - A1yA(fyv/A1) . (16.3)
The first terra of this is
A 1y[(fy 7 N y ')A(Nyv/A1)+(Nyv/A1)A(fy/Ny)] .
Since A(Nyv/A^) is proportional to y (see (13.7)),
Ag = N (yv-vy)A(f /N )y y y y
This will be zero for all rays if and only if A(fy/Ny) = 0 , that is, if 
fy = aNy where a is a constant which, without loss of generality, may be 
taken to be unity. fy = Ny satisfies (16.2) so that the quantity
gy * Ny(yv-vy)
is in fact a parabasal invariant. In a similar fashion Nz(zw-wz) can 
be shown to be a parabasal invariant where y,£ and j£,v are the canonical 
variables of two arbitrary parabasal rays (R^  and (R^ respectively.
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Thus, the quantity
8 = N(yv-V£) (16.4)
is a parabasal invariant. By expressing y .,v. and y.,v. in (16.4) inJ ~J J
terms of ,s,t. and j|,J: respectively by (14.2) (or (6.3) at the first surface) 
the identities (14.3) are readily recovered from the invariance of g.
(b) Note: g^ is independent of the z-components of the canonical
variables of (R^ and (Rl and, moreover, g^ is independent of the y-
components of the canonical variables o f ®  and ®  . Thus, the fourz z
rays (R^ , (R^ , (R^ and (R^ may be chosen independently of one another,
A very convenient choice (§22,23) is to choose (R^ and (R^ as the same
ray ®  while (Rl and (R^ are respectively (parabasal) meridional and
sagittal rays from the basal point 0 of the object surface. In this
B
case g is said to be defined for the ray ®  with respect to the basal 
point 0ß. gy and g^ are called the Lagrange invariants of 0ß.
17. The Conrady s- and t-traces
Mere inspection of (13.9,10) or (14.1) suffices to verify 
that any ray lying in the sagittal plane y^ = v^ = 0 of the object space 
of ®  lies in the sagittal planes associated with each medium constituting 
® ;  in other words, the ray in question is a true sagittal ray (see §3).
Let 0ß be a point on (R^ and in the object space of the surface ® • It 
was shown by Conrady^ that in the infinitesimal neighbourhood of the 
base-ray both a fan of meridional rays and a fan of sagittal rays, from
1 Conrady (1957) §67.
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Oß , produce on (R^ a p o in t  image of  0^. These two images a r e  i n  g e n e ra l  
d i s t i n c t .  C le a r ly  th e s e  fans  of  r a y s  can be r e s p e c t i v e l y  r e p r e s e n t e d  by 
fans  of  p a r a b a s a l  r a y s .  Let  i  be th e  d i s t a n c e  of  0^ from (P^ and c o n s id e r  
r e f r a c t i o n  by the  s i n g l e  s u r f a c e  (F ) . In  (C) , the  c a n o n i c a l  v a r i a b l e s  
of  m e r i d io n a l  r ay s  from 0„ s a t i s f y
' L JD
y = - | a Bv , (17 .1 )
and in  the  image space of  (F) the  run n in g  c o o r d i n a t e s  ( x ' , y ' 0 )  on any 
m e r i d io n a l  r a y  s a t i s f y
y 1 = y ' + x ' v 1 + x 'V^ '  •
These r a y s  w i l l  i n t e r s e c t  (R^ i n  a un ique  p o in t  p rov ided
y '  + x ' v ‘ = 0
I t  fo l low s  from (13 .9 )  t h a t  th e  c o n d i t i o n  t h a t  the  r a y s  form a p o i n t  
image of  C^at ( x ' , y ' , 0 )  i s
' - ( c R ^ / c X g ' c o s  I B' ) x ' ] y  + x '  ky (?^ ' /A^ )v  = 0
I f  y i s  exp res sed  i n  terms o f  v by means o f  (17 .1 )  t h i s  reduce s  to  th e  
r e q u i r e m e n t  t h a t  A and s a t i s f y
(cV i / a B,cos S ' 5
where X1 i s  th e  d i s t a n c e  o f  t h e  image from 
I f  t h e  d e t a i l e d  e x p r e s s io n s  f o r  A^, and 
p a ram ete rs  a r e  s u b s t i t u t e d  i n t o  t h i s ,  then
(P^. (Note:  x '  = | ' a ß ' ) .
R i n  te rms o f  t h e  pseudo-
D
N' cos2 I„ ' / £ '  -  N c o s 2I  * c (N 'c o s  I  ' -N cos I  ) . (17 .2 )B = B — d a
This  e q u a t io n  i s  j u s t  Conrady‘ s 6 7 ( c ) .  In  a s i m i l a r  f a s h i o n  th e  s a g i t t a l  
f an  from 0^ w i l l  come to a focus  a t  a p o i n t  on (R^ where
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z '  + i ' a  'w'  = 0 ,
— ±5
s u b j e c t  to
z + i a Dw = 0
— D
Combined w i th  ( 1 4 . 1 ) ,  t h e s e  l a s t  two e q u a t io n s  y i e l d  th e  c o n d i t i o n
( k za B ' = ' “ a B=+CaBa B ' ^B == ' )W = °  
f o r  a focus  on (R^ and d i s t a n t  from (P^ . Thus
N ' / £ '  -  N/£ = c(N'  cos I  ' -N cos I )  ,
—  —  D  B (17 .3 )
i n  agreement w i th  67(d) of  Conrady,  Thus Conrady’ s s -  and t -  t r a c e  
fo rmulae  a r e  c o r r e c t l y  r e c o v e re d .  I t  i s  e v id e n t  t h a t  t h e  two p o i n t s  
de te rmined  by ( 1 7 . 2 , 3 )  a r e  d i s t i n c t  i f  t h e  ang le  of  i n c id e n c e  I  i s  not  
z e ro .
Consider  a b a s a l  o b j e c t  0 i n  t h e  o b j e c t  space  of  a p la ne
B
symmetric system (K). A f t e r  r e f r a c t i o n  a t  the  f i r s t  s u r f a c e ,  a f an  of
p a r a b a s a l  m e r i d i o n a l  r a y s  from 0 w i l l  come to  a focus  a t  F , s ay ,  on
B Ml
^  and,  f u r th e r m o r e ,  a f a n  o f  s a g i t t a l  p a r a b a s a l  r a y s  from 0ß w i l l  come 
t o  a d i s t i n c t  focus  a t  F^> a l s o  on 
t h e s e  two fans  w i l l  r e s p e c t i v e l y  remain  m e r i d io n a l  and s a g i t t a l .  
Consequen t ly ,  a f t e r  r e f r a c t i o n  a t  th e  rem ain ing  s u r f a c e s ,  t h e  m e r i d io n a l  
f an  w i l l  produce f o c i  F . ^ ,  i  = 2 , . . . , k  and th e  s a g i t t a l  f an  w i l l  produce 
f o c i  F , i  = 2 , . . . k .  However, s i n c e  F and F a r e  d i s t i n c t ,  any p a i r
^  J. MI u I
Fw. and F_. need n o t  be d i s t i n c t .  The p re s en ce  of  the  two f o c i  a s s o c i a t e d  
Mi S i
w i th  any s u r f a c e  i s  c h a r a c t e r i s t i c  of a s t i g m a t i s m .  As w i l l  be seen
(§21b and 4 9 ) ,  p a r a b a s a l  imagery i s  s u b j e c t  t o  f i r s t  o rd e r  l i n e a r
a s t i g m a t i s m .  The focus  F,, i s  c a l l e d  t h e  m e r i d io n a l  f o c u s ,  and F„ th e
M ------------------------------ -- S
s a g i t t a l  f o c u s . Note t h a t  ( 1 7 . 2 , 3 )  a r e  e n t i r e l y  independen t  o f  th e  
c h o ic e  of c o o r d i n a t e s  (C). (See a l s o  §18,2 0c . )
(R^. A f te r  subsequen t  r e f r a c t i o n s
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18. Parabasal Imagery and Infinitesimal Canonical Variables
It has been traditional to define the parabasal region as the 
infinitesimal neighbourhood of the base-ray and to discuss parabasal 
imagery using hamiltonian coordinates. The hamiltonian coordinate systems 
(C^ are defined so that their x-axes lie along the base-ray and their 
y-axes lie in (M) (see Appendix B). There are two such systems associated 
with each surface. Two results of particular interest obtained under 
these conditions and appearing in the literature are (i) any line (L) 
normal to (R^  and in (M) is imaged by meridional rays into a line normal 
to (R^ , and (ii) corresponding to any basal point 0^ there are two 
focal lines normal to (R^  and to each other, and one of which lies in (M).
and (C^  are identical. 
In general, at other surfaces, (C) and (C^ will differ by a rotation about 
the z-axis. Imagery may be determined in (C) directly, using the equations 
of the basal theory developed in this thesis, or by obtaining the image 
by some method employing hamiltonian coordinates and then referring this 
to (C) by a rotation of coordinates. The images obtained by these two 
methods must be identical. In fact, in the parabasal region as defined 
at the beginning of this section, this is not the case.
Consider imagery of the line (L) by meridional rays. If SPC 
are used an arbitrary point 0^  on (L) is specified by
t = xh1 , t = 0 ,y 1 z
and meridional rays from 0, have s =0. (Note: in accordance withI z ----
Suppose translated coordinates are used in which (C|
Synge (1937) §9; Luneburg (1964) §33.4 .
Synge (1937) §9; Luneburg (1964) §35; Born and Wolf (1964) §4.6 .
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§12, i s  r e p la c e d  by in  th e  p a r a b a s a l  r e g i o n . )  C onsequen tly  th e  
e q u a t io n  of any r a y  from 0^ i s  o f  th e  form
y = (y +xv ) s + (y,+xv, ) t  + xV_ , z = 0 , (1 8 .1 )a a y  b b y  B
in  th e  image s p a c e ,  where prim es have been o m it te d  f o r  conven ience . A ll  
(p a ra b a s a l )  ra y s  from 0^ w i l l  come to  a focus p rov ided  th e  c o e f f i c i e n t  of 
s v a n i s h e s .  Thus th e  image of 0, i s  a t
y 1
-y  a / v Q , y = - ( y |v ) T h 1/ v a + xV} (1 8 .2 )
S ince  x i s  independen t of h ^ , a l l  p o in t s  0^ on (L) image on to  th e  l i n e
x = -y  / v  in  (M) . T h is  i s  normal to  th e  x - a x i s  r a t h e r  th a n  to  (EÜ and a a ^"d
c o n t r a d i c t s  ( i )  above. I t  can  a l s o  be shown (se e  §21) t h a t  i f  th e  p a r a ­
b a s a l  r e g io n  i s  as d e f in e d  a t  th e  b eg in n in g  o f  t h i s  s e c t i o n ,  ( i i )  i s  
c o n t r a d i c t e d :  when de te rm ined  in  the  b a s a l  th e o ry ,  th e  f o c a l  l i n e s
c o r re s p o n d in g  to  0 a r e  normal to  each o th e r ,  and to  th e  x - a x i s ,  which
B
i s  no t n e c e s s a r i l y  c o l in e a r  w i th  (R^ . Moreover, i f  th e  image o f  any 
p o in t  0^ on (L) i s  o b ta in e d  by th e  two methods i t  i s  found t h a t  th e  
image de te rm ined  in  one c a se  i s  d i s t i n c t  from t h a t  o b ta in e d  in  th e  o th e r  
c a s e ,  whereas th e y  shou ld  be i d e n t i c a l .  In  p a r t i c u l a r ,  th e  c o o rd in a te s  
o f  th e s e  two "im ages" d i f f e r  by q u a n t i t i e s  l i n e a r  in  h^ which c e r t a i n l y  
a r e  no t n e g l i g i b l e  under th e  assum ptions  r e l a t i n g  to  p a r a b a s a l  imagery 
i n  t h i s  s e c t i o n .
This  s t r o n g ly  s u g g e s ts  t h a t  some term s which canno t be n e g le c te d  
have been o m it te d  in  th e  a n a l y s i s  le a d in g  to  th e s e  r e s u l t s .  V i s  o f  th e  
z e r o th  o rd e r  and hence term s l i n e a r  in  h^ and a p p e a r in g  in  x w i l l  c e r t a i n l y  
c o n t r i b u t e  to  y . However, x was de term ined  by th e  req u ire m en t t h a t  th e  
c o e f f i c i e n t  o f  s in  (1 8 .1 )  be z e ro .  S ince  s h ,  i s  o f  th e  second o rd e r
y y 1
o f  m agnitude and hence n e g l i g i b l e ,  th o se  term s o f  x which a r e  l i n e a r  i n  h^
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cannot be determined by this method. Accordingly, consistent results 
cannot be obtained in parabasal imagery if the canonical variables are 
assumed to be infinitesimal. In order to be of practical value, the 
definition of "parabasal" must give consistent results irrespective of 
the coordinates used. The definition in §12 satisfies this requirement. 
In order to demonstrate this the dependence of the parabasal and higher 
order coefficients (in the Taylor series for Y and V in terms of _S and X) 
on the chosen coordinate systems, must be known. This is found in §19 
and parabasal imagery under the definition of §12 is considered in §20. 
This definition was motivated by the fact that significant terms have 
apparently been neglected in the traditional analysis. In order to avoid 
this, the exact equations must be determined to a higher order before any 
approximations are made.
19. Coordinate Dependence of Paracanonical Coefficients
The paracanonical coefficients of some quantity Q are the 
coefficients in the Taylor series for Q in terms of the paracanonical 
coordinates .S and T. In this thesis equations are derived whereby the 
paracanonical coefficients of quantities such as H, Y and V may be computed 
for the translated coordinates introduced in §5. However, by means of 
(5.7,8) the canonical variables for arbitrary coordinates may be computed 
given those for translated coordinates. Alternatively, if the new 
canonical variables are expanded in terms of the paracanonical coordinates 
defined with respect to the arbitrary coordinate system, the coefficients 
in this expansion can be expressed in terms of the paracanonical coefficients
of this thesis.
§19 56.
For s i m p l i c i t y  i t  i s  assumed t h a t  th e  c o o rd in a te  system  (C) o f  
th e  o b je c t  space i s  f ix e d .  In  th e  image space (C^1 i s  o r i e n t a t e d  so t h a t  
i t s  x - a x i s  l i e s  a lo n g  th e  b a s e - r a y  and i t s  y - a x is  i n  th e  p la n e  of symmetry 
(M). (C)' i s  any c o o r d in a te  system , fo r  example, th e  p r e v io u s ly  d e f in e d  
t r a n s l a t e d  system , which may be o b ta in e d  from (C^1 by a r o t a t i o n  about 
th e  z - a x i s .  In  (C/ Y and V w i l l  have expansions  o f  th e  form (1 4 .2 )  w ith  
h ig h e r  o rd e r  term s added c o n s i s t e n t  w ith  th e  symmetry re q u ire m e n ts  o f  §5. 
Thus
Y = *aSy + V y  + Sy l Sy2 + sy2SyTy + ' y s V  + V * '  + Sy9SzTz + SylOTz2 +
Z = z S + s, T +  s „ S S  + s , S T  + s -T S + s _ T T  + 0(3) , (1 9 .1 )a z  b z  z 3 y z  z4 y z z 6 y z  z / y z
w ith  s im i l a r  ex p an s io n s  fo r  V where th e  h ig h e r  o rd e r  c o e f f i c i e n t s  have th e
s u b s c r i p t s  y and z r e p la c e d  by v and w r e s p e c t i v e l y ,  fo r  example,
1Sy],..., y ! 0 > sw3 , , , , , s w 7  * ( See a l s o  § 24a ,29 .)  In  (C^1 , Y and V a re
d i s t i n g u i s h e d  by a s u b s c r i p t  "H", th u s  Y and V , and a l l  c o e f f i c i e n t s
p e r t a i n i n g  to  th e s e  a l s o  have a s u b s c r ip t  H a d ja c e n t  to  th e  k e r n e l  symbol,
f o r  example, y„ , s u 0 . The expansions  o f  Y , V a r e  th e n  o f  th e  form Ha Hzo h h
( 1 9 .1 ) .  (N o te : S ince  th e  o b je c t  space  c o o rd in a te s  (C) a r e  f i x e d ,  .S and X
a re  th e  same fo r  b o th  (C^‘ and (5)' . )  From ( 5 .7 ,8 )
1
Y = ^  (,+vbV yh + 0(3) v = ^ 7 (,+vbV vh
15
2 ■ ZH + VBYHWH + 0(3) * w = ^ (,+vbV wh (19.2:
I f  th e  s e r i e s  f o r  Y and V c o r re s p o n d in g  to  (1 9 .1 )  a r e  s u b s t i t u t e d  i n t o‘H '^ 'H.
( 1 9 .2 ) ,  Y and V a r e  found in  term s of £  and T. Comparison o f  th e s e
The c o e f f i c i e n t s  s ^  e t c . ,  a r e  n o t  to  be confused  w ith  th e  p a r a b a s a l
c o o r d in a te s  s The p a r a c a n o n ic a l  c o o rd in a te s  never ta k e  s u f f i x e s
in  a d d i t i o n  to  "y"
0(3) ,
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TABLE 19/ 1 Coordinate Dependence of Paracanonical Coefficients
ya = yHa/aB ’ za ZHa *
yb = yHb/aB ’ zb = ZHb
V = v„ /a_^ , w = wIT /a ,a Ha B 9 a Ha B
v. = vTT, /a  ^ , w, = wTT1 / ab Hb B * b Hb B
sy> (sHy1 + VByHaVHa)/aB ’ Svl = (SHvl + VBVHa2)aB2 *
sy2 = U Hy2 + VB(yHaVHb+yHbVHa) 1/aB ’ Sv2 = (SHV2 + 2V H a VHb)/aB2 *
s cy5 = (sHy5 + VByHbVHb)/aB • S Cv5 (sHv5 + VBVKb )/aB ’
syr = SHyr/aB ’ (r = 8>9>10) svr = SHvr/aB2 • (r = 8>9’,0)
Sz3 SHz3 + VByHaWHa ’ Sw3 = (sHw3 + VBVHaWHa)/aB *
sz4 SHz4 + VByHaWHb ’ Sw4 " (sHw4 + VBVHaWHb)/aB *
sz6 = SHz6 + VByHbWHa ’ Sw6 = ^SHw6 + VBVHbWHa)/aB *
Sz7 SHz7 + VByHbWHb ’ Sw7 = (sHw7 + VBVHbWHb)/aB *
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e x p re s s io n s  w ith  (1 9 .1 )  y i e l d  th e  p a ra c a n o n ic a l  c o e f f i c i e n t s  fo r  Y and V
in  term s of  th o s e  fo r  Y and V . For example, Y becomes
H H
Y = ~  [1+V (v S +v T ) ] [y S +y T +s .S 2+ . . . .  ] a „  B Ha y Hb y Ha y JEb y Hyl y 
IS
The c o e f f i c i e n t  of S i s  thus
y
Syl = i: ( s Hyl+V H a yHa)
D
In  t h i s  f a s h io n  th e  e q u a t io n s  of Tab le  19/1 a r e  o b ta in e d .  These e q u a t io n s  
show how th e  p a r a b a s a l  and second o rd e r  c o e f f i c i e n t s  in  Y and V depend on 
th e  o r i e n t a t i o n  o f  th e  image space  c o o r d in a te s ,  t h e  o b je c t  space  c o o r d in a te s  
be ing  f ix e d  b u t  a r b i t r a r y .  However, analogous e q u a t io n s  can be s i m i l a r l y  
d e r iv e d  showing how th e  c o e f f i c i e n t s  depend on th e  ch o ice  of th e  o b je c t  
space c o o rd in a te  system , or bo th  th e  o b je c t  and image space  c o o rd in a te  
systems s im u l ta n e o u s ly .
2 0 . Parab a s a l  Im agery
In  t h i s  and th e  fo l lo w in g  s e c t i o n ,  p a r a b a s a l  imagery w i l l  be 
d is c u s s e d  on th e  b a s i s  o f  th e  d e f i n i t i o n  o f  the  te rm  p a ra b a s a l  g iven  in  §12.
(a) L et 0^ be a p o in t  o b j e c t  o f  o b je c t  h e ig h t  H^. I f  SPC a r e  used
X ~ and ra y s  from 0^ form a two param ete r  fam ily  p a ra m e te r i s e d  by S..
In  th e  image space  th e  e q u a t io n  o f  such a r a y  i s
Z  = X  + x(v+vB) ,
where Y and V a r e  g iv en  by ( 1 9 .1 ) .  Thus, in  th e  c o o rd in a te  system  (C) '
y = xV +(y +xv )S + (y  +xv )T + (s  +xs , )S  2+ . . .+ ( s  in+xs i n )T 2+0(3) ,J B a a y b b y yl v l  y ylO vlO z
z = (z  +xw )S +(z  +3OT, )T + (s  „+XS _)S S + . .  .+ ( s  _+xs 7 )T T +0(3) . (2 0 .1 )a a z b b z zJ  wj y z z/  w/  y z
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It is in general impossible to find x as a function of T such that x,y
and z are all independent of ,S. Consequently, imagery is in general
astigmatic. Consider the special case of a meridional object and consider
imagery by meridional rays from 0,. Then S = T = 0  and (20.1) becomesI z z
? 00 - ny = xV +(y +xv )T +(s +xs )T + £ (a +xb )T + [y -fxv +(s _+xs _)T +B b b y y5 v5 y n=2 n n y a a y2 v2 y
00 r> 00 n+ Z,(a +xb )T n ]S + E,f (x,T )S " ,n=2 n n y y n=2 n y y
z = 0 (20.2)
where ^n>^n>an>^n are higher order analogues of Sy5 >sv5 >Sy2 an<* sv2 
respectively and fn(x,T^), the coefficient of S^11, is a linear function 
of x and a series in T . All rays from 0^  will intersect in a point 
provided x and y are independent of S^ . The coefficient of gives
x = -(y +s T + £ oa T n)/(v +s 0T + L b  T n ) . (20.3)VJa y2 y n=2 n y 7 v a v2 y n=2 n y 7
The additional requirements
f (x,T ) = 0 , n = 2,3,...n y
will also yield equations of the form (20.3) for x. However, these are
in general inconsistent with (20.3) but constitute conditions on the
coefficients s -,s ,, etc., which must be satisfied in order to have yl vl
stigmatic imagery. (20.2,3) thus read
x = £ x T n , y = Z ny T n , n=0 n y n=0 n y
where XQ’yQ>x^>y^> etc., are combinations of the coefficients of (20.2). 
The dominant terms of these series are
x = -y /v - (s -V -s _y )t /v , a a y2 a v2 a y a
y = -(y /v )V - [(s v -s y )V +v (y|v)]t /v 2 , (20.4)a a B y2 a vz a ß a y a
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which give the parabasal image of 0^  formed by meridional rays. In order 
to refer this image to the coordinate system (C^1 the rotation
5 H  =  a B S  +  V • yH = A* + V ’ SH
must be performed. Thus 
xH -(ya/aBVa) ” [sy 2 V Sv2y« V VBv«<y|v)iy ° B Va2
(20.5)
If the coefficients y ,v ,s n,s . etc., are replaced by their expressionsa a y2 v2
in terms of y ,v , etc., (Table 19/1),, x becomes rla Ha n
x = -y /v " (s v -s V )t /vH •’Ha Ha v Hy2 Ha Hv2yHa' y Ha (20.6)
In a similar fashion it follows that
yH = - (yH |vH),:y/vH • (20.7)
Now suppose the image is determined directly in (C^1. The basic equations
used will be similar to those in the above analysis, with all coefficients
bearing an additional subscript MH". The only difference is that in (C^ '
V = 0. The resulting image will therefore be given by (20.4) provided B
Vg is set equal to zero and the coefficients y ,v , etc., are replaced 
by the corresponding coefficients with the subscript H. It is then evident 
that these are identical with (20.6,7). Consequently it is verified that 
in the case of imagery by meridional rays the definition of parabasal 
appearing in §12 does give consistent results. If the object 0^  is allowed 
to run along the line (L) normal to (R^ , it is evident from (20.6,7) that 
the image (by parabasal meridional rays) of (L) is not necessarily normal 
to (R^.
The image height H is given by H = y - xV B Thus, for the
h = (y|v)t /vy y a
meridional object
§20 61 .
Now T t = t H . Hence, r e p l a c in g  (y |v )  by (1 4 .3 )  and t by -v  g a c c o rd in g
y y *  ^I
to  ( 6 .3 ) ,  th e  p a r a b a s a l  image h e ig h t  i s
h = (N v /N v )h , y yl al y a yl
The m e r id io n a l  m a g n i f i c a t io n  i s  d e f in e d  to  be
m = N ,v  , / N v y yl al y a
and depends on ly  on th e  p a r a b a s a l  c o e f f i c i e n t s .
h = 0z
>
(b) Another s p e c i a l  c ase  of i n t e r e s t  i s  imagery o f  a s a g i t t a l  o b je c t
by s a g i t t a l  r a y s .  In  t h i s  c a se  = 0 and (2 0 .1 )  red u ces  to
5 " *VB + (sy8+5sv8)Sz2 + < V * \ 9 )S«T.  + + 0(3)
z = (z a+Xwa )S z + (z b-^wb )Tz + 0 (3 )  . (20 . 10)
C onsequen tly  a s t i g m a t i c  image i s  o b ta in e d  w ith
x = - z  /w + L , x T n , y = xV + 0(2) ,a a n=l 2n z B
z = - ( z |w )T  /w + 0(3) ,z a
p ro v id ed  c e r t a i n  c o n d i t io n s  on th e  h igh  o rd e r  c o e f f i c i e n t s  a r e  s a t i s f i e d ,  
The dominant term s o f  t h i s  g iv e  as th e  p a r a b a s a l  image
x = - z  /w , y = xV_ , z = - (z Iw ) t  / w . (20 .11 )
2i cL 15 2 3.
The image h e ig h t  i s
h = 0 , h = (N w / N w )h , (20 .1 2 )y z zl al z a zl
and th e  s a g i t t a l  m a g n i f i c a t io n  i s
mz = (“z l ’ a / W  ‘ (20- ' 3)
(20 .1 1 )  shows t h a t  th e  image (by p a r a b a s a l  s a g i t t a l  r a y s )  o f  a l i n e  in  (S) 
b u t  normal to  (M) i s  i t s e l f  normal to  ® .
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(c) F i n a l l y ,  i f  0^ i s  a b a s a l  o b je c t  T = 0 and m e r id io n a l  and 
s a g i t t a l  ra y s  w i l l  r e s p e c t i v e l y  come to  a focus a t  and F^ on (R^ 
A ccording to  (2 0 .4 )  and (20 .11) th e  a b s c i s s a e  o f  F and F^ a r e
Z v, = -y  / v  , z  = -z  /w , M a a S a a
(20 .14)
r e s p e c t i v e l y .  F u r th e rm o re ,  F^ and F^ a r e  d i s t a n t
Zy .  = - y  / v  a D = - y u / v  , Z c  = - z  /w cl = - z  /w , (20 .15)=M a a B Ha Ha =S a a B Ha Ha
a lo n g  (R^ from th e  o r i g i n  ( i . e . ,  from (P^ ) and a r e  th e  m e r id io n a l  and 
s a g i t t a l  f o c i  o f  §17.
21. F oca l L ines  and F i r s t  Order A b e r ra t io n
(a) With th e  e x c e p t io n s  o f  a few a u th o rs  ( s e e  §2Id) th e  f i r s t  o rd e r
congruence o f  r a y s  from a p o in t  o b je c t  h a s ,  a f t e r  t r a v e r s i n g  a p la n e
symmetric system , been  r e p r e s e n te d  in  th e  l i t e r a t u r e  by a fam ily  o f
s t r a i g h t  l i n e s  i n t e r s e c t i n g  two m u tu a l ly  p e rp e n d ic u la r  f o c a l  l i n e s  which
a re  a l s o  p e rp e n d ic u la r  to  some member of th e  congruence.^  I t  w i l l  be seen
below t h a t  t h i s  r e p r e s e n t a t i o n  i s  too  r e s t r i c t i v e  and le ad s  to  i n c o n s i s t e n c i e s .
In  f a c t  th e  two f o c a l  l i n e s  a r e  no t n e c e s s a r i l y  normal to  th e  same member
o f  th e  congruence . S ince  r a y s  a r e  th e  normals to  a fam ily  o f . s u r f a c e s
( i . e . ,  th e  wave s u r f a c e s ) ,  th e  quo ted  r e s u l t  im p lie s  t h a t  a l l  th e  norm als
to  some e lem en ta ry  a r e a  o f  a s u r f a c e  pass  th rough  two s t r a i g h t  l i n e s .
2
Maxwell c o n s id e re d  th e  form of th o s e  s u r f a c e s  such t h a t  a l l  t h e i r  normals 
pass  th rough  one o r  two c u rv e s ,  th e  f o c a l  cu rves  o f  th e  s u r f a c e .  He showed
1
2
See Synge (1937) §9; Luneburg (1964) §35 
Maxwell (1890) p .144 .
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t h a t  i f  th e  s u r f a c e  p o sse ssed  two f o c a l  curves  th en  th e s e  must be con ic  
s e c t i o n s  in  a p a i r  of m u tu a l ly  p e rp e n d ic u la r  p la n e s .  Moreover, i f  one 
o f  th e s e  i s  a s t r a i g h t  l i n e ,  th e  o th e r  must be a c i r c l e  and th e  c o r r e s ­
ponding s u r f a c e  i s  a t o r u s .  A c co rd in g ly  no wave s u r f a c e  can have  two 
s t r a i g h t  f o c a l  l i n e s  o f  f i n i t e  or u n l im i te d  e x t e n t .
(b) As in  §18, assume fo r  th e  moment t h a t  th e  c a n o n ic a l  v a r i a b l e s
a r e  i n f i n i t e s i m a l  in  th e  p a r a b a s a l  r e g io n .  In  th e  c o o rd in a te  system  (£)* , 
th e  a b e r r a t i o n  (7 .7 )  in  th e  p la n e  x = Z i s
e = (y + iv  ) s  , e = (z +iw )s  . (2 1 .1 )y a a y z a a z
In  th e  p a r a b a s a l  r e g io n  i t  i s  u s u a l ly  p o s s i b le  to  r e p r e s e n t  th e  e n t ra n c e  
p u p i l  (e) by an e l l i p s e .  A cco rd in g ly ,  in t ro d u c e  p o la r  c o o rd in a te s  (p ,0 )  
such th a t
s = ap cos 0 , s = p s i n  0 ,
y z
and r e p r e s e n t  v i g n e t t i n g  by p i  p where p i s  a c o n s ta n t .  Themax max
f a c t o r  "a"  t a k e s  account o f  th e  e l l i p t i c i t y  of (E). The a b e r r a t i o n  (2 1 .1 )  
now becomes
e = ap(y  +£v )co s  0 , e = p (z  +j!w ) s i n  0 . (2 1 .2 )y a a z a a
The image i s  i n  g e n e ra l  an e l l i p t i c a l  p a tch  of l i g h t  which d e g e n e ra te s
i n t o  a s t r a i g h t  l i n e  when e i t h e r  x = -y  / v  or x = - z  /w . In  th e  f i r s ta a a a
c a se  th e  l i n e  i s  in  (S) and p a s s e s  th ro u g h  F^ and i s  u s u a l l y  c a l l e d  th e  
m e r id io n a l  f o c a l  l i n e ;  in  th e  second c a se  i t  i s  i n  (M), th rough  F^, and 
i s  u s u a l l y  c a l l e d  the s a g i t t a l  f o c a l  l i n e .  These two fo c a l  l i n e s  a re  
normal to  each o th e r  and to  th e  x - a x i s > bu t n o t  n e c e s s a r i l y  to  th e  b a s e -  
r a y .  Suppose th a t  th e  c a n o n ic a l  v a r i a b l e s  a r e  n o t  i n f i n i t e s i m a l ,  bu t 
a l l  a b e r r a t i o n  c o e f f i c i e n t s  of h ig h e r  o rd e r  th a n  th e  f i r s t  a r e  ze ro  up 
to  some s u f f i c i e n t l y  h igh  o r d e r .  Then th e  e q u a t io n  (2 1 .2 )  i s  v a l i d  over
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an ex tended  neighbourhood of th e  b a s e - r a y .  The system  th u s  has two 
s t r a i g h t  f o c a l  l i n e s  of some f i n i t e  e x te n t  w hich, i t  has been seen  (§ 2 1 a) ,  
i s  im p o s s ib le .  Hence i t  i s  im p o ss ib le  s im u l ta n e o u s ly  to  red u ce  to  ze ro  
a l l  th e  h ig h  o rd e r  a b e r r a t i o n  c o e f f i c i e n t s  of a p lan e  symmetric system . 
C o n tro l  o f  th e  a b e r r a t i o n s  must th e r e f o r e  be ga ined  th rough  th e  b a la n c e  
o f  one a b e r r a t i o n - t y p e  a g a in s t  a n o th e r ,  or o f  one o rd e r  a g a i n s t  o th e r  
o r d e r s .
In  s p i t e  of a l l  t h i s ,  (2 1 .2 )  i s  th e  p a r a b a s a l  a b e r r a t i o n  under 
t h e  d e f i n i t i o n  o f  §12. However, i t  does n o t  fo l lo w  t h a t  th e  " f o c a l  l i n e s "  
d e r iv e d  from t h i s  r e p r e s e n t  th e  dominant c h a r a c t e r i s t i c s  of th e  f o c a l  
c u rv e s ,  p rov ided  o f  cou rse  t h a t  th e y  e x i s t .  (2 1 .2 )  is  th e  p a r a b a s a l  
c o n t r i b u t i o n  to  th e  t o t a l  a b e r r a t i o n .  The e x i s t e n c e  o f  th e  " f o c a l  l i n e s "  
i s  c h a r a c t e r i s t i c  o f  a s t ig m a t ism  i n  sym m etrica l system s. For t h i s  r e a s o n  
th e  p a r a b a s a l  c o n t r i b u t i o n  to  th e  a b e r r a t i o n  i s  s a id  to  be o f  th e  a s t i g m a t i c  
ty p e .  In  f a c t  (see  §49), i t  i s  f i r s t  o rd e r  l i n e a r  a s t ig m a t is m . S ince  
(2 1 .2 )  i s  th e  dominant term  th e r e  e x i s t s  some neighbourhood o f  th e  b a s e - r a y  
in  which (2 1 .2 )  does g ive  th e  a b e r r a t i o n  o f  th e  system . This  neighbourhood  
may be so sm all  t h a t  (21 .2 )  never u s e f u l l y  r e p r e s e n t s  the  a b e r r a t i o n  of 
th e  system  ( e . g . ,  §76b). This  i s  n a t u r a l l y  th e  c a se  when th e  system  i s  
a l r e a d y  f a i r l y  w e l l  c o r r e c t e d  ( i n  which c a se  and F^ a r e  v i r t u a l l y  
c o in c id e n t )  and th e  image p la n e  i s  s u f f i c i e n t l y  c lo s e  to  th e  p la n e  o f  
b e s t  focus  f o r  p a ra b a s a l  im agery.
(c) I f  any fo c a l  curves  e x i s t  fo r  (K) i t  i s  e v id e n t  from symmetry
t h a t  th e y  must l i e  e i t h e r  in  (M) o r  in  some p la n e  norm al to  (M), i n  which 
c a s e  th e  f o c a l  curve  must be sym m etr ica l w ith  r e s p e c t  to  (M) . A f o c a l  
cu rve  ly in g  in  (M) w i l l  be g iv en  by th e  p o in t s  o f  i n t e r s e c t i o n  o f  ra y s  
w i th  ® . For th e  b a s a l  o b je c t  0 , T = 0 and (2 0 .1 )  g iv es
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y = xyB + (.a4xva)Sy + (sy]+xsv])Sy2 + (sy8+ « vg)Sz2 + 0(3)
oo __
z - [z +xw +(s +xs 0)S +Z_(a +xb )S ]S , a a z3 w3 y n-2 n n y z (21.3)
where a and b are series in S . Rays will intersect (M) in those n n z J w
points for which z - 0, i.e.,
^ = ■ tza+SZ3Sy+r52a„Syn]/ fWa+s„zSy+nS2bnSyn)
-z /w - (s w -s z )S /w + 0(2) a a z3 a w3 a y a (21.4)
Substitution of this into (21.3) yields
n-V„ Vy = -z V /w -[(z v -y w )w +(s w -s z )V ]S /w + L 0 .S Sa B a  a a a a a z 3 a w 3 a B y a  n=2 V=0 nV y z
(21.5)
(Note: V must be even.) where f is a combination of the coefficients---- nv
in (21.3). Except when certain terms are zero, that is, when certain 
conditions between the coefficients are satisfied, (21.4,5) will not be 
the parametric equations of a curve. However, the dominant terms
2X = -z /w - (s _w -s _z )S /w ,a a  z 3 a w 3 a y a
* = -Za V Wa ‘ [(Za V V a )Wa+(sZ3 V Sw3Za)VB]Sy/Wa2 ’ (2U6)
represents a straight line, the sagittal focal line, through the sagittal 
focus but inclined both to the x-axis and the base ray.
Suppose that this analysis is carried out in the coordinates 
(C^‘ . The x-axis being the base-ray, the inclination of the sagittal 
focal line to the base-ray is 0 where, from the equations correspondingrl
to (21.6)
tan 6 _ WHa^ZHaVHa"yHaWHa* 
H (sHz3WHa“SHw3ZHa)
(21.7)
since = 0 in (C^‘. Consider (21.6). The slope of this line is
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VB +
(z v -y  w )w a a a a a
(s  w - s  z ) z3 a w3 a
and th e  a n g le  G i t  makes w i th  th e  b a s e - r a y  i s  g iven  by
ta n  6 m~VB
l - taVB
w (z v -y  w ) 
a a a a a
(s  w - s  z ) / a _  +V_w (z v -y  w ) z 3 a w 3 a  B B a a a a a
By means o f  T ab le  19 /1 , th e  c o e f f i c i e n t s  a p p e a r in g  in  t h i s  may be ex p ressed
in  term s o f  th e  c o r re sp o n d in g  c o e f f i c i e n t s  in  (C^1. The r i g h t  hand member
of t h i s  i s  th e n  seen  to  be i d e n t i c a l  w i th  t h a t  o f  ( 2 1 .7 ) .  S in ce
th e  s a g i t t a l  f o c a l  l i n e  p a s se s  th rough  F , p a r a b a s a l  imagery as d e f in e db
i n  §12, c o n s i s t e n t l y  d e te rm in e s  th e  s a g i t t a l  f o c a l  l i n e ,  in  c o n t r a s t  to  
th e  d e f i n i t i o n s  based  on i n f i n i t e s i m a l  v a r i a b l e s .  However, knowledge o f  
c e r t a i n  second o rd e r  c o e f f i c i e n t s  i s  r e q u i r e d .
I f  (K) p o s s e s s e s  a second f o c a l  l i n e  i t  must l i e  in  th e  p la n e
normal to  (M) and th rough  th e  m e r id io n a l  fo c u s .  The p la n e  (H) o f  §7 i s  such
a p la n e ,  p ro v id ed  i = -y  / v  . From (7 .4 )  th e  p o in t s  of i n t e r s e c t i o n  w itha a
(H) o f  a r b i t r a r y  r a y s  from 0 a r e  g iv en  by
B
Hy = t ( s y l V Sv1ya )Sy2 + (sy 8 V W a )S z 2 ] / 4 Va (1+V^VB)+0(3) ’
L —  TTz va t(Za V yaWa) + ( s z 3 V Sw3y a)Sy ,S z+0(3) (21. 8)
I r r e s p e c t i v e  o f  t h e  i n c l i n a t i o n  o f  (5) , t h a t  i s ,  o f  th e  v a lu e  o f  V*, t h i s  
r e p r e s e n t s  an a r e a  of (H) u n le s s  c e r t a i n  c o n d i t io n s  h o ld  between th e  
v a r io u s  c o e f f i c i e n t s .  The dominant term s however g iv e  a f o c a l  l i n e ,  th e  
m e r id io n a l  f o c a l  l i n e , th ro u g h  F^ and normal to  ® . P a ra b a s a l  o p t i c s  
th u s  g iv e s  two m u tu a l ly  p e rp e n d ic u la r  f o c a l  l i n e s ,  on ly  one o f  which need 
be normal to  th e  b a s e - r a y .  T h is  i s  n o t  i n  c o n t r a d i c t i o n  to  th e  r e s u l t s  
of Maxwell s in c e  o u t s id e  th e  p a r a b a s a l  r e g io n  th e r e  need be no f o c a l  cu rves  
a t  a l l .  In  o rd e r  t h a t  f o c a l  cu rves  e x i s t  o u t s id e  th e  p a r a b a s a l  r e g io n ,
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( 2 1 . 6 , 8 )  must each c o n ta in  o n ly  a s i n g l e  param eter. E v id e n t ly  t h i s  i s  
o n ly  p o s s i b l e  i f  c e r t a i n  c o n d i t io n s  between the  p a ra ca n o n ica l  c o e f f i c i e n t s  
o f  Y and V are s a t i s f i e d ,  in  which c a s e ,  th e  s a g i t t a l  and m e r id io n a l  f o c a l  
l i n e s  are  th e  ta n g e n ts  t o  th e  f o c a l  curves a t  th e  p o in t s  and where  
t h e s e  cu t  th e  b a s e -r a y .
(d) That th e  s a g i t t a l  f o c a l  l i n e  i s  i n c l i n e d  to  the  b a s e -r a y  has
3
not gone u n n o t ic e d  in  th e  l i t e r a t u r e .  H erzberger , G u lls tr a n d ,  and Born 
4
and Wolf were aware o f  t h i s  a lth ou gh  o th er  authors g iv e  the  erroneous  
d em o n stra t io n  t h a t  i t  i s  normal t o  th e  b a s e -r a y .  Born and Wolf g i v e  as  
an example o f  a f o c a l  l i n e  which i s  not normal to  th e  b a s e -r a y  one o f  the  
f o c a l  l i n e s  a s s o c i a t e d  w ith  th e  f a m i l i e s  o f  rays normal to  an e lem ent  
o f  a t o r u s .  In t h i s  c a s e  th e  o th er  f o c a l  l i n e  i s  o f  cou rse  normal t o  th e  
b a s e - r a y  and i s  th e  ta n g en t  to  th e  f o c a l  c u rv e ,  a c i r c l e .  H erzberger  
shows th a t  th e  f o c i  and f o c a l  l i n e s  are  r e la t e d  to  th e  c a u s t i c  s u r fa c e s  
o f  th e  sy stem . The f o c i  are  th e  p o in t s  o f  c o n ta c t  o f  the  b a s e -r a y  w ith  
t h e  c a u s t i c s ,  th e  s a g i t t a l  c a u s t i c  has a t h ir d  order c o n ta c t  w ith  (M) in  
w hich  i t  has a t a n g e n t i a l  l i n e  ( t h e  s a g i t t a l  f o c a l  l i n e )  and the  m er id io n a l  
c a u s t i c  i s  t a n g e n t i a l  to  th e  s a g i t t a l  p lane  a t  F . The s a g i t t a l  f o c a l  
l i n e  i s  n o t  to  be con fu sed  w ith  Conrady's c h a r a c t e r i s t i c  f o c a l  l i n e  o f  
a zon a l  a p e r tu r e .^
3
4
5
H erzberger (1958) §23, in  p a r t i c u l a r  p .2 6 1 ,2  
Born and Wolf (1964) § 4 .6 ,  p . 171 .
Conrady (1957)  §55c.
§22 68.
IV. QUASI-INVARIANTS AND QUASI-LINEAR VARIABLES
22. Augmented Image Heights and Out-of-focus Terms
(a) In §7 the aberration was seen to be of the form
4  = H - fCH,)
where 4CHi) = ff (H-,). f (H ) ] and f and f are distinct functions of U .I y I z I y z
It is convenient to regard H as the fundamental quantity rather than e, and 
to determine the coefficients in the Taylor series for H in terms of .S and 
T. The aberration coefficients are readily found from these once.£(H^) i-s 
given. In the axial theory it was possible to express H (and directly 
in terms of the quasi-invariants (M§7). However, in the basal theory, 
additional terms corresponding to out-of-focus terms are present.
In accordance with §7 the surface (H) will be assumed to be 
plane and parallel to the x-plane. If (H) has the equation x - £, the 
image height of any ray (R) is given by (7.5). Let (R^ and (R^  be 
arbitrary meridional and sagittal parabasal rays respectively from the 
basal point of the object plane and let (R) be any ray from a point object 
in the object plane (H^. If the canonical variables, paracanonical 
coordinates, etc., of (R^ and (R^  are respectively distinguished by sub­
scripts M and S, the abscisse of the foci Fw and F_ areM S
= ' V VM • *S = -ZS/wS (22.1)
In general i is not equal to either of these and it is convenient to define
1 = " XM = Z S " XS # (22.2)
*M = (XM’XS} by
Introduce the augmenting factor u = (u ,u ) where_ y z
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y -N v y H ’V s (22.3)
and define the augmented quantity £  corresponding to £ by
5  = Ü Ö
Thus the augmented image height is H:
H = -p. x V + N (y V-v Y) , H = -p. x W  + N (z W-w Z) , y y M y M M z *z S z S S *
where use has been made of (22.1,2). If
F = -x V , G = N (y V-v Y) y M y y ■'M M
Fz = -xgW , Gz = Nz(zsW-wsZ) , (22.4)
the augmented image height is given by
2 =  l + & • (22.5)
Suppose the image plane is the plane (H^ through F with the equation 
x = Then x^ = 0 and = 0. Similarly, if (5) is the plane (H^
with the equation x = i , x = 0 and F =0. Thus image planes can beb u Z
found so that each component of .F vanishes. For this reason JF is 
called the out-of-focus term. If first order astigmatism is absent, 
x^ , = Xg and consequently an image plane can be found so that F = 0. In 
general however this is not possible.
(b) If any quantity £ is linear in the canonical variables of any
parabasal ray it is automatically linear in the corresponding paracanonical 
coordinates. This is formally expressed by writing (cf. (14.1))
1 Note the minus sign. This ensures that for systems of positive focal 
length, (£ and £ have the same sign.
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£ = & as + £ bt  . (22 .6 )
£  and 0 a r e  r e s p e c t i v e l y  th e  a-  and b-components o f  £ .  E v id e n t ly  bo th
ci D
jj. and G may be r e s o lv e d  in to  a-  and b " comPonents ;
\i = -N (v s +v, t  ) , G — G s + G u t . .  ,y y a M b M y ya M yb M
11 z = - Nz (wa SS+Wbt S) ’ G Z = GzaSS + Gzbt S '
Suppose SPC a r e  u sed ,  t  = t  = 0 and thusn o
= * V a SM ’ Gy = Gy aSM ’
w i th  s i m i l a r  e x p re s s io n s  fo r  th e  z-components of jj. and G. I f  th e s e  a r e  
s u b s t i t u t e d  i n t o  (2 2 .5 )  i t  i s  e v id e n t  t h a t
N v H = N v F + G  , N w H = N w F + G  y a y  y a y  ya z a z  z a z  za
Hence, when SPC a r e  used i t  i s  s u f f i c i e n t  to  d e f in e  th e  augm enting f a c t o r  as
Then
“ (N v
y a
N w ) z a
H = F + G , 
■'"a
which may be r e w r i t t e n  so as t o  g iv e  H d i r e c t l y :
H = F + G /u  
~~ ~ a
(2 2 .7 )
(22 . 8 )
(2 2 .9 )
The b-component o f  G i s  a p p a re n t ly  no t r e q u i r e d .  However, i n  o rd e r  to  
d e te rm in e  G^ c o r r e c t  to  th e  n th  o r d e r ,  say ,  G  ^ must be known c o r r e c t  to  
t h e  ( n - l ) t h  o r d e r .  This  becomes a p p a re n t  in  §37 where i t e r a t i o n  i s  
d i s c u s s e d .  F u r th e r ,  G  ^ i s  r e q u i r e d  to  d e te rm in e  V and hence £  ( s e e  §25). 
C o n seq u en tly ,  i n  o rd e r  to  d e te rm in e  H c o r r e c t  to  th e  n th  o r d e r ,  G^ and G  ^
a r e  b o th  r e q u i r e d  c o r r e c t  to  th e  n th  o rd e r .  This is  a r e s u l t  o f  the  
p re s e n c e  o f  f i r s t  o rd e r  a s t ig m a t is m  in  th e  p a r a b a s a l  r e g io n .  ( c f .  M§13e.)
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23. Quasi»»invariants and their Geometrical Interpretation
In the parabasal region G, as defined by (22.4), reduces to g:
Sy = Ny(yMV"VMy) ’ 8z = Nz(zSW'WSZ)
From the definitions of y^, v^, and w^ it is evident that g is the 
Lagrange invariant defined in §16b• G is thus a quasi-invariant and is 
referred to as the quasi-invariant. In general, then AG = 0(2) . However, 
VQ = 0. Suppose the image plane is the plane (H^ . Then, for any ray (R), 
=. G^ and G^ is the y-component of the augmented image height in (H^ • 
Similarly, if the image plane is (H^ , = G^ and G^ is the z-component
of the augmented image height in (H^ .
24. Paracanonical Coefficients. Surface Increments to H,.
(a) Let £ be any proper two-vector which is a function of j5 and X*
Formally, Jä, may be expanded as a Taylor series in .S and T:
a = 0 + L  z q , (n)S “‘“t V-TT T ,^0 n-1 pVrApVT - - - - - - (24.1)
n n n V
where the summation ^ t5q * T^e exPansion (24.1) is said to be
the paracanonical expansion of Q  and the coefficients q^,^ ^  = ^yy.vx^ * 
/ \
q ' are collectively the nth order (paracanonical) q-coefficients.
In particular, qypVT and q .. are the q - and q -coefficients nzpVT y z
respectively. In view of the symmetry properties of Q = 0 and V mustzU/ _ \
be even in and odd in Q^. Let q be the sum of all nth order terms 
in (24.1). In the parabasal region
S0 +S(1)
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Then
a = a + n52a(n) = a + a+ (2 4 .2 )
where (£+ a r e  th e  second and h ig h e r  o rd e r  term s o f  (£• The n o t a t i o n  needs 
to  be broadened  when n a t u r a l l y  appea rs  in  th e  th e o ry  in  th e  form of a
sum over s u r f a c e s :
= S i &si  ’ v = J i Aai
In  t h i s  c a se  th e  c o e f f i c i e n t s  of th e  expansion  o f  A(^ w i l l  be deno ted
by lower c a s e  l e t t e r s ,  e . g . , w ith  th e  c o r re sp o n d in g  upper c a se
l e t t e r s  r e s e r v e d  fo r  Z AQ. . Thus
i  l
o ^>iVt j  i=1-%J.VTi V T j ( n ) ' = M v x i (n) • <2 4 - 3>
(n)
c o e f f i c i e n t s
The  ^ a r e  t i^e c o n t r i b u t i o n s  by th e  i t h  s u r f a c e  to  th e  i n t e r m e d ia te
In  th e  image space of (K) , th e  ' a r e  t i^e
f i n a l  (^-c o e f f i c i e n t s . M oreover, i f  £  or A(£ p e rm it  a d ecom posi t ion  i n t o  
a -  and b -com ponen ts , so do th e  cj- or ( ^ - c o e f f i c i e n t s .  For example, fo r  AG^,
g
(n) (n)
ypVT ^ypVra SyM + ^yp.VTb t yM
(2 4 .4 )
The number o f  c o e f f i c i e n t s  o f  any o rd e r  a p p ea r in g  i n  (2 4 .1 )  can
be  r e a d i l y  e v a lu a te d .  From th e  d e f i n i t i o n  of th e  c o e f f i c i e n t s  i t  i s  c l e a r
t h a t  n ^ u ^ V 1 t . Taking i n t o  account t h a t  i n  Q and Q V i s  even andy z
odd r e s p e c t i v e l y ,  i t  fo l lo w s  t h a t  th e  numbers N of n th  o rd e r  q ^ - c o e f f i c i e n t s ,
and N o f  n th  o rd e r  q - c o e f f i c i e n t s  a r e  g iven  by =zn — z
Nyn = (n+2) (n2+4n+6) , gzn = ~  n(n+2)(n+4) (n even)
N = N = —  (n+1) (n+2)(n+3) =yn =zn 12 (n odd) (2 4 .5 )
(b) The image h e ig h t  i s  by d e f i n i t i o n  th e  d i f f e r e n c e  between th e
c o o rd in a te s  o f  two p o in t s  and as such i s  i n v a r i a n t  under t r a n s l a t i o n s .
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Thus VH = 0. M oreover, Vy. = 0 s in c e  VN = 0, VV = 0. Thus
VH = 0 . (2 4 .6 )
However, i n  g e n e ra l  th e  r e f r a c t i o n  inc rem en ts  a re  not z e ro .  In  f a c t
AH = A£ + AG ,
where A£ i s  o f  th e  f i r s t  o r d e r ,  and of th e  second. At th e  f i r s t  
s u r f a c e  j£ = 0. W ri te  JF = F+ + _f and sum AH over th e  s u r f a c e s .  Thus
H. = G + f  . 
~1 + <5, %)
i n  view o f  ( 2 4 .6 ) .  Now G1 = = £  . Thus
j-1
+ iS , ( ^ i ++ % ) (2 4 .7 )
e x p re s se s  t h e  augmented image h e ig h t  as a p a ra b a s a l  te rm  p lu s  second o rd e r  
c o n t r i b u t i o n s  from th e  s u r f a c e s .  .H^1 i s  o b ta in e d  by ex ten d in g  th e  summation 
to  j .
For a symmetric system  p a i r s  o f  c o n ju g a te  p o in t s  and p la n es  can 
be r e a d i l y  found and in  g e n e ra l  o b je c t  and image p la n es  a r e  ta k e n  to  be 
c o n ju g a te .  When th e  system  i s  n o t  sym m etric, p a i r s  o f  c o n ju g a te  p o in t s  
fo r  any two ra y s  may be d e f in e d  in  a g e n e ra l  manner. However, th e  p o in t  
c o n ju g a te  t o  a g iven  f ix e d  p o in t  depends on th e  ra y s  chosen and in  g e n e ra l  
c o n ju g a te  p la n e s  or s u r f a c e s  canno t be d e f in e d .  I t  i s  e v id e n t ,  t h e r e f o r e ,  
t h a t  g iven  any p a i r  o f  o b j e c t  and image p la n es  f o r  (K) as a w hole, th e  
ch o ice  o f  image p la n e s  i n  o th e r  media o f  (K) i s  a r b i t r a r y .  Consequently  
t h e r e  i s  l i t t l e  p o in t  in  c o n s id e r in g  c o n t r i b u t i o n s  o f  th e  form A£ = F ' -  F 
to  X» l n th e  absence  o f  f i r s t  o rd e r  a s t ig m a t is m  (H) w i l l  be i n i t i a l l y
1 Smith (1930).
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chosen  such t h a t  p a r a b a s a l  imagery i s  s t i g m a t i c .  In  t h i s  case  ^  = 0 and 
th e  c o n t r i b u t i o n  by th e  _ith s u r f a c e  to  H+ ( i . e , ,  th e  c o n t r i b u t i o n  to  th e  
augmented a b e r r a t i o n )  i s  s im ply AG^. In  th e  p re sen ce  o f  f i r s t  o rd e r  
a s t ig m a t is m  th e  te rm  j? must be ta k e n  i n t o  acc o u n t.  Under some c ircum ­
s t a n c e s ,  f o r  example, when x i s  sm a l l ,  th e  e f f e c t  of th e  ^ t h  s u r f a c e  
may s t i l l  be ta k e n  as th e  c o n t r i b u t i o n  AG^. This  does not mean, however, 
t h a t  th e  o u t - o f - f o c u s  te rm  may be n e g le c te d  in  th e  f i n a l  a b e r r a t i o n  s in c e  
t h i s  i s  to  be ex a c t  to  th e  n th  o r d e r ,  t h a t  i s ,  a l l  terras o f  o rd e r  l e s s  
th a n  or equal to  n must be in c lu d e d .  In  g e n e ra l  th e  e f f e c t  o f  w i l l
need to  be ta k e n  i n t o  accoun t when a n a ly z in g  th e  s u r f a c e  c o n t r i b u t i o n  to  H.
.Xjj i s  chosen  by th e  d e s ig n e r  so as  to  g iv e  th e  b e s t  o v e r a l l  
image. C onsequen tly  th e  o n ly  p a r t  o f  ? which depends on ra y s  t r a v e r s i n g  
(K) i s  V. S ince  th e  s u r f a c e s  a f f e c t  J  on ly  th rough  V i t  seems a p p r o p r i a t e  
to  c o n s id e r  th e  c o n t r i b u t i o n  by th e  _ith s u r f a c e  to  to  be of t h e  form
may now be w r i t t e n
-ÖJ =  ‘  * M j  i S l AV  +  ITT i S l ^ a i  ’
and th e  c o n t r i b u t i o n  by th e  jLth s u r f a c e  to  + i s  e x a c t ly
AH.1 «  -5c .AV. + + “ U^G .
J Mj i  ü j  ax
(2 4 .8 )
(2 4 .9 )
The f i r s t  o rd e r  te rm s o f  H. a r e
J
i!j = (ya+tea )4  + (yb+feb) i  = -  ZrfL'S. + fflH, , (24. 10)
where th e  m a g n i f i c a t io n  jfn = T (yb+ iv fa) .
( c ) ü ,  V and Ag a r e  a l l  p ro p er  tw o -v e c to rs  and have expans ions
of th e  form ( 2 4 .1 ) .  I f  t h e s e  a r e  s u b s t i t u t e d  in t o  (2 4 .8 )  i t  i s  seen
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that the h-, or image height coefficients, are
h (n)i ~jiVTk S
1 G (n), 
~k' ~“|lVTak ~MkTiiVTk
(n) , (24.11)
From (24.9) it is evident that the contributions by the jth surface to 
these are
Ah (n) _ _J_ G (n) . A  (n)
~pVTi [i, * ^VTai ~Mk ~|iVt i (24.12)
(Note that the corresponding intermediate coefficients at the jth surface
do not represent image height coefficients at the jth surface since ^  and
x are relevant to the image space of the last surface.) If the generalM
definition of e. is used, the function ^(H^) may be expressed as a series
in X  and subtracted from the series for jl. The aberration coefficients
■\iVTk^n  ^' are tken identical with (24.11) except for those of distortion
that is, the coefficients E . 1 which multiply T n ^
* ~njapk y z
25. Quasi-linear Variables
Since VG = 0 , is given by
j“ 1
G . = G + .Z.AG. . (25.1)~ j  ~1 i=1 i
Consider The canonical coordinates in (22*4) may be replaced by the
paracanonical coordinates (not necessarily SPC) according to (6.3). Then
yi
Moreover,
where
(N / e)(s T -t S ) , G = (N 7g)(s _T -t _S ) . (25.2)v y V  v yM y yM y ; * zl zT&/ v zS z zS z '
Gy = GyaSyM + W  ’ GZ " GZaSZS + GZbCZS ’
Gya = Ny <yaV-V aY) > Gz* = Nz (zaW ’W aZ) *
G , - N (y.V-v, Y) , G yb y b b zb W V > (25.3)
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S ince  (R^ and (R^ a r e  a r b i t r a r y ,  (2 5 .1 -3 )  must in  p a r t i c u l a r  be v a l i d  fo r  
t h e  a-  and b - r a y s .  Consequen t ly ,  by t a k in g  (R^ f i r s t  as the  m e r i d i o n a l  
a - r a y  from 0 and th e n  as t h e  m e r i d io n a l  b - r a y  and s u b s t i t u t i n g  ( 2 5 .2 , 3 )
D
i n t o  ( 2 5 . 1 ) ,  t h e  f o l l o w in g  p a i r  of  e q u a t io n s  i s  o b ta in e d :
j -1
W r a j V  = (V V Ty + i5 lAGy a i
j-1
N .(y. .V.-v, .Y.) = -(N / g )S + .E.AG , (25 .4 )
yj b j  J b j  j  y 1 °y y i=1 y b i
These may be s o lv ed  f o r  and and,  u s in g  t h e  i d e n t i t y  ( 1 4 .3 ) ,
Y -  y , (S  46 .) 4- y . (T 46 .) , V. = v .(S 46 ) 4  v (T +6 ) , ( 2 5 . 5 )J a j  y y j  bj y VJ J a j  y y b j  y v
where
j -1
- ( s / V i S l AGyb ( 8 / V Ji 5 , * G,
( c f .  M§9) An ana lagous  p a i r  of e q u a t io n s  which may be s o lved  f o r  Z and W 
a r e  o b t a in e d  from th e  z-component  of  ( 2 5 .1 ) .  The s o l u t i o n s  of  t h e s e ,  
a long  w i th  ( 2 5 . 5 ) ,  a r e  c o n v e n ie n t ly  w r i t t e n  as
+ 2 b j < 2 < V  ’ * j  = * a j ^ j >  + * b j a M v j >  ’ (25- 6)
where
j -1 j -1
5 . = (5 .) = - ,Z .A '£ u . 8  . “  (6 .) = X .A ' f i  . (25 .7 )y j  YJ z j  i= l  b vj  v j 7 w j '  i= l  a
(N ote : I f  t h e  £ ‘s a r e  primed,  t h e  summation ex tends  t o  j  and i f  j  = 1, 
t h e j b ' s  a r e  z e r o . )  The conven t ion  ap p ly in g  to  th e  use of  t h e  a n t e -p r im e  
M%" i s  as f o l l o w s :
'Q = (g/N J Q  ,
y y l  y 'Qz ■ (g /N z , )Qz
fo r  any q u a n t i t y  J2 or  c o e f f i c i e n t  of  £ .  ( c f .  M§12b.) ( 2 5 .6 , 7 )  e x h i b i t
X and V as q u a s i - l i n e a r  v a r i a b l e s  i n  the  sense  t h a t  i n  t h e  p a r a b a s a l  
r e g i o n ,  jb^ = 6^ = 0 and (14 .2 )  i s  r e c o v e re d .  S ince  V occu rs  i n  F.,
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knowledge of AG at each surface completely determines H, .Y, V etc. In 
other words the behaviour of (K) is uniquely specified by the g-coefficients. 
At each surface there are
N = 2(N +N >=i(n+l)(n+2)(n+3) (25.8)-gn =yn =zn
nth order g~ (or G-) coefficients, including a-, b-, and ^-components.
26. AG as a Function of Y, V
(a) The g-coefficients are the coefficients in the Taylor series
for AG in terms of .S and .T. In order to determine these, AG must first 
be expressed in terms of Y and V. This is accomplished by expressing Ag 
in terms of AY and AV and hence in terms of Y and V through (10.12). 
Consider AG :y
AG = AN (y V-v Y) y y M M
= N ' (y 'AV-v 'AY) + VAN yx, - YAN vw y M M y M y M
-N 'L [vw'P+yw'(R-1)](I +1 )- (N 'cRv '-tAN v >Y+(AN y - N  'n R vw ')Vy B M v y üy y B^M y M v y^M y Bx BJM
-N ’L t v J P + y J  (R-1) ] (I +ID ) + a Y + b V y B M  yM y By y y (26.1)
where the identity defines a^ and b^. The corresponding expression for AG^
can be obtained from the above by replacing y- and v- components of two-
M '7Svectors by the corresponding z- and w-components, and v^' , yM ' by wQ',
Thus
-AN w„ - N ‘ cR„z_' = N 'cRgZ^' - N 'cR.z S B S B S
and in a similar fashion b^ = 0 . Consequently:
AG = -N 'R_[w 'P+z '(R-l)]I . 2 Z B S b 2 (26.2)
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S ince  JG i s  a q u a s i - i n v a r i a n t ,  AG should  be o f  th e  second o rd e r .  X, and
hence P, i s  of th e  f i r s t  o rd e r ,  and R = 1 fo r  th e  b a s e - r a y .  Thus AG as
z
g iv e n  by (2 6 .2 )  i s  c e r t a i n l y  of th e  second o rd e r .  However, i n  (2 6 .1 )
AGy i s  n o t  e x p l i c i t l y  o f  th e  second o r d e r .  I t  i s  im p o rtan t  to  r e w r i t e  
(2 6 .1 )  as a second o rd e r  e x p re s s io n .
(b) I f  i s  any p roper  tw o -v e c to r  f u n c t io n  o f  Y and V, i t  may be
fo rm a l ly  expanded as a power s e r i e s  in  Y and V:
a  = 3 0 + I ,  X  3 ( n )Y(n^ ) v ^ ‘ V)Z (V' T)WT , (2 6 .3 )
( c f .  ( 2 4 .1 ) )  where (n) / A  v u ;  A(q „„„ , > q^ ) .  J u s t  as in  (2 4 .1 )  V i sypVT v
0. The expansion  (2 6 .3 )  i s  c a l l e d  th eeven in  Q and odd in  Q and Qy z zO
s u r f a c e  ex pans ion  o f  Q. VT  ^ a r e  c^ e 3“ or s u r f a c e  c o e f f i c i e n t s  of Q 
and a r e  equa l  in  number to  th e  c o r re sp o n d in g  q - c o e f f i c i e n t s .  q^n  ^ deno tes  
th e  sum o f  a l l  term s o f  th e  n th  o rd e r  in  ( 2 6 .3 ) .  Thus, i n  th e  p a r a b a s a l  
r e g io n ,
a0 +30 )
D efin e
a* = a - 3. = n52 V (2 6 .4 )
In  th e  above ^  i s  a f u n c t io n  o f  Y and V whereas in  (2 4 .2 )  i t  was a f u n c t io n  
o f  ,S and X» *1 always r e p r e s e n t s  th e  dominant or p a r a b a s a l  term s o f  £  
i r r e s p e c t i v e  o f  th e  v a r i a b l e s  used . I f  ^  in  (2 6 .4 )  i s  e x p re ssed  as a 
f u n c t io n  o f  .S and T, te rm s of th e  second and h ig h e r  o rd e r s  w i l l  a r i s e  
due to  t h e n ' s  in  ( 2 5 .6 ) .  Thus Q* i s  th e  sum o f  Q* and th e s e  te rm s . 
S im i l a r l y ,  a l th o u g h  th e  q -  and q * - c o e f f i c i e n t s  ( i . e . ,  th e  c o e f f i c i e n t s  
i n  th e  s u r f a c e  e x p an s io n  of (£*) a r e  i d e n t i c a l ,  th e  q- and q * - c o e f f i c i e n t s  
( i . e . ,  th e  c o e f f i c i e n t s  i n  a p a r a c a n o n ic a l  expansion  o f  £ * )  a r e  n o t .
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These notations are carried over to scalar quantities Q, that is, 
quantities which are invariant under reflection in (M), for example P and 
R. Finally it is convenient to define a two-vector £  corresponding to the 
scalar Q by
£  = (Q-Q0)I + Q*Ib > (26.5)
which is of the second order in Y and V.
(c) Accordingly, write
P = p + P* , R = r + R* , (26.6)
and substitute these into (26.1):
+ a Y + b V .y y
The term in the braces is obviously of the second order and the remainder 
of the first order. Thus, since G is a quasi-invarianty
V V VM,p+V (r-,)JIBy ' ayY ’ V  " 0 > (26>7)
and this is verified in §34. Thus
-N 'R (v ' y B M P +y 1R ) y M y -N ■yww
where the last equation follows immediately from (26.2) and P ,P ,R andy z y
R are defined by (26.5). Define z
- V V V ’V V 5 s = -vyvM'.vv> (26.8)
in which case the pair of equations following (26.7) may be written
AG = +  ^ R (26.9)
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The a -  and b-components o f  AG may be re a d  o f f  d i r e c t l y  from ( 2 6 ,9 ) .  
example
AG = v P + y R , ya ya y ya y
where
v = -N 1v 1 R„ ya y a B
For
(26 .10)
(26 .11 )
27. Q u a d ra t ic  E quations  fo r  R and X
(a)  The p o in t  o f  i n t e r s e c t i o n  (P) o f  any r a y  w i th  (F) has  th e  
c o o r d in a te s  y = (X ,y ,z )  where y s a t i s f i e s  ( 1 0 .1 ) .  Now y = Y + X(V+V ) 
and s u b s t i t u t i o n  o f  t h i s  in t o  (1 0 ,1 )  y i e l d s
( c X - n ^ ) 2 +  icY+cX(y+YB)-tJB )2 = 1 .
Thus, X i s  g iv en  in  te rm s of Y and V by th e  q u a d r a t i c  e q u a t io n
P2X2 + 2p,X + P0 = 0 , (2 7 .1 )
where
P2 = c2 ( l / a B2+2XB.V+V.\() , P) = c[A 1' , +iiB.V-cX(V+XB)]  ,
P0 = c2X -X  -  2 ^ g . Y  . (27 .2 )
(b) I f  X a = X + Xt> an^ .Ya = .Y + .Yt> a r e  s u b s t i t u t e d  i n t o  th e  e q u a t io n  
( 9 .7 ,8 )  f o r  R , th e  co r re sp o n d in g  e q u a t io n  f o r  R i s  found to  be
A
t R2 + 2crR + p = 0 (2 7 .3 )
where
P = ( 1 - l / k 2 ) ( l / a B2+2XB.V+V.V)
cr = -Rb [ I B.V I B.V+I . V I.V +nxp / 0 - k2) ! ,
T = RB2 LIB.V 2 I B. I +I . I +nx2p / (1 -k 2) ] . (2 7 .4 )
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Here
nx cX (27.5)
(Note: (27.3,4) are in fact valid for any surface, provided the appropriate 
expression for n is used in place of (27.5).)X
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V. SURFACE EXPANSIONS
28. On the Determination of the g-coefficients
(a) Equations (27.1-4) may be solved systematically for X and R as
series in Y and £ (see §30). Since P = XR, both P and R are, in principle, 
known as surface expansions and by substitution of these into (26.9) so 
is Ag. However, AG is ultimately required as a series in the paracanonical 
coordinates. Y and \£ are expressed in terms of X and X through (25.6) and 
if these are substituted into the surface expansion for Ag, the required 
series in terms of S and T is obtained. Y. and V. themselves involve the 
Ag^ as a sum over surfaces. However, the summation is from _i = 1 to j-1 
and consequently, Ag^ . is itself not required. Thus if AG^ is known at 
each of the first Q-l) surfaces of (K) as a series in X and X> AGj can 
be obtained as a similar series. Moreover, at the first surface X-j and 
are linear in X and X (see (6.3)) and it is a simple matter to express AG^ 
in terms of X and X« Thus at all surfaces AG may, in principle, be determined 
as a Taylor series in X and X-
AG is of the second order in X and X and when the series (25.6) is 
substituted in place of Y and V, terms of the latter which are of the nth 
order in X and X will not contribute to the nth order terms of AG- 
Consequently, if the terms of AG of order less than n are known, those 
of order n can be found. Since the parabasal coefficients are known it is 
possible to find the second order terms of AG at all surfaces. It is 
evident from the above discussion that the g-coefficients can be found 
by either of two equivalent procedures: on the one hand all the
coefficients up to the required order may be computed at the first surface. 
From these the corresponding coefficients at the second surface may be 
determined, which in turn are used to determine the coefficients at the
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t h i r d  s u r f a c e ,  and so on. On th e  o th e r  hand , g iven  th e  p a r a b a s a l  c o e f f i c i e n t s  
a t  a l l  s u r f a c e s ,  th e  second o rd e r  g - c o e f f i c i e n t s  may be determ ined  a t  a l l  
s u r f a c e s .  These in  t u r n  re n d e r  i t  p o s s i b l e  to  compute th e  t h i r d  o rd e r  
c o e f f i c i e n t s ,  and so on. In  th e  a c t u a l  com puta tion  o f  th e  c o e f f i c i e n t s  
th e  f i r s t  o f  th e s e  methods was employed.
(b) In  o rd e r  to  de te rm ine  b o th  th e  a -  and b-components of Ajg, fo u r
s u r f a c e  ex p an s io n s ,  t h a t  i s ,  two fo r  each o f  AG and AG, , must be co n v er ted  
i n t o  th e  c o r re sp o n d in g  p a ra c a n o n ic a l  e x p an s io n s .  I t  i s  more conven ien t  
f o r  th e  purposes  o f  d eve lop ing  th e  th e o ry ,  and th e  subsequen t num erica l 
c a l c u l a t i o n s  a r e  somewhat s h o r t e r ,  i f  th e  p a ra c a n o n ic a l  expansions  of P 
and R a r e  de te rm ined  in  l i e u  o f  th e  s u r f a c e  expansions  o f  AG. This may 
a l s o  be accom plished  by an i t e r a t i v e  p ro c e s s  and has th e  advan tage  th a t  
on ly  two s u r f a c e  expansions  a r e  co n v e r ted  i n t o  th e  co r re sp o n d in g  p a ra ­
c a n o n ic a l  e x p an s io n s .  Moreover, b o th  P and R a r e  s c a l a r s  and (as  w i l l  be 
seen  in  §36,37) th e  same g e n e r ic  s e t  o f  e q u a t io n s  f o r  perfo rm ing  pseudo­
expansions  and i t e r a t i o n  may be a p p l ie d  to  b o th .  This  i s  to  be compared 
w ith  th e  s i t u a t i o n  when AjQ i s  f i r s t  ex p re ssed  as a s u r f a c e  expans ion .
AG and AG behave d i f f e r e n t l y  under r e f l e c t i o n  in  (M) and two g e n e r i c a l l y  
d i f f e r e n t  s e t s  of i t e r a t i o n  eq u a t io n s  e t c . ,  a r e  r e q u i r e d  (§38).
In  s p i t e  of th e  le n g th  of th e  n u m e rica l  com puta tions  inv o lv ed ,  
th e  whole p ro c e s s  i s  h ig h ly  s y s te m a t ic  and as such i s  r e a d i l y  extended  to  
h igh  o r d e r s .  The b a s i c  s te p s  a r e  d i s c u s s e d  in  ( i )  to  (v) below:
( i )  X and R a r e  ex p ressed  in  term s o f  Y and V by s o lv in g  in  s e r i e s
th e  e q u a t io n s  ( 2 7 .1 , 3 ) .  The method employed i s  t h a t  o f  M§75 and i s  
d is c u s s e d  in  §30 and a p p l ie d  in  §31,32. The s u r f a c e  expansion  o f  P = XR 
i s  th e n  s im ply  de te rm in ed .
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(ii) The surface expansions for P and R are converted into the
corresponding paracanonical expansions by first, as a purely formal 
device, setting b ^ = 5^ = 0 so that Y and V are linear in S, and X» 
Substitution of this linear relationship into the surface expansions 
yields a new type of expansion, the so-called pseudo-expansion, in terms 
of X  and X* (See M§10a and §35-36 of this thesis.)
(iii) Since 5 and b ^ were neglected the pseudo-expansion is not an
exact expansion. However, by replacing S_ by X + and X  by X + >
the pseudo-expansion becomes identically equal to the paracanonical 
expansion (see (35.3)). By expressing <5^  and ^  up to the (n-l)th order 
in X  and X  use can be made of this identity to express the nth order 
p*- and r*-coefficients in terms of the pseudo-coefficients (i.e., the 
coefficients occurring in the pseudo-expans ion) and the ^-coefficients 
of orders less than n (see §35,37 and 38 and M§10,11,81 and 84). At 
this stage the p*- and r*-coefficients have been determined to the nth 
order by assuming that the ^-coefficients of orders less than n are known.
(iv) In view of this assumption p^^ and r ^ \  known from step (i), 
may be expanded to the (n-l)th order (see §39). The X “coefficients of 
orders less than n follow directly from (25.6) according to (10.4).
(v) Consequently P, R and X  are known to the (n-l)th order, and
P* and R* to the nth order. X  an£* R and the corresponding p- and £"* 
coefficients can be calculated to the nth order (see (26.5) and §40) and 
the g-coefficients follow immediately from (26.9). Summation over the 
surfaces gives the ^ -coefficients.
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29. Coefficients and Notation
The paracanonical coefficients of Q are denoted by q ^
This is the basic form of all coefficients and is extremely useful when
writing down general relations such as (24.11,12) and when first deriving
various equations, especially when products of series are involved. The
notation for all coefficients is derived from q , * by the addition ofP-VT
various affixes. In particular the type of the expansion is indicated
by a modification of the kernel symbol q of the coefficient. For pseudo­
coefficients (see §36) q becomes q and for surface coefficients, q. All 
possible affixes are characterized by their rank such that if two or more 
affixes are present, the one with the lower rank appears nearer to the 
kernel symbol. Affixes of positive rank are to the right of the kernel
symbol, those with negative rank, to the left. The ~ and = are assigned
zero rank. The possible affixes (to basal coefficients) along with their 
rank and interpretation are given in Table 29/1. Appendix H may also be 
consulted in this context. If the kernel symbol is a capital letter,
the coefficient in question arises in an expansion of Z AQ. . Ai i(3)comprehensive example is NG ' denoting:
(g/N .)(coefficient of S T T in the a-component of ,Z,AG .) • yl y y z — r=1 yi
The t never appears on a coefficient since Q* is the sum of the terms of 
the second and higher orders in the paracanonical expansion of Q, the 
coefficients of which are exactly the corresponding q-coefficients. For 
a similar reason ~ and * never appear on the same coefficient.
An alternative and more readable notation which will be used
interchangeably with the above is as follows. The general form of the
new coefficients corresponding to q is k where k is a new kernelr 0 V V t qa
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symbol determined uniquely by (n), q designates the quantity to which the 
coefficient pertains and a is uniquely determined by p,v and t . As before, 
other coefficients are distinguished by the addition of affixes to the 
basic form. The affixes of rank -1,0,+1,4,5 and 7 of Table 29/1 apply 
unchanged. The new affixes of rank 2 and 3 are given in Table 29/2.
For n = 1,2 or 3, k is p,s or t respectively. A capital P, S or T as 
a kernel symbol denotes a coefficient of £ AQ^. Surface and pseudo­
coefficients are denoted by k and k respectively, a replaces p,V and t 
and is given by
a = 1 + t + |v(v+l) + -jrp(p+1) (p+2) , (29.1)
which is equivalent to placing all the terms of the expansion into one-to-
one correspondence with the integers a = 1,2,3,... in the following manner:
for any two terms the one with the higher power of (or Y) corresponds
to the lower value of a. If the two powers of are the same, then the
one with the higher power of T^ (or V) has the lower value of a. If still
no distinction has been drawn, the powers of S (or Z) and finally of Tz z
(or W) are similarly taken into account. As an example, NG (3),y21laj
becomes X^ gy7aj' • Q has some particular symmetry property, the
coefficients corresponding to certain values of a may be identically zero.
For example, since G is a proper two-vector, NT _ .' is zero. However,gy7aj
these coefficients are allowed for in the numbering by a, ensuring that 
the notation carries over unchanged when the base-ray is no longer 
meridional.
Table 29/3 lists all possible terms of the first three orders 
occurring in proper two-vectors and both forms of the corresponding 
coefficients. The column headed "dual" is relevant to Appendix E. 
Essentially, if any valid relationship between coefficients is transformed
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TABLE 29/1 Interpretation of Affixes
Affix Rank Type^and Meaning
N -1 Sp. The ante-prime, see §25.
A or = 0 Surface coefficients or pseudo-coefficients respectively.
* +1 Sp. Indicates a coefficient of Q*.
y or z 2 Sb.
two*
Imply y- or z-co^ponents of coefficients of a 
•vector.
p V T 3 Sb. Together with (n), these indicate which term the 
coefficient multiplies.
a or b 4 Sb. a- or ^-components of a coefficient.
i,j or k 3 Sb. Surface indicator, k implies last surface.
(n) 6 Sp. Order of coefficient.
i 7 Sp. Prime - implies after refraction.
TABLE 29/2 Affixes Characteristic of k Coefficients----------------------- ----------- qa -------------
Affix Rank Type and Meaning
q,qy or qz 2
a 3
Sb. Indicates a coefficient of Q, or respectively.
Sb. Used in place of p V t .
Sp. is an abbreviation for superscript, and Sb. for subscript.
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TABLE 29/3 C o e f f i c i e n t s  and T he i r  Duals
Term C o e f f i c i e n t s Dual Term C o e f f i c i e n t s Dual
S
y q 0 )4y000 Pqyl pqy2
Sz q 0 )4 zl 10 ^*qz3 ^qz4
T
y
q 0 )4y 100 Pqy2 Pqyl
Tz q 0 )4z i n ^qz4 Pqz3
csC
O n (2>
qy000 Sqy1 Sqy5
S S
y z q (2>4zl  10 Sqz3 Sqz7
S T
y y
a (2)
qyl00 s qy2 s qy2
S T
y z q (2)4 z l l l Sqz4 Sqz6
T 2
y
n (2)
qy200 Sqy5 s qyl T s y z q (2)4 z 2 1 0 Sqz6 Sqz4
s 2z a  (2)qy220 Sqy8 Sqy10
T T
y z q (2)4 z 2 1  1 Sqz7 Sqz3
S T z z q (2)4y221 s qy9 Sqy9
T 2 z
(2)
qy222 Sqyl0 Sqy8
s 3
y q <3)4y000 t qy i t qy11
s 2s 
y z q (3>4z l10 t qz3 t qzl  3
2S T
y y q 0 )4y l00 Cqy2 fcqy5
2S T
y z q (3>4z111 fcqz4 fcqzl  2
2S T
y y
n  ( 3 )
qy200 Lqy5 t qy2 S T S  y y z q (3 )4 z 2 1 0 fcqz6 t qz7
s s  2 
y z
a  ( 3 )
qy220 t qy8 t qyl6
S T T y y z q <3)4 z 2 1 1 fcqz7 t qz6
S S T y z z q ( 3 )4y221 fcqy9 cqyi5
2T S
y z q ( 3 )4 z 3 1 0 t qz l2 t qz4
2S T
y z
(3)
qy222 t qy l0 fcqyl4 T 2Ty z q z311 t qz l3 t qz3
T 3
y
n ( 3 )
qy300 c qyi  i c qyi
s 3
Z
n  ( 3 )
qz330 t qzl  7 t qz20
2T S
y z
n  <3 >
qy320 Üqy14 t qyl0 s 2tz z
n  ( 3 )
q z331 t qzl  8 fcqz1 9
T S T y z z
n  <3 >
qy321 fcqyl5 Cqy9
2S T  z z q < 3 )qz332 t qz1 9 ^qzl  8
T T 3
y z
a  ( 3 )
qy322 t qyi 6 t qy8
T 3 z q (3>4z333 t qz20 t qz l7
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by re p la c in g  a l l  c o e f f i c ie n t s  by th e ir  duals (obta ined  from Table 2 9 /3 ) ,  
the r e la t io n s h ip  remains v a l id .
30. S e r ie s  S o lu tio n  o f Q uadratic Equations
Let Q be a sc a la r  fu n ctio n  o f Y and V g iven  by the quadratic
equation
tQ + 2crQ + n = 0 (3 0 .1 )
where T,cr and \i are fu n ctio n s  o f the ca n o n ica l v a r ia b le s .  In the n o ta tio n  
o f §26b w r ite
T = i o * (n) > -  = J o &(n) .  ^ = l c f <n) . * = J o ’ (n) •
S u b s titu tio n  o f  th e se  in to  (3 0 .1 ) and s e le c t io n  o f  the nth order terms 
y i e l d s :
T
m=0
r m
V /JS(n-m)Ä(m -r)/s (r ) /s(n-m)^(m)
r4 o T 3 3 +2cf ^ +  = 0 (3 0 .2 )
For n = 0 t h is  reduces to
To% + 2a0Q0 + ^0 " 0 •
The r e le v a n t s o lu t io n  for  Qq i s  o f course the v a lu e  o f Q for the b a se-ray .
(3 0 .2 )  can be rearranged as a recurrence r e la t io n  for  th e q
n-1
(n>.
-  -f QnV nW & (n V n)+ iI U U m= I
rm-1 
r=l
£  <s(n-m )^ (m -r)^ (r)+^(n-m) ^  ^(m)+
+2&(m)+2Q0T(m)) ^2<-T0C!o’kT0'>
Without lo s s  o f  g e n e r a lity  take 2 (t^Qq+cTq) = anc* c*e *^,ne
This may always be arranged sim ply by m u ltip ly in g  (3 0 .1 )  through by 
a s u ita b le  con stan t fa c to r .
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Then
*j(n) = $ (n> + “£ ’ r ^ ( m ) ^ g ( m - r ( r ) (3 0 .4 )
In  p a r t i c u l a r ,  f o r  th e  f i r s t  t h r e e  o rd e r s
- ( 2 )  = $ (2)  +  ? ( i y i >
>
(3 0 .5 )
From §26b, q ^  has th e  expans ion
( 3 0 .4 ) ,  th e  q - c o e f f i c i e n t s  o f  a g iven  o rd e r  a r e  r e a d i l y  ex p ressed  in  term s 
o f  th e  T - ,  a -  and p - c o e f f i c i e n t s  and th e  lower o rd e r  q - c o e f f i c i e n t s .  In  
g e n e ra l  th e  $ -  and ^ - c o e f f i c i e n t s  a r e  g iv en  by
In  term s o f  t h e s e ,  th e  q - c o e f f i c i e n t s  o f  th e  f i r s t  t h r e e  o rd e r s  a r e  g iven  
i n  T ab le  3 0 /1 .  The e q u a t io n s  o f  t h i s  t a b l e  w i l l  i n  p a r t i c u l a r  app ly  to  
bo th  X and R. Whereas i t  p roves  p o s s i b l e  to  e x p re ss  the  x - c o e f f i c i e n t s  
s im ply  and e x p l i c i t l y  in  te rm s o f  th e  p a ram e te rs  o f  th e  system  (§31 ) ,  w i th  
th e  e x c e p t io n  o f  th o s e  o f  th e  f i r s t  o r d e r ,  t h i s  i s  i n  g e n e ra l  not p o s s i b le  
f o r  th e  r - c o e f f i c i e n t s  which a r e  a c c o rd in g ly  l e f t  i n  term s o f  the  fr- 
and T - c o e f f i c i e n t s  (§32 ) .
(3 0 .6 )
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TABLE 30/1 The q-coefficients in terms of the T-, g- and u-coefficients
Pql = P4>1
Pq2 "  P*2
A  A  , A  A
S , = S. ! + P iP, 1ql 0 1 q 1 \lrl
A  A  * A  A  - /X A
Sq2 S4>2 Pq l P^2 Pq2P^ l
A  A  - A  A
Sq5 ” S05 + Pq2P^2
Sq8 S08
Sq9 S09
A  __ A
Sq l 0 "  S0 1 0
t s ?  +
qi 01
t = £ +
q2 <t> 2
At  ^ SS ?  +
q5 05
t  o £ +q8 $8
t  n ss £ +q9 4>9
1 £
qlO 010
At t  , -
q i i 011
At s £ ,  •
q14 014
1 r= t
q i5 015
At = ? ,  •ql6 016
A  A
s „ i AP,
A  A
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31. The x - c o e f f i c i e n t s
A f te r  b e in g  re n o rm a l is e d  so t h a t  2 (P 2 qXq+P 1q) = **1, e q u a t io n s
( 2 7 .1 ,2 )  f o r  X re a d
P2X + 2p.jX + pQ = 0 ,
where
P2 = 5 ^ , ( 1 / a B2+2VßV+V.V) , P] = - s H + A ^ b V-cA] (Vi,Y+V.X)] ,
0 1
A ,(icY .Y -n  Y) (3 1 .1 )
The s e r i e s  f o r  X is
X = „1, l x uVx(n)Y(n'" )v("‘V)z<V' T V  ’ 0 1 .2 )
where X^ = 0 s in c e  th e  b a s e - r a y  passe s  th ro u g h  th e  o r i g i n  o f  (c) . Thus,
in  th e  n o t a t i o n  o f  §30,
$ ( n ) = p 0 (n) . $ (n) = P 20S (n) + 2 i$ 1(n) (3 1 .3 )
I t  fo l lo w s  t h a t
and, a c c o rd in g ly ,
- ( 1 )  ~ (1) -x
X = P0 “  '  V ß y *  >
-A, n1 By ’ *x2 "
The h ig h e r  o rd e r  x - c o e f f i c i e n t s  a re  de te rm ined  r e a d i l y  from Table 3 0 /1 .
For i n s t a n c e ,  c o n s id e r in g  s ^  , th e  c o e f f i c i e n t s  s ^  and p ^  a r e  r e q u i r e d .  
These a r e  o b ta in e d  from ( 3 1 .3 ,1 ) :
Thus
% 1 = ^CA1 ’ fy l  = cAl (V 2 Ai nBy /aB2) •
®xl = SA1C + ^ S , C(N V V 2TI )
= i ( A lC/ c o s 2I B) [ c o s 2I B+nBy2-2ß BnBycos I ß ]
= i ( A lC/ c o S2 I B) [ ( c o s  V nByßB)2+nBy2<XB2] = 5 C\
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where (11.2) has been used. In this fashion the second and third order 
x-coefficients are determined and are given in Table 31/1.
TABLE 31/1 The x-coefficients
P 1 = “nr>xl By 1 p 0 = 0x2
xi = H 3 CNJX
<«  ^ 2 
= Pxl *x5 = 0
x8 “ * c*l *x9 = 0 SxlO = o ,
xl = CV l \ l *x2 = 3p s Fxl xl t _ x5 = P 3 pxl
: q = cl A 2s q x8 By 1 x8 lx9 = 2pxlSx8 ^xlO = 0
= 0x 11 txl 1
A A
= PxlSx8 txl5 = 0
*«16 = ° •
32. The r-coefficients
(a) It has already been mentioned that except for those of first
order, it is not possible to express the r-coefficients in a simple manner 
directly in terms of the system parameters. It is of value therefore to 
find as simple forms as possible for the p-, a- and T-coefficients. After 
renormalising so that 2(TqRq+cTq ) = -1, equations (27.3,4) for R read:
tR2 + 20-R + p = 0 , (32.1)
wher e
H “ ti0(l+2aBßBV-hxB2V.V) ,
a = -A2nxp + A3 [IByVB+(IBy+nBxVB)V+cVBY+I.V] ,
T ■ V 2nx2p - V 3 [IBy2+2IBy(cY4tW V)+- ^ ] • (32-2)
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For co nven ience  th e  fo l lo w in g  com binations  o f  pa ram ete rs  have been d e f in e d  
in  a d d i t i o n  to  A^  ( s e e  (1 3 *2 )) :
A2 = <2kaBcos I B' ) - '  , A3 = k 2a B2A2 , \  -  - 2 ^  ,
= 0 - k 2)A2/RB . (3 2 .3 )
(A^ i s  f o r  u se  l a t e r  in  t h i s  s e c t i o n . )  For th e  b a s e - r a y  R = 1 and thus  
th e  r e l e v a n t  s o l u t i o n  of th e  e q u a t io n  fo l lo w in g  (3 0 .2 )  i s  R^ = 1 . That 
t h i s  i s  indeed  a s o l u t i o n  i s  read ily  checked: from (3 2 .2 )  i t  i s  found th a t
T0 +  2a0 + ^0 ^B^2n Bx " ^B^3I By ‘  2A2nBx + 2A3I ByVB + <' , ' k 1 kB
■ - Y b*<1-H" B/ V ) + N V V + V  +
= < V kB) [k 2 ( V a B, ) 2 ' ,+k2aB2(VB2‘ VB '2)+1" k2]
, , 2- w , 2  2 . 2  ,2 .. 2 ,2 . 2 . 2 2 . ,2 . .
= (A2/ a B V  a B “k a B +k a B ßß “ k a ß ^B  ^ = 0 »
as r e q u i r e d .  Moreover
2 <To W  = 2A2nBx('RBnBx-'> -  2V b, (5 bW
2(A2kaB/ a B’ ) ( a B 'I By,ßB ' ' nBx)
-2A2kaßcos I ß ' = -1 ,
where in  b o th  ca se s  e x t e n s iv e  use  has  been made of ( 1 1 .1 - 7 ) .  From th e s e  
two e q u a t io n s  i t  fo l lo w s  t h a t
(3 2 .4 )
(b) The p > , a -  and T - c o e f f i c i e n t s  of a l l  o rd e rs  can be re a d  o f f  
( 3 2 .2 ) .  A part from th e  u se  o f  A^, A^, Aß and A^, no a t te m p t h a 8 been 
made to  r e p la c e  a l l  r e p e a te d  com binations  o f  p a ram ete rs  w i th  a s i n g l e
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symbol. When constructing a computing scheme, either for an electronic 
computer, or for a desk calculating machine, it is of advantage to do 
this. However, a certain amount of simplification has been carried out. 
For example, from (32.2) the coefficients of V in u and t are found to be
Px2 = 2RBnBx(A2nB x V B ' A3IBy) >
p _ = A. (I +n V ) - 2A n a ß0^*2 3 By Bx B 2 Bx BHB
The last of these may be used to eliminate 2A from p :
?T2 = * V bx((V I,BxVY?<721
2A/(p ~n A„) •d 4 *cr2 By 3
The third order coefficients warrant special mention. All third order 
p-coefficients are zero and from (32.2)
(3) = cA0(£(3)+2aBßBS (3)V-ta028(,)^V) ,
(3) A &(3) + 2c2RBA2a(,)(a(2)-taBßB80 ) v) ,
from which the third order coefficients are easily obtained. The only 
non-zero Pi-coeff icients are
“o = 0-k2)A2/RB , P^2 = 2aBßB^0 , . (32.5)
The a- and ?-coefficients of the first three orders are given in Table 
32/1 and used in conjunction with Table 30/1 to calculate r-coefficients»
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TABLE 32/ 1 The cr- and T - c o e f f ic i e n t s
pal = c <A3VB+A2P x l) PTl A4^arl + 2cRBA3nBy
P<X2 = A3 l'I By+nBxVB'> '  2A2nBxa B(3B PT2 = * W nB y V
/s
sdl " ° V x 1 A i = V a l  + c2V A2W
A
Sd2 = cA3 + cA2 (2aBßBPx l +3x2) *T2 = V o 2
s = n (A -a  A ) 
<J5 Bx 3 B 2
s -  ^A, s'4ff5
s o = cA s 0 a8 2 x8 ®t 8 = V a 8  ‘  r'BA3 c ‘
s = cA S(J9 3
A -\ As _ = A, s _
t 9 4 <j9
S(J10 Scr5 St 10 St5
t = c A t  <Jl 2 x 1
£<r2 = °A2 (4x2+2aBßBaxl>
9<t5 =
*,78 = CV x 8
^ 9  = CV x 9  
V lO  = cA2a B2Pxl
t ,  =0er 11
t  , .  — cA (i: , +2a_,ßr> s 0 )(J14 2 x !4  B^B x8
^ 5  ■ °
A «t  = 0
a-16
1 .Tl = A t  + 4 crl 2c2RbA2S;
t  0 ii rt> + 2c^R_A sT2 4 o*2 B 2
l = A. t
t 5 4 o-5
t  0 = A.£ 0 + cS £ n
t 8 4 cr8 Bo-9
t = A, £
t 9 4 ct9
t = A .tT 1 0 4 crlO
£ „ = 0T 1 1
t = A t
t 1 4 4 a-14
l  „ = 0T15
= 0
t ! 6
X
»
*o
>
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33.
(n)
The p - c o e f f i c i e n t s
By d e f i n i t i o n  P = XR. Thus,  i f  t h e  n t h  o r d e r  t e rm s  o f  P a r e
(n) ^  ^ (n-m )^ (m)
m=0
S i n c e  X v a n i s h e s  f o r  t h e  b a s e - r a y  P^ = 0 . From t h e  e q u a t i o n  above;
*<» = s (,)
. ( 2 )  _ * ( 2 )  + 4 ( l ) e (1)
i (3) = g (3 ) + s ( 2 ) j ( l )  + , ( 1) j ( 2 ) ( 3 3 .1 )
By e x p r e s s i n g  x ^ n  ^ and r ^  as  t h e  a p p r o p r i a t e  s e r i e s  i n  Y and V, t h e  p-  
c o e f f i c i e n t s  may be  w r i t t e n  down and a r e  g i v e n  i n  T a b le  3 3 / 1 .
TABLE 33/1 The p - c o e f f i c i e n t s
Ppl  = Pxl 0 ,
A
Spl
=  s +  p px l  xl  r l Sp2
=  sx2
■ A A
+ Px l Pr2
A
s  * p5
=  0
V
=  g
x8
A
Sp9
=  0 Spl 0 =  0 9
S i = cx l  +  s x l pr l
. A A
+  P i s  i x l  r  1 t  0P2
=  t  n 
x2
, A / \
+  S _p 1x2 r l
, A A , A /V
+  s . p  ,  +  p , s  . 
x l  r 2  xl  r2
t p5
A  , A A
~ t x5 + Sx 2 Pr2
. A A
Px l Sr 5 l p8
*= t x8
, A A
+ Sx 8 Pr1 + Px l ^ r 8
A A . A A
p9 x9 Px l Sr 9
t  = 0
p l l
t  = 0
p!5
■ji _  ä  -g
plO ~ px l  r lO
t  =  £  +  S  D
P 14 x l 4  Sx 8 Pr2
W 3 •
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34. The Second Order N ature  o f  AG
In  o rd e r  to  v e r i f y  ( 2 6 .7 ) ,  in  o th e r  words t h a t  AG as g iven  by
y
(2 6 .1 )  i s  o f  th e  second o rd e r ,  i t  i s  n e c e s s a ry  to  o b ta in  th e  f i r s t  o rd e r  
r - c o e f f i c i e n t s  e x p l i c i t l y  in  terms o f  th e  system s p a ra m e te rs .  For p  ^ , 
T ab le  30/1 y i e l d s
Pr l  = P*1 PT i +  2p<n
and by T ab le  32/1
Pr l  = (V 2)pa1 + 2 c lBA3nBy
= (2cA3/ a B')(k ß B4aB'RBnBy) -  Z ^ n ^ c / c ^ ’cos I ß
= (ca m eo s  IBcos I g 'o g 'K k  cos .
S im i l a r l y ,
pt2 + 2pct2 + Pn2 = kfeB2 /a B'cos
where i n  bo th  c a s e s  e x te n s iv e  use  of §11 was made. The c o e f f i c i e n t  o f  
Y in  (2 6 .7 )  i s
-VVVPpi+VPrPV - VcVm’ ' *Vi
E xpressed  in  te rm s o f  y^ ' and v ^ 1 ,
AN ,VM - V (V-VvM7Y * (Ny'CVl/aB'COS
C onsequen tly ,  th e  c o e f f i c i e n t  of v ^ ’Y in  (2 6 .7 )  i s
< V / Y ) ( Y B y nByXl Y ' Y +Al ) « a Bcos I g ' -  a B'c o s  I ß + nBya B<xB'
F u r th e rm o re ,  th e  c o e f f i c i e n t  of y^ 'Y  in  (2 6 .7 )  i s  p r o p o r t i o n a l  to
taBVOS W  * a B( I BynBy+1> + a B' COS I B' C0S XB =
= cos y V V IBy''nBx4aB,c°s
< V Y >
Thus th e  c o e f f i c i e n t  o f  Y v a n i s h e s .  In  a s i m i l a r  f a s h io n  i t  can be shown 
t h a t  t h e  c o e f f i c i e n t  o f  V in  (2 6 .7 )  a l s o  v a n i s h e s .  C onsequen tly  AG^, as  
g iven  by ( 2 6 .1 ) ,  i s  indeed  of th e  second o r d e r .
VI. PSEUDO-EXPANS IONS. ITERATION AND .G-COEFF ICIENTS
35. The Principles of Pseudo-expansions and Iteration
P and R are known as surface expansions. Since .£ is linear in 
X and it is a simple matter to determine the surface expansion of AjQ 
from (26.5,9). This must be converted into the corresponding paracanonical 
expansion. As has already been noted (§28), it is of advantage to convert 
the surface expansions of P and R into the corresponding paracanonical 
expansions. (The reasons for this will become apparent in the next few 
sections.) Inspection of (26.5) shows that if £  is required to the nth 
order, Q* must be found to the nth order and Q to the (n-l)th order.
If Q* is determined to the nth order, it is possible to obtain Q to the 
(n-l)th from Q* (See §39). Thus, let Q be a scalar whose surface expansion 
is known and for which the paracanonical expansion of Q* must be found.
In particular, Q may be P or R.
The paracanonical expansions of X and X are obtained from (25.6) 
and may be substituted into the surface expansion of Q*. This gives the 
paracanonical expansion of Q* and the q*-coefficients are expressed in 
terms of the q-coefficients and the y- and v-coefficients. These expressions 
are quite lengthy for the third and higher orders but, if the jjr- and y- 
coefficients are expressed in terms of the G-coefficients (§40a), consider­
able simplifications can be made. However, It is considerably more system­
atic to carry out the conversion from surface to paracanonical expansions 
in the following manner. Suppose for the moment that parabasal optics 
completely describes imagery by the first Q-l) surfaces of the system.
Then, before refraction at the jth surface (14.2) is exact and may be 
used to express Q* as a paracanonical expansion. Since (14.2) is linear 
in the paracanonical coordinates, q*^  ^ arises solely from q^  ^ and the
§35 100.
q*^VT^  are expressed in terms of the q^VT^  • In general, however, 
parabasal optics will not describe the imagery produced by the first (j-1) 
surfaces. However, as a purely formal step the increments & and 5 in--- -------  y V
(25.6) are set equal to zero and (14.2) is recovered. If (14.2) is now 
used to express Q in terms of .S and T, a new kind of expansion, the 
pseudo-expansion of Q, is obtained. Since (14.2) is linear, the pseudo­
expansion of Q* consists of the terms of the second and higher orders in 
the pseudo-expansion of Q and is formally written:
Q* L  Z a (n)S n^ T  ^ Vs V-TT T n=2 pvt %iVt y y z z (35.1)
From the manner in which the pseudo-expansion is constructed, the pseudo- 
(n)coefficients (of both Q and Q*) are obtained from the identity:
Z [a „  (n)s "*vs v’ tt tpvT =pVT y y z z (n)(y S +y T )n- %  s +v T )^"v x Ja y b y a y  b y
X (z S +z T )V“T (w S 4v,T )T ] = 0 a z b z  a z b z (35.2)
Since the increments and in (25.6) have been neglected, the pseudo­
expansion is not an exact expansion. If .S and T in the pseudo-expansion 
are replaced by j3 4- and T 4- respectively, (35.1) becomes exact and 
identical with the exact paracanonic al expansion of Q*. This follows from 
the fact that the same substitution converts (14.2) into the corresponding
exact equations (25.6). Accordingly, the exact paracanonical coefficients 
/ \
q*pVT of Q* are obtained from the identity:
J2 & [<v(n V'V'V'V-w (n)(S 46 )n"fI(T 46 )^"V(S 46 )V~T X y y y v z z
x (T 46 ) ] = 0 ,z w (35.3)
where and 6^ are expressed as their paracanonical expansions, the
coefficients of which are, apart from numerical factors, the £. - and G -b a
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c o e f f i c i e n t s  r e s p e c t i v e l y  (see  (25 .7 )  and ( 3 7 .3 ) ) .  I f  th e  r i g h t  hand 
te rm s o f  t h i s  i d e n t i t y  a r e  expanded, e q u a t io n s  a re  o b ta in e d  which ex p re ss  
th e  n th  o rd e r  q * - c o e f f i c i e n t s  in  terms o f  the  q - c o e f f i c i e n t s  o f  o rd e rs  
up to  and in c lu d in g  th e  n th ,  and th e  G - c o e f f i c i e n t s  of o rd e rs  up to  th e  
( n - l ) t h .  These e q u a t io n s  a re  th e  s o - c a l l e d  i t e r a t i o n  e q u a t io n s  and 
c o n s t i t u t e  th e  key e q u a t io n s  fo r  o b ta in in g  th e  n th  o rd e r  j g - c o e f f i c i e n t s  
once th o s e  of th e  ( n - l ) t h  o rd e r  a re  known. They c o r r e c t l y  ta k e  in to  
acc o u n t  th e  a b e r r a t i o n s  o f  p rece d in g  s u r f a c e s .  The p ro cess  whereby a 
s e t  o f  i t e r a t i o n  e q u a t io n s  a r e  a p p l ie d  to  some q u a n t i t y  Q i s  c a l l e d  sim ply 
i t e r a t i o n  w ith  Q.
s e q u e n t ly  t h e r e  i s  no d i f f e r e n c e  between th e  p a ra c a n o n ic a l  c o e f f i c i e n t s  
and th e  c o r re s p o n d in g  p s e u d o - c o e f f i c i e n t s .  Thus, s in c e  th e  in c id e n t  ra y s  
a r e  a b e r r a t i o n  f r e e ,  th e  p s e u d o - c o e f f i c i e n t s  co m p le te ly  c h a r a c t e r i z e  th e  
a b e r r a t i o n s  in t ro d u c e d  by th e  f i r s t  s u r f a c e .  C onsider fo r  th e  moment th e  
i t e r a t i o n  e q u a t io n s  (Ml 1 .3 )  of the  a x i a l  th e o ry .  I f  th e  f i r s t  ( j - 1 )  
s u r f a c e s  o f  a symmetric system  produce a s t ig m a t i c  image o f  the  o b je c t  
p la n e ,  th e  a-com ponents of th e  a x i a l  J > c o e f f i c i e n t s  a re  ze ro  a t  th e  j t h  
s u r f a c e .  I t  does n o t  fo l lo w ,  however, t h a t  g^v ^  =
( i n  th e  n o t a t i o n  o f  M). T h is  i s  because  th e  ^ -com ponents  of th e  G- 
c o e f f i c i e n t s  a r e  n o t  z e ro ,  i n  o th e r  words t h a t  imagery between any p a i r  
of c o n ju g a te  p la n e s  i s  n o t  s t i g m a t i c .  I f  and on ly  i f  the  f i r s t  ( j - 1 )  
s u r f a c e s  o f  th e  sy stem  c o n s t i t u t e  a p e r f e c t  o p t i c a l  system  w i l l  th e  
p s e u d o - c o e f f i c i e n t s  (o r  i n t r i n s i c  c o e f f i c i e n t s  as th e y  a r e  sometimes 
c a l l e d )  r e p r e s e n t  th e  a b e r r a t i o n s  in t ro d u c e d  by th e  j t h  s u r f a c e .  This 
i s  a l s o  th e  c a se  i n  th e  b a s a l  th e o ry .  Suppose a l l  th e  ( b a s a l )  jg- 
c o e f f i c i e n t s  a r e  z e ro  a t  th e  j t h  s u r f a c e .  I t  fo l lo w s  t h a t
At th e  f i r s t  s u r f a c e  6 and J5 a r e  i d e n t i c a l l y  ze ro  and con-
(n) (n) However, u n le s s  p a r a b a s a l  imagery i s  s t ig m a t i c
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(and hence imagery as  a whole i s  p e r f e c t )  t h e r e  e x i s t  two m u tu a l ly
p e r p e n d ic u la r  s t r a i g h t  f o c a l  l i n e s  ( s e e  §21a), which i s  im p o ss ib le .
Thus im agery must be p e r f e c t  in  o rder  t h a t  q .. = q .
r h-lVT =(J.Vt
36. P s e u d o - c o e f f i c i e n t s
(a)  The p s e u d o - c o e f f i c i e n t s  of any s c a l a r  q u a n t i t y  Q a r e  o b ta in e d
from th e  i d e n t i t y  ( 3 5 .2 ) .  S ince  Q i s  i n v a r i a n t  under r e f l e c t i o n  in  (M) , 
th o s e  term s fo r  which V i s  odd a re  a b sen t  from ( 3 6 .2 ) .  C onsider  th e  
second o rd e r  term s of  t h i s  i d e n t i t y :
q 2 +  q
=000 y =
(2)  T (2) 2 2  (2)  ( v2
100 SyTy + S200 Ty + **• q000 (yaSy+yb V
-  q i n n ( 2 ) (y s +y T ) ( v  S +v T ) - . . . -  qooo( 2 ) (w S +w T ) 2 s  0 ^100 a y Jb y a  y b y n222 a z b z
Hence, by p e rfo rm in g  th e  expansions  and s e l e c t i n g  th e  c o e f f i c i e n t s  of 
l i k e  te rm s:
n (2)  = y 2a ( 2h , v 1  (2)  + v  2S (2)iOOO ya q 000 ya aq 100 v a q200
q = oy y q + (y v +v y )q + 2v v q ^2^ , (3 6 .1 )S i 00 z y ayb4 000 y^ a b a V 4 100 a bq200 *  ^ '
and so on. In  t h i s  manner th e  a u x i l i a r y  q u a n t i t i e s  g iven  in  T ab les  3 6 /1 ,2  
were o b ta in e d .  The p s e u d o - c o e f f i c i e n t s  may be r e a d  from th e s e  t a b l e s  as  
fo l lo w s :  m u l t ip ly  th e  s u r f a c e  c o e f f i c i e n t s  a t  th e  head o f  each column
by th e  c o r re s p o n d in g  e n t ry  in  th e  row headed by th e  p s e u d o - c o e f f i c i e n t  
i n  q u e s t io n  and sum th e  te rm  o b ta in e d  fo r  each column. Thus, th e  pseudo­
c o e f f i c i e n t  s i s  g iv e n  by
2W q l + < V b * V b )Äq2
+ 2v v s a b q5
( c f .  ( 3 6 .1 ) ) .  The f i r s t  o rd e r  p s e u d o - c o e f f i c i e n t s  a r e  g iv e n  by
§36 103
p = y  p . + v p 0 , p = y p . + v p=ql a ql a q2 =q2 b ql b q2
Needless to say, Tables 36/1,2 apply to both P and R.
(36,2)
(b) Although probably of academic interest only, especially for low
orders, a closed formula can be found for the pseudo-coefficients. By 
performing the expansions in the right hand term of (35.2) the following 
identity is obtained.
” , v . n n-p p-^ V-T t , x/n-ü'
H E Z E Z E
P^t p=0 r=0 s=0 t=0SpVT Dy iy °Z LZ J i n  J i n  J i n  HpVT V P
/*\ n-p-p p p-^-r r ^-t-s s t-t t n-p-p-rm p+r ^-s-t s+t XI y yL v v, z z, w w, T
& J  \  t j  J a b a b a  b a  b y  y z z
(36.3)
The coefficient of S n~^T ^~VS V”TT T in the right hand member of this isy y z z
obtained by selecting only those terms for which
Thus
=pVT
(n) n V
J .  z
p=0 T=0
s + t = T , V = V , p + r = p - V
rn-p /n-px / H-V \ n.-. p-p+p p-V-p
p-0 V p J  Vp-V-pJ ya yb a b
rVJ* fV f ^ \ V-t-s s T-T+S T-s 
s=0 \  s )  Vt -s J Za zb Wa V7b
n (n) 
qpVf » (36.4)
where the summation over p and s is such that none of the exponents of 
the parabasal coefficients in (36.4) are negative. The coefficient 
q ^  in (36.4) is taken to be zero if the inequality n ^  a ^  ß ^ yU/H f
is not satisfied. As mentioned in the previous section, the pseudo­
coefficients are linear combinations of the surface coefficients of the 
same order. Moreover, the value of V for the pseudo-coefficients is equal 
to that of the surface coefficients of which it is a combination. Thus
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TABLE 36/ 1____ Auxiliary Quantities for the Second Order Pseudo-coefficients
/\0 1 qi
/N /Ss  ^ S _q2 q5 Sq8 V Sql 0
=qi
2
ya yaVa Va2 Sq8
2za z w a a „ 2 a
^q2 2V b yaVb+ybVa 2V b  =q9 2z z a b z w, +z, w <a b  b a l\] w a b
s c=q5
2
yb ybVb V =ql 0 Zb2 zbwb 2Wb
TABLE 36/2 Auxiliary Quantities for the Third Order Pseudo-coefficients
t , t nqi q2 t _ q5 eq11
=q1
3 2
ya ya Va
2y va a
3Va
=q2 3ya2yb ya(yaVb+2vayb)
2
Va(2yaVb+Vayb) 3va Vb
=q5 3yayb2 yb(2ya V Vayb) vb(yaVb+2vayb) 3vaVb2
=ql 1
3 2
yb yb Vb
2
ybVb
3
Vb
eq8 6 £ q9 qi 0 £q14 ^q15
/\
fcq16
=q8 y z 2 a a
2y z w y wa a a a a v z 2 a a V z w a a a
2v w a a
=q9 2y z z a a b y (z w, +z w ) 2y w w,a a b b a a a b 2v z z, a a b v (z w, +z, w ) a a b  b a 2v w w a a I
=ql 0
2y zua b
2y z,w, y -w,^a b b Ja b
2v zua b v zuwva b b
2v w, a b
=q14
2yuz b a
2y, z w y.wb a a  b a
2v,z b a v, z w b a a
2v, w b a
=q15 2y, z z b a b yb(zaWb+Zb”a) 2ybWaWb 2v, z z b a b y. (z W.+Z.W ) b a b  b a 2v, w w, b a
=q16
2
ybZb yb V b  V b 2
2v z b b v z w b b b
2
V b
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th e  e q u a t io n s  g iv in g  th e  p s e u d o - c o e f f i c i e n t s  o f  any o rd e r  a r e  s p l i t  i n to  
d i s t i n c t  groups c h a r a c t e r i z e d  by V. For example, th e  second and t h i r d  
o rd e r  eq u a t io n s  s p l i t  i n t o  two groups s in c e  V can ta k e  th e  v a lu e s  0 and 2, 
w hereas fo r  th e  f o u r th  and f i f t h  o r d e r s ,  V can  ta k e  th e  a d d i t i o n a l  v a lu e  4 
and t h e r e  a r e  t h r e e  g roups.
(c )  Suppose t h a t  th e  s u r f a c e  expansions  o f  AG a r e  o b ta in e d .  The
pseu d o -ex p an s io n  o f  AG^ may be o b ta in e d  u s in g  T ab les  3 6 /1 ,2 .  However,
AG r e q u i r e s  s p e c ia l  c o n s id e r a t io n :  th e  i d e n t i t y  (3 5 .2 )  s t i l l  h o ld s  b u t
in  t h i s  c a se  th e  term s fo r  which V i s  even a r e  z e ro .  T ab les  co r re sp o n d in g  
to  3 6 /1 ,2  can be c o n s t r u c t e d ,  in  which case  t h e r e  i s  a s in g l e  group of 
second o rd e r  e q u a t io n s ,  e n t a i l i n g  16 a u x i l i a r y  q u a n t i t i e s ,  and groups of 
fo u r  and s i x  t h i r d  o rd e r  e q u a t io n s ,  e n t a i l i n g  52 a u x i l i a r y  q u a n t i t i e s .
Thus th e  number o f  a u x i l i a r y  q u a n t i t i e s  r e q u i r e d  a r e  doubled , w ith  a 
c o r re s p o n d in g  in c r e a s e  in  subsequent n um erica l work.
37. The Second and T h ird  Order I t e r a t i o n  Formulae
Express and as sums o f  term s o f  th e  n th  o rd e r ,
.  .  y  R <n) p, _ f  R (n)
~y n-2~y 9 ^v  n=2~"v *
and s u b s t i t u t e  th e s e  i n t o  ( 3 5 .3 ) .  I f  th e  te rm s  (S +& ) n (T +6 )^  ,' y y y V 7
e t c . ,  a r e  expanded, th e  n th  o rd e r  term s of (3 5 .3 )  a r e  o b ta in e d .  In
p a r t i c u l a r ,  f o r  th e  second and t h i r d  o rd e rs
2
s  (q*pVT
(2 )_„  ( 2 ) , „  2 -PT p-Vg V-t t t
3y y z z-q  - • ) s  ~ "T ^ 'S ' 'T ' = 0pVT SpVT '  '
(3) -q...„(3))S V- \ T
^pVT
2s B ( 2 ) S + s (5 ^2 )T +6 ^2 ) S )+y y z z =ql y y =q2 y y v y
+  2s 6 (2 )T + 2s S ( 2 ) S + s (6 (2 )X +6 ( 2 ) S ) + 2s 8 ( 2 )T .=q5 v y =q8 z z =q9 z z w  z = q l 0 w  z ( 3 7 .1 )
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From th e  f i r s t  o f  th e s e  i t  fo l low s  im m ediate ly  t h a t  th e  second o rd e r  
pseudo- and p a r a c a n o n ic a l  c o e f f i c i e n t s  of a second o rd e r  q u a n t i t y  a re  
i d e n t i c a l
s* = s . (3 7 .2 )qa =qa
y
5
(2) = - ( ' S  . .  s  V s  S X Hgylb  y gy2b y y
^  , S 2 + 'S  S T  + %S _ T 2 + 'S  Q S 2 +>S £r g y la  y gy2a y y gy5a y gy8a z gy9a
T S + 'S  _ T T ) ,> y z gz7b y z
v
= - ( ' S  o t S S + 'S  /US 1 ; gz3b y z gz4b y z
w ' gz3a y z gz4a y z
s u b s t i t u t i n g  
e q u a t io n s  a r e  r e a d  o f f .  Thus,
T + ' S  f . £»  gzob
5 (2) = ' S S S + 'S  , S T  + NS , T S + 'S  T T  . (3 7 .3 )
7  gz6a y z gz7a y z
A f te r  t i t t i  (3 7 .3 )  in t o  ( 3 7 .1 ) ,  th e  r e q u i r e d  t h i r d  o rd e r  i t e r a t i o n
3th e  c o e f f i c i e n t  of S g ives
y
fc*q l =ql ” 2 °gylb=ql + Sgyla=q2 * ^37*
P roceed ing  in  t h i s  manner th e  t h i r d  o rd e r  i t e r a t i o n  eq u a t io n s  a r e  e a s i l y  
and s y s t e m a t i c a l ly  o b ta in e d .  Those r e l e v a n t  to  h ig h e r  o rd e r s  c o u ld ,  i f  
d e s i r e d ,  be o b ta in e d  in  e x a c t ly  th e  same way, s t a r t i n g  w ith  th e  h ig h e r  
o rd e r  term s o f  ( 3 5 .3 ) .  The t h i r d  o rd e r  e q u a t io n s  a r e  g iven  in  Table  37/1 
and a r e  v a l i d  fo r  any s c a l a r  q u a n t i t y  Q* of th e  second o rd e r  i n  Y and V. 
Note t h a t  bo th  th e  a -  and b-components of th e  second o rd e r  G - c o e f f i c i e n t s  
t u r n  up in  th e  t h i r d  o rd e r  i t e r a t i o n  e q u a t io n s .
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TABLE 37/1 Third Order Iteration Formulae
t* = t - 2 'S s , + 'S . s . ql =ql gylb=q1 gyia=q2
tV'q2 =q2 2 Sgy2b=ql +  ^ Sgy2a Sgylb^=q2 + 2 Sgy1a=q5
C*q5 = =q5 “ 2'Sgy5b=ql + ('Sgy5a~' ^ 2 ^  =q2 + 2 'Sgy2a=q5
t* Q = t - 2'S s + 'S _ s - 2 'S s + 'S s q8 =q8 gy8b=ql gy8a=q2 gz3b=q8 gz3a=q9
t* = t _ - 2 'S ols . + 'S Q s 0 - 2 'S ,.s ö + ('S , -'S -,)s _ +q9 =q9 gy9b=ql gy9a=q2 gz4b=q8 gz4a gz3b =q9
+ 2'SgzSa^ql0
f—sV = f- - 9 X<? q 4- x c; q - 'Q q j- o 'c oql 0 =ql 0 L‘gyl0b=ql gyl0a=q2 gz4b=q9 gz4a=ql0
t* .. = t - 'S s _ + 2 'S s ql1 =ql1 gy5b=q2 gy5a=q5
ql4 =ql4 gy8b=q2 gy8a=q5 gz6b=q8 gzba=q9
ql5 =q15 gy9b=q2 gy9a=q5 gz7b=q8 v gz7a gz6b =q9
+ 2'S , sgzoa=ql0
^qlö =ql6 Sgyl0b=q2 + 2 SgylQa=q5 Sgz7b=q9 + 2 ^gz7a=ql0
38. Iteration for Quantities of the First Order and for Two-Vectors
(a) In the previous section the iteration equations relevant to a
second order scalar, Q*, were derived. Although these are the ones which 
will be used in computing the coefficients, it is of interest to consider 
the iteration equations for Q, a scalar which is of the first order in X 
and V. In this case the summation over n in (35.3) is from n = 1 to <». 
Corresponding to (37.1), the first and second order terms of (35.3) are
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:4(q,.„.<1)-9..„-0 ) )s..1'|1T^'vs.v*'rT.T = 0|iVT >lVt =p.Vt y y z z 
2
Z  (q ( 2 ) - q  (2))S 2"^T ^‘Vs V-TT T = p 6 (2) + p 5iVT qiVT =(J.Vt j y y z z =ql y ~q2 ^ (38.1)
Thus, substituting (37.3) and selecting coefficients of like terms, the 
relevant iteration equations are
P = P qa =qa (a = 1,2)
s =s * ' s KPni + 's p (a = 1,2,5,8,9,10) . (38.2)qa =qa gyab=ql gyaa=q2
Similarly, the first member of the third order group is
Lql =q1 2 Sgylb=ql + Sgyla=q2 1gylblql + Tgyla=q2 (38.3)
Note that the first three terms on the right of (38.3) are identical with
the right hand term of (37.4). In general, it is found that the paracanonical
coefficient q . is given by VVTJ 6
qp.VTj^n  ^ - + (funct -^on °f all t i^e Gj~coefficients of order ^ n and
of the q^-coefficients of orders < n) • (38.4)
It is evident from (25.7) that the G^-coefficients in (38.4) do not involve 
the g.-coefficients. Y. and V. involve 5 . and & . , for which theyj ^vj
summation over jl is from j. = 1 to 1. If Q had been of the mth order 
in X and only the G-coefficients of orders less than or equal to jj-m-H 
would appear in (38.4).
(b) The iteration formulae of Table 37/1 and §38a were obtained
under the assumption that Q was invariant under reflection in (M). Now 
suppose the iteration formulae for Q^, the z-component of are required. 
The identity (35.3) will still hold, but with V odd. Then, the first 
member of (38.1) is unchanged and the second becomes
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JU ( 2 )zpVT -q ( 2 )Z p V T )S. 2 - ^ t  l^-Vs  V -T x  t =qz3^ ( 2 ) + P /Ö =qz4 w
Thus
qza =qza (a  = 3 ,4 )  ,
s = s qza =qza
'S , p .  + 'S p , gzab=qz3 gzaa-qz4 (a  = 3 , 4 ,6 , 7 ) (3 8 ,5 )
The second member o f  t h i s  i s  g e n e r i c a l l y  d i s t i n c t  from th e  second member
of (3 8 .2 )  - th e  S ^  a r e  r e p la c e d  by and t h e r e  a r e  on ly  fo u r  eq u a t io n s
in  (3 8 .5 )  b u t  s i x  i n  ( 3 8 .2 ) .  S im i l a r l y ,  th e  h ig h e r  o rd e r  e q u a t io n s  d i f f e r .
T h is  has  i t s  o r i g i n  i n  th e  d i f f e r e n t  symmetry p r o p e r t i e s  o f  Q, i n  ( 3 8 .2 ) ,
and Q , i n  ( 3 8 .5 ) .  I t  i s  e v id e n t ,  t h e r e f o r e ,  t h a t  i f  th e  s u r f a c e  ex pans ion  z
o f AQ i s  c o n v e r te d  i n t o  th e  co r re sp o n d in g  p a ra c a n o n ic a l  ex p an s io n ,  two
g e n e r i c a l l y  d i s t i n c t  s e t s  o f  i t e r a t i o n  e q u a t io n s  a r e  r e q u i r e d ,  one fo r  AG^
and th e  o th e r  f o r  AG . Moreover, th o s e  r e l e v a n t  to  AG a r e  g iv e n  in  T ab lez y
37/1 and a r e  a p p l ie d  tw ic e  -  once fo r  AG and once fo r  AG . . Thus, th eya yb
use  o f  th o s e  r e l e v a n t  to  AG^ in v o lv e s  n u m e rica l  com puta tion  over  and above 
t h a t  r e q u i r e d  when th e  i t e r a t i o n  i s  w ith  P and R. T ogether  w i th  th e  
d i s c u s s io n  of §36c, t h i s  d em o n s tra te s  t h a t  l e s s  com puta tion  i s  r e q u i r e d  
i f  th e  p a ra c a n o n ic a l  expans ions  o f  P and R a r e  de te rm ined .
39. The q - c o e f f i c i e n t s
The s u r f a c e  ex pans ions  o f  P and R a r e  known and i t  has  been 
seen  (§37) how th e  p a r a c a n o n ic a l  expansions  o f  P* and R* can be de te rm ined  
t o  any o rd e r  ( i n  p r i n c i p l e ) .  The n ex t  s te p  (§28 iv)  i s  to  d e te rm in e  th e  
c o r re sp o n d in g  c o e f f i c i e n t s  f o r  P and R. As b e fo re  l e t  Q be any s c a l a r  
f u n c t io n  (o f  th e  c a n o n ic a l  v a r i a b l e s ) .  Assume t h a t  th e  q * - c o e f f i c i e n t s  
up to  th e  n th  o rd e r  have been  found as in  §36, 37. I t  i s  r e q u i r e d  to  f in d  
th e  p a ra c a n o n ic a l  c o e f f i c i e n t s  of o rd e r  (n -1 )  o f  Q = Q* + q . T h is  may
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be accom plished  in  one o f  two ways. On th e  one hand th e  i t e r a t i o n  e q u a t io n s  
r e l e v a n t  to  Q (538a) cou ld  be used and on th e  o th e r  hand could  be
ex p re ssed  as a f u n c t i o n  o f  S> and T. S ince  th e  cp- c o e f f i c i e n t s  a re  known, 
i t  i s  most co n v en ien t  to  ta k e  th e  second a l t e r n a t i v e  and s t a r t  w ith  th e  
s u r f a c e  expans ion  o f
q ( 1) p Y -f p V *qi q2 >
and exp ress  Y and V in  term s of .S and JT by means o f  ( 2 5 .6 ) .  A cco rd ing ly ,  
i t  i s  found t h a t
q ( ' )  = p S + E , T + V  I (P 'G (n) -  P , 'G  (">) s  ^-Vs V - tT T
4 t}1 y ~q2 y n-2 =q2 yiiVra ^ql ypVxb y y z z *
(3 9 .1 )
Thus, from (2 6 .4 )  and ( 2 4 .1 ) ,  th e  q - c o e f f i c i e n t s  a r e  g iv en  by
ql £ql ’ Pq2 =q2
V (n) = q%VT(n) + Eq2 V a <n) • Eql ' V v Tb(n) • « 9 - 2 >
I f  th e  q * - c o e f f i c i e n t s  from (3 7 .2 )  and T ab le  37/1 a r e  s u b s t i t u t e d  in to  
( 3 9 .2 ) ,  e q u a t io n s  (3 8 .2 ,3 )  a r e  re c o v e re d  a n d ,a s  would be ex p ec ted ,  i t e r a t i o n  
w ith  Q* fo llow ed  by u se  of (3 9 .2 )  i s  e q u iv a le n t  to  i t e r a t i o n  w ith  Q. N o te : 
The j g - c o e f f i c i e n t s  o f  th e  ( n - l ) t h  o rd e r  a r e  r e q u i r e d  in  o rd e r  to  d e te rm ine  
th e  n th  o rd e r  q * - c o e f f i c i e n t s  (537) and knowledge o f  th e s e  j g - c o e f f i c i e n t s  
en ab le s  th e  ( n - l ) t h  o rd e r  q - c o e f f i c i e n t s  to  be de te rm ined  from ( 3 9 .2 ) .
40. The J . - c o e f f i c i e n t s .  The V ectors  .P and R.
(a)  P, R, P* and R* have a l l  been de te rm ined  to  th e  r e q u i r e d  o rd e r
in  term s of ^  and .T. B efo re  .P and R can be de te rm in ed ,  one f u r t h e r  q u a n t i t y ,  
a t  p re s e n t  known o n ly  in  term s o f  Y and V, must be found to  th e  ( n - l ) t h  
o rd e r  in  JS and T. T h is  i s  I ,  g iven  by ( 1 0 .4 ) .  From (2 5 .6 )  th e  n th  o rd e r
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te rm s o f  Y and V a re
(n) c (n) . c (n)
Z = Z£y + Zb^V
(n) (n) _ (n)
V = va£y +
and, from ( 1 0 .4 ) ,  t h e  co r re sp o n d in g  te rm s of  1 a r e
. (n) s  (n) (n) _ (n) (n)
i  “ cy  + = i A ,  + W*a*y
where t h e  p a r a b a s a l  i - c o e f f i c i e n t s  a re
(4 0 .1 )
(4 0 .2 )
i  = cy + n v , i ,  = cy. + n v, ~ a  ~ a  BjC*a '"'b ~b BsT'b (4 0 .3 )
I t  fo l lo w s  from ( 4 0 .1 ,2 )  and (2 5 .7 )  t h a t
(n) 5  caxs W |Z) , X(n) = L (A'G. w  U) , i W  = ^ ( A ^ w li )no (n)
(4 0 .4 )
Thus, s u b s t i t u t i n g  th e  p a ra c a n o n ic a l  expansions  o f  AG ,
y . . „ . (n )  = ( V / n ) U )  ■ -•HiVT ~pVT ( \ V T (I1)|X) ’
•^iVT C- t^iV'T +  tlBj^TXVT ( \ v T  ’ (40 - 5)
and t h e ^ - ,  an<* i " C O c f f i c i e n t s  a r e  known to  th e  same o rd e r  as th e  .g- 
c o e f f i c i e n t s .
(b) The s ta g e  has  now been reached  a t  which th e  p a ra c a n o n ic a l
ex pans ions  o f  P and R can  be de te rm ined .  As u s u a l  l e t  Q be a s c a l a r ,  in  
p a r t i c u l a r ,  P or R. (£ i s  d e f in e d  in  te rm s of  Q and JL by ( 2 6 ,5 ) ,  from which 
i t  fo l lo w s  t h a t
(n) £  ( n - r ) . ( r )  . (n)_
3  = rZ i q v V  +  q* l j
and in  p a r t i c u l a r ,
(2) ( l ) . ( l )  , . (2)_q = q A + q* i By .
(3 ) _ (2 ) . ( 1) . ( 1) . ( 2 ) . . (3 ) .
q = q a  + q i  + q*f ZT
'By * (4 0 .6 )
(4 0 .7 )
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Sqy i
s qy2
sqy5
Sqy8 
s qy9 
Sqyi o
t"qyi
t qy2
t qy5
t qy8
Lqy9
t qylO
t q y l l
Cqyl4
t qy i5
Cqyl6
TABLE 40/ 1_____Second Order q - c o e f f i c i e n t s
s* , I tj + i  p , ql By ya ql Sqz3 Pq l^ z a
S q2I By+ i yaPq2+LybPql Sqz4 = Pq l 1zb
S\ 5W q 2 Sqz6
= p i  q2 za
s* QI„  q8 By Sqz7
= p i
Pq2 zb
s* I q9 By
s* IqlO By
TABLE 40/2  T h i rd  Order q-■ c o e f f i c i e n t s
t*  , I_ +s , 1 +p . s . . ql By ql ya ql ly l *"qz3 = s . i  +p . s .  ql za ql iz3
t*  „ I  +s i  +s , i  ,+ p  , s .  -+p ns . . q2 By q2 ya ql yb ql iy2 q2 iy l t qz4 = s i  ,+p  s . , ql zb ql i z 4
t* _I_ +s i  +s i  ,+p . s .  _+p 0s .  q5 By q5 ya q2 yb ql iy5 q2 iy2 t qz6 = s ^ i  +p , s .  ,+p q2 za ql iz6
t* _I_ +s Qi  +p - s . 0 q8 By q8 ya ql iy8 t qz7 = s _ i  ,+p  . s .  _+p q2 zb ql iz7
t*  nI_ +s _i +p . s q9 By q9 ya ql iy9 t qzl2 = s r. i  +p s .  , q5 za q2 iz6
t* , ^1., +s _ - i  +p . s . . qlO By qlO ya ql  lyiO t qzl 3 = s _ i  ,+ p  , s .  q5 zb q2 iz7
t* , _I_ +s _i  ,+p  0s .  _ q l l  By q5 yb q2 iy5 t qzl7 = s Qi  q8 za
t  q!4 'I'By+Sq8^yb"t"Pq2Siy8 t qzl  8 = s ni  +s Qi  , q9 za q8 zb
q l 5 I By+Sq9i yb+Pq2Siy9 t qzl 9 = s , Ai  +s _i  qlO za q9 zb
t  q!6^By+Sql0^yb+Pq2Si y l 0 t qz20 SqlO^zb
q2Siz3
q2Siz4
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By substituting the series for q * ^ ,  q ^  and and selecting the
coefficients of like terms, the second and third order ^-coefficients
may be read off (40.7) and are given in Tables 40/1,2. Note that although
Q is a scalar, J5 is a two-vector. Hence the sets of equations for the q -
and q -coefficients are generically distinct, z
41. The g-coefficients. Aberration Coefficients.
(a) It is now a simple matter to obtain the g-coefficiants. (26.9)
gives immediately
~pVT
(n)
^ V T + 5 V t (41.1)
To obtain the g g ,**> g - or g -coefficients, it is sufficient to ya yb za zb
replace v and y by v and y , v v and y , , v and y or v , and y r J ya ya yb ■'yb za 'za zb J zb
respectively, where these may be obtained from (26.8). For example
gypVxa ^  = -N 1 R (v 'p ^ + y  'r ^ )  y B a ypVT a ypVx
In this manner the a- and b-components of the g^- and g-coef f icients are 
determined for all required orders. The corresponding intermediate or
.g-coefficients follow from summation over the surfaces:
j-1
G''TiVxaj
(n),
i-l-^i
j-1
lAxVrai * ^q-iVtbj
yL=l'%iVTbi (41.2)
If the -0^ VTj are required, the summation is taken from ^  = 1 to j. 
Once the G-coefficients are known the nth order y- and x-coefficients 
follow from (40.5).
The surface and pseudo-coefficients of any quantity can be 
determined to an arbitrary order without the knowledge of any paracanonical 
coefficients. However, in deriving the nth order iteration equations, 
it was assumed that the G-coefficients were known up to the (n-l)th order.
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Under this assumption, the p- and r-coefficients up to the (n-l)th 
order are obtainable from the p*- and r*-coefficients. Moreover, the 
j.-coefficients of the first (n-1) orders are expressed in terms of the 
known G-coefficients and hence the nth order p- and r-coefficients may 
be determined. From these follow the g- and ^-coefficients of the nth 
order. Thus, the results of this chapter verify in detail that given the 
(n-l)th order G-coefficients, those of the nth order may be found. Finally, 
the jg-coefficients of the first order at all surfaces, and of all orders 
at the first surface, are trivially zero. Thus the .g-coefficients may 
indeed be determined by the iterative process sketched in §28.
(b) Now that the .g-coefficients are known the image height or Ja-
coefficients may be determined for any position of the image plane from 
(24.11), and the corresponding surface contributions by (24.12). Suppose, 
for the sake of illustration, that imagery is to be distortion free and 
the aberration is defined by
V  ■ V  - (41.3)
Then
' = h  's + V y h (n)'q n“^T ^“V q v "tt t ~ak n-2 M-Vt pVT k y y z z
and the aberration coefficients are, in this case, defined to be
~pVTk
(n) , = h (n) , 
~ “l-iVTk (41.4)
The corresponding surface increments are
(n),
~|J.VTi ^ V T i
(n) 1 „ <»>
Jik -SuVTai V 4®~UVTi (41.5)
Surface contributions to E^' are not considered, since h ^ 1 * "^k'^ak' 
and the condition for stigmatic parabasal imagery is y /v = z /w ,3 3 3 3
not ü ak' = 0 .
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42. Summary of a Method for Computing Basal Coefficients
Appendix F consists of a listing of a working computer programme 
(programme TIRIKI) for computing the basal coefficients of the first 
three orders referred to a meridional base-ray in a symmetric system of 
spherical surfaces. The programme incorporates its own brief explanatory 
notes and these are supplemented by subsections (a) to (g) below.
Programme TIRIKI differs only slightly from the scheme outlined here.
After each subsection the names of t>he relevant subroutines are given 
in parenthesis. The use of SPC is presupposed.
(a) The Trace of the Base-Ray: For a symmetric system of spherical
surfaces Ford's basic ray trace scheme^ is admirably suited to the task 
of tracing base-rays. In some instances the computation of pseudo­
parameters is accomplished automatically in the course of the trace, for
instance, EL, n , V and I . It is a simple matter to determine ß B Bx B B B
from VD. Further simple calculations yield n , and hence cos I and B B B
cos I ' , and d' . (BASRAY)B
(b) Determination of the Parabasal Coefficients: This has already
been discussed in §15. The parabasal 4j”coefficients, the augmenting 
factors and the displacement x^' °f the meridional and sagittal foci 
from some suitably chosen image plane may well be computed here. This 
is accomplished by equations (40.3), (22.7) and
P, W„ Ford (1960). If the system is decentred, the scheme of Appendix C 
may be used.
For a symmetric system, a suitable initial choice of receiving plane 
is the paraxial ideal image plane.
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JM = 'ya/va ’ = -za/wa ’ (42.1)
respectively. (PARBAS)
(c) Determination of the r- and p-coefficients: First the quantities
are computed from (13.2) and (32.3) and the x-coefficients from
Table 31/1. \i^  and follow from (32.3,4) and the few non-zero p- 
coefficients from (32.5). The ft- and T-coefficients are calculated from 
Table 32/ 1 and provided the $- and $-coefficients are first computed from 
(30.6), an application of Table 30/1 yields the r-coefficients. Finally, 
the p-coefficients follow from the x- and r-coefficients by means of 
Table 33/1. (XST123)
(d) Computation of the Pseudo-Coefficients: The auxiliary quantities
of Table 36/1 are computed and used to determine the p- and r-coefficients 
according to the examples of §36a. (PSEUDO)
(e) Calculation of the Second Order ^-coefficients: So that the
coefficients can be calculated by forming linear combinations of the £- 
and p-coefficients, the v-and ^-coefficients are determined from (26.8,11). 
The second order p*- and r*-coefficients are identically equal to the 
corresponding pseudo-coefficients (37.2) and the first order p- and r- 
coefficients are identical with the first order p- and r coefficients 
(39.2). The second order jr- and jg-coefficients then follow from Table 40/1 
and the second order g-coefficients are computed by forming the appropriate 
linear combinations of the corresponding r;- and p - coefficients according 
to (41.1). Summation gives the G-coefficients (41.2). (GCOEFS)
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(f) Determination of the Third Order g-coefficients: The iteration
equations of Table 37/1 must be applied to the third order p- and r- 
coefficients in order to compute the corresponding p*- and r*-coefficients. 
Next, (40.5) yields the second order .i-coefficients and the second order
r- and p-coefficients follow from (39.2). Table 40/2 is then applied in 
order to compute the third order p- and £-coefficients and the third 
order ^-coefficients follow from (41.1). The G-coefficients are again 
found by summation. (GCOEFS, ITRATE and ST2VEC)
(g) Determination of the Image Height Coefficients: Finally, the
ti-coefficients in the presupposed image plane are determined by first 
computing the v-coefficients according to (40.5) and then the Ji-
coefficients from (24.11). If desired, the surface contributions to the 
latter can be found from (24.12). (HDCOEF)
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VII. THE EXTREMAL IDENTITIES
43. The Existence of Identities
In so much as they determine Y and V, the G-coefficients 
completely determine the behaviour of (K). The aberration coefficients 
determine only the point of intersection of a ray with the chosen image 
plane. If the v-coefficients are also known, the point of intersection 
of the ray with any plane may be computed and the ray is uniquely deter­
mined (cf. the case of SPC where rays were specified by their points of 
intersection with two planes). Thus the aberration and v-coefficients 
together determine the behaviour of (K). However, since these coefficients 
are expressed in terms of the ^-coefficients which arise from quantities 
of fundamental importance in the theory, that is, the quasi-invariants, 
the Q^-coefficients are regarded as the basic set of coefficients completely 
determining the behaviour of (K). It has been seen (§25) that there are
Ngn = 3 (n+1) (n+2) (n+3 ) (43.1)
nth order^ ^-coefficients, including both a- and b-components.
The nth order imagery of any system is determined by the
coefficients of the terms of the (n+l)th order appearing in a characteristic
function of the system. If the system is plane symmetric, and the base-ray
lies in the plane of symmetry, the number of such coefficients is given
by N , ,,.. If this is compared with (43.1) it is seen that N > N , , =y(n+l) =gn =y(n+l)
for all n ^  1. Thus the N G-coefficients of the nth order are not all=gn —  -
mutually independent and there exist identities between them where
When n = 1, imagery is characterized by the eight parabasal coefficients, 
a number correctly given by (43.1).
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ä l n  = =gn " Sy(n+1) = ^ ( n+ 3 )(n2+ 2 n - l ) when n i s  odd ,
= -^n(n+2) (n+3) when n i s  even . (4 3 .2 )
As in  th e  a x i a l  th e o ry ,  th e s e  i d e n t i t i e s ,  h e re  c a l l e d  th e  ex trem al 
i d e n t i t i e s , may be de te rm ined  from s i x  i n t e g r a b i l i t y  c o n d i t io n s  o b ta in e d  
from an e x tre m a l  c o n d i t io n .  The e x tre m a l  c o n d i t io n  i s  in  e f f e c t  F e rm a t 's  
p r i n c i p l e .  These i d e n t i t i e s  p lay  no d i r e c t  r o l e  in  th e  development o f  th e  
th e o ry ,  o r  i n  th e  com pu ta tion  o f  c o e f f i c i e n t s .  R a th e r ,  t h e i r  v a lu e  l i e s  
in  th e  f a c t  t h a t  th e y  a r e  d e r iv e d  from a p r i n c i p l e  co m p le te ly  o u t s id e  th e  
th e o ry  and hence can be used f i r s t  as  a v e ry  v a lu a b le  n u m erica l  check on 
th e  a lg e b r a  o f  th e  th e o ry  and l a t e r  as an a id  to  th e  "debugging" o f  th e  
programme f o r  com puting th e  c o e f f i c i e n t s .
44. The I n t e g r a b i l i t y  C ond it ions
W ith th e  x -p la n e s  o f  th e  f i r s t  and j t h  s u r f a c e s  as  base  p la n e s ,  
l e t  th e  p o in t  c h a r a c t e r i s t i c  o f  th e  p la n e  symmetric system  (K) be V. I f  
th e  b ase  p o in t s  a r e  ta k e n  to  be th e  p o in t s  o f  i n t e r s e c t i o n  of th e  b a s e - r a y  
w ith  th e  f i r s t  and j t h  s u r f a c e s ,
d V = A j (N^.dY) , (4 4 .1 )
i s  a t o t a l  d i f f e r e n t i a l  i r r e s p e c t i v e  o f  t h e  independen t v a r i a b l e s  w here , 
f o r  any q u a n t i t y  Q, A^Q i s  d e f in e d  to  be The s e t  o f  independen t
v a r i a b l e s  w i l l  be ta k e n  to  be .S and T. I f  th e  p a r t i a l  d e r i v a t i v e s  o f  Q
w ith  r e s p e c t  to  S , S , T and T a r e  r e s p e c t i v e l y  denoted  by Q , Q , y z y z  > y » z
2 See, f o r  i n s t a n c e ,  M§22b and Buchdahl (1965) §9.
1 j " 1A lso , w r i t e  A^'Q = Qj 1 -  Q^. Note t h a t  A^Q =* ^2 -jAQ^.
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Q and Q , the differential dQ is given by ,v ,w
dQ = Q dS + Q dT +  Q dS + Q dT ,y y ,v y ,z z ,w z
Applying this to the total differential dV, the four equations
V = A  . Nß. Y=>y j ~ N.Cß.Y. +7.Z. ) -j j j>y j j,y >
V= >v V= ,z = A.(Nfi.Y>z) V =A.(NS.Y ) , (44.2)= ,W J *- ,w
are obtained. Nov, for any pair of distinct indices r and s taken from
y, v, z and w, V = V . There are six such equations and these are =,rs =,sr
just the six identities from vhich the extremal identities are found. In 
detail
A.N<£
A.N(j3
AjN(J3
,y
»y
,v
.y -a y )~,w y
Y
= 0 ,
= 0 ,
= 0 ,
AjN(fi 
A . m  
A jm
•x )z ,y
.Y ) z sv y
.Y ) w ~,z'
= 0 
= 0 
= 0 . (44.3)
The direction cosines may be expressed as functions of the basal 
variables V and W, and thus both £  and Y are in principle known as para- 
canonical expansions. Substitution of these into (44.3) yields the required 
identities between the G-coefficients. Note: of (44.3), the first and
last are even in Z and W, whereas the rest are odd. Thus ^n(n+l)(n+2)
identities between the nth order G-coefficients are obtained from (44.3)
2
when n is even, or g(n+l)(n +2n-l) when n is odd. Clearly this is in 
excess of the number given in §43 and the identities obtained from (44.3) 
are not mutually independent. It can be checked by inspection of the 
identities themselves that only the required number are indeed independent.
The algebra required to derive the extremal identities is tedious
but systematic and it is sufficient to give the details of the derivation
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of a s in g le  id e n t i t y  for  each o f the req u ired  orders (§ 4 6 ), th e  remainder 
being derived  in  th e  same manner. A ll o f the id e n t i t i e s  of th e  f i r s t  
th ree orders are g iven  in  §47.
45. Expansions o f  q , ß and y
The d ir e c t io n  c o s in e s  o f an a rb itra r y  ray must be expressed  in  
terms o f .S and T. This i s  done in  the u su a l manner by f i r s t  expanding 
in  terms o f the ca n o n ica l v a r ia b le s  and then u sin g  (2 5 .6 ) .  From th e  
d e f in it io n  o f V i t  fo llo w s  th a t
a  = a B(l+ 2 a BßBV-taB2V.V)'i , ß = a(Vß+V) , = aW .
For th e f i r s t  th ree  orders th e n on -van ish ing  su rfa ce  c o e f f i c ie n t s  o f a  are
p0
>
tS
J = “a B2ßB ’
A
q =
a 5 * ®alO = ’ H s 3 3
^ a l l = J a BßB ( 3 - 5 ß B2 ) ,
P
’ a  16
3 4 „
2a B PB '
( 4 5 . 1 )
Thus, the non -van ish ing  su rfa ce  c o e f f i c ie n t s  of ß and 7 are
^ß2
= CL ,B ” V = a B ’
A = .  3  \ A0 = - a 2ß B BSß5 2 B ßB ’ 77
Sß 10 = ~ K 2|3b ’ 71 3 = i a ß3 (3ß
1
ß ll " H 5 ( 5 ß B2 - l ) t9 7 20
1 3
= - 2 a ß
^ ß ! 6  ^ B  * ( 4 5 . 2 )
I t  i s  conven ient to  w r ite
ß = ßB + c*b3V + ß* , 7 = OgW + 7* , (4 5 .3 )
and determ ine the p aracan on ica l expansions o f ß* and 7* rath er than ß and
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TABLE 45/ 1 The ^ - c o e f f i c i e n t s
ro -I = ^ o n v +2sft, v  s pl p 11 a p5 a vl
= 3^ n n v V + 2 s  r(v  s +v s ) p2 ß l 1 a b ß5 a v2 b vl
:oc = v v 2+2s (v s c+vus )P5 ßl 1 a b ß5 a v5 b v2
roo = t n, . v  w 2+2s ^„v s _+2s„,^ w s „ ß8 ßl6  a a ß5 a v8 ß 10 a w3
'ß9 = 2 tß ,6 VaWa V rSß5VaSv9+2= ß l0 (WaS»4+WbSv3)
ß 10 = t ß l6VaWb +2sß5VaSvlO+2sßlOWbSw4
r =  £  v  2 + 2 s  V  S
ßl 1 ß l l b  ^ Sß5 b v 5
”(3 1 » = t Q1, v  w +2socv, s Q+ 2sn1-W s , ß 14 ß l o b a  ß 5 b v 8  ßlO a w6
ßl  5 2 t 01, v,w w,+2s0 _v, s ft+ 2 s . i n (w s _+w, s c )  ß l o b a b  ß 5 b v 9  ßlO a w7  b w6
.,v, w 2+2s ._v ,  s  ,_+2£L,rtw,s
s* = 5  v
ßl ß5 a
s* = 2s v vß2 ß5 a b
s* = s v ß5 Sß5 b
S*ß8 = S ßlOWa 
S*ß9 = 23ß 10"aWb 
s*ßio = 9ßiowb2
ß 16 ß!6 b b ß5 b vlO ß l 0 b w7
t*
73 = t  V 2 W +S -.(v s  +w s  )713 a a 7? a w3 a v l S*73 = s _v w 77 a a
t*
c 74 = t  -_v  2w,+s  _ ( v  s +w s , )  713 a b 77 a w4 b v l s* /7 4 = S _V W,77 a b
t* .  76 = 2t  v  v, w +s _ ( v  s ,,+v, s -tv s )713 a b a 77 a w6 b w3 a v2 s* c 76 = s VW y l  b a
t* 77 = 2 t ,  „v v , w , + s  _ ( v  s -,4v, s ,+w, s ) 713 a b b y l  a w7 b w4 b v2 s* 77 = s _v, w, 77 b b
2. /s
r =  £  ,  »V , W +S _ ( w  S _+V , S , )712 713 b a 77 a v5 b w6
2
r - n = t  , _V, W. +S _ (w. S -+V, s _)713 713 b b 77 b v5 b w7y
f = t  oAw 3+s _w s _717 720 a y l  a v8
718 = 3 t720Wa V v (V v 8 - H'aSv 9 )
719 = 3 t720WaWb2+9r 7 (V'bSv 9 ^ a Sv l0 )
720 ^720Wb +S77^)Sv l 0
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7 . T h i s  i s  a c c o m p l i s h e d  by s u b s t i t u t i n g  f o r  V i n  JjJ* a c c o r d i n g  t o  ( 2 5 . 6 ) .  
The r e s u l t i n g  ^ - c o e f f i c i e n t s  a r e  g i v e n  i n  T a b l e  4 5 / 1 .
46 .  D e t e r m i n a t i o n  o f  t h e  E x t re m a l  I d e n t i t i e s
To i l l u s t r a t e  t h e  d e r i v a t i o n  o f  t h e  e x t r e m a l  i d e n t i t i e s ,  one 
i d e n t i t y  b e tw e en  each  o f  t h e  f i r s t ,  s econd  and  t h i r d  o r d e r  c o e f f i c i e n t s  
w i l l  be  o b t a i n e d  from t h e  f i r s t  member o f  ( 4 4 . 3 ) .  I f  J3 and Y a r e  e x p r e s s e d  
as  sums o f  t e rm s  o f  t h e  n t h  o r d e r  i n  .S and X»
ß = Y =3
(n)
j
t h e  t e r m s  o f  t h e  z e r o t h ,  f i r s t  and second  o r d e r s  i n  t h e  f i r s t  member o f  
( 4 4 . 3 )  y i e l d  t h e  f o l l o w i n g  t h r e e  e q u a t i o n s ,  v a l i d  f o r  a l l  S, and T:
A N(ß ( 1 ) y ( 1 ) -ß  ( 1 ) y ( 1 ) ) = 0
>y >v ,v  J , y
AN(ß ( 2 ) y ( 1 ) -ß  ( 2 ) y 0 ) +ß ( 1 ) y <2 >-ß ( 1 ) y ( 2> ) = 0  ,»y »V , v  J , y  , y  , v  , v  J , y
AN(ß ( 3 >y 0 >-ß ( 3 ) y ( 1 ) +ß ( 2 ) y ( 2 ) -ß  ( 2 ) y ( 2 >+ß ° > y  ( 3 ) ., y  >v , v  J , y  , y  , v  ,v  J , y  , y  '  , v
o 0 )  ( 3 ) .  (2) (2) „ (2) (2) .  n-ß  y +7 z -7  z ) = 0 ,
>V J , y  , y  , v  7 , v , y ( 4 6 . 1 )
w h e re ,  t h r o u g h o u t  t h e  r e m a i n d e r  o f  t h i s  C h a p t e r ,  A i s  t o  be  u n d e r s t o o d
t o  mean A ..
J
Now, ß ^   ^ = ß^ S> +  ^^T  , y ^  = y^j5 +  _y^T and t h e  f i r s t  member
o f  ( 4 6 . 1 )  may be w r i t t e n
A N (ß |y )  = 0 .
S in c e  ß a
ß = a_ v, , t h i s  becomes b B b
ANy ( y | v )  = 0 ,
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which is identical with the first member of (14.3). The second member of 
(46.1) is linear in S and T and hence yields two identities. They y
coefficient of S givesy
^ V ß l ' V y l 3 + AN(ßaSy2'yaSß2) (46.2)
The expression on the left of this equality is typical of the manner in 
which the nth order G-coefficients enter into the identities between the 
nth order coefficients. The ^-coefficients are given by
(n)
pVT aB VpVT
(n) + ß* (n)pVT <T W B pVT
(n) + 7* (n)pVT
Thus, (46.2) becomes
2N (y,s -v, s ) + N (v s -y s .) y b vl b yl y a y2 a v2 -AN(2ybs*ß1-yas*ß2)
since at the first surface all y- and v-coefficients of orders greater 
than one vanish. Moreover, in view of (40.5), the left hand member of 
this may be expressed simply in terms of the G-coefficients and, using 
(14.3) the above equation becomes
Sgy2a - 2Sgylb = = 3(Nyl/g)AaBPBVa *
Identities between the third order G-coefficients are obtained in a
similar manner from the last member of (46.1). This is of the second
order in and T and transforms like Y under reflection in (M) . Hence
2six third order identities are obtained. From the coefficient of Sy
^ V ß l ’V y l 5 + AN(ßa V yatß2) = ^ " y V Sß2_Sy2Sßl} *
which, after rearranging the left hand terms as above, yields
3T - T = AN(y t* -3y,t* .) + 2N(s .s -s s ) gylb gy2a Ja ß2 Jb ßl yl ß2 y2 ßl
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47 . The F u l l  Se t  o f  Extremal I d e n t i t i e s
The f u l l  s e t  o f  12 second order and 28 t h ir d  order extrem al  
i d e n t i t i e s  o b ta in e d  in  t h i s  manner from ( 4 4 .3 )  a re  g iv e n  in  T ab les  4 7 / 1 , 2 .
In  t h e s e  e q u a t io n s  A i s  to  be understood to  be A^ , and a l l  q u a n t i t i e s  w ith ou t  
a s u r fa c e  in d i c a t o r  a t ta ch ed  r e f e r  to  th e  j t h  s u r fa c e .  According to  ( 4 3 .2 )  
t h e r e  sh ou ld  o n ly  be ten  second order and 21 t h ir d  order i d e n t i t i e s .  
C o n seq u en tly ,  two o f  the  second order i d e n t i t i e s  and seven  o f  th e  t h ir d  
order i d e n t i t i e s  must in  e f f e c t  be com b inations  of  th e  rem aining i d e n t i t i e s .  
By i n s p e c t i o n  i t  i s  seen  th a t  ( i )  th e  sum o f  th e  fo u r th ,  f i f t h  and 
e le v e n t h  members o f  T able  47/1 i s  z e r o ,  and ( i i )  the  n in th  member o f  
T ab le  47/1  i s  the  sum o f  the  e ig h th  and t w e l f t h  members. No o th er  r e l a t i o n s  
can be found between the  second order i d e n t i t i e s  and thus te n  o f  the  tw e lv e  
are  in  f a c t  m u tu a lly  independent. Seven s im i la r  r e l a t i o n s  can be found  
between th e  t h ir d  order i d e n t i t i e s ,  l e a v in g  o n ly  21 m u tu a lly  independent  
t h ir d  order i d e n t i t i e s .  The f i r s t  order i d e n t i t i e s  are  j u s t  ( 1 4 .3 )  and 
are  n o t  r e p e a te d  h e r e .
TABLE 47/ 1_____Second Order Extremal I d e n t i t i e s
Sgy2a * 2Sgy lb  " AN(2y» s* ß f  V * ß 2 >
, 2S -
gy5a
• s
gy2b '  AN(ybS*ß2*2ya S*ß5)
s g z3a -  2Sgy8< = AN(2ya sV V V * Sgz4a
s
gy9a = AN(y as*ß9 z as* y 4 )
Sgy9a -  Sgz3b = AN(W W * 2SgylOa ^gz4b
= AN(zbs*r 4 -2 y a s* ß l0
o -  ?s = AN(2y, s* 0- z  s* )
gz6a gy8b  ^ a 7b Sgz7a Sgy9b
= AH(ybs*ß9- z as * 77)
Sgz6b -  Sgy9b = AN(V V V V Sgz7b
oc
gylOb
= AN(2ybs* ß ]0 - z b s* 77)
Sgz3b •  Sgz4a = AK( V W V 3 ^gz6b Sgz7a ■ ^ v V 'v V
In  T ab le  4 7 / 1 ,  th e  f i r s t  l i n e  a r i s e s  from th e  f i r s t  i n t e g r a b i l i t y  con­
d i t i o n  ( 4 4 . 3 ) ,  th e  second from the se c o n d ,  e t c .  In  Table 4 7 / 2 ,  the f i r s t  
group a r i s e s  from th e  f i r s t  i n t e g r a b i l i t y  c o n d i t io n ,  th e  second from the  
secon d , e t c .
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TABLE 47/2  Third Order Extremal I d e n t i t i e s
Tg y 2 a ’ 3Tgylb  = + 2N(Sy2Sß f  Sy l V  ’
Tgy5a '  Tgy2b = AN< V V ^ V  + 2N(sy5SPr Sy l V  ’
3Tg y l l a  -  Tgy5b ■ AM<ybt *ß5‘ 3y«e* p i l ) '+  ’
Tgyl4a  Tgy8b = AN(ybt "ß8'yat "ßl4:) + N S^73Sz6"S/ 6 Sz3) ’
Tgy15a -  ~gy9b = AN(ybt* P9‘ yat% 15) + N(sr3 Sz 7 - Sr7S23+Sy4Sz6 - Sy6SZ4 ) ’
Tg y l6a •  f gy 1 Ob " + N(s74 Sz 7 ' S77Sz4) >
T „ -  Tgz3a gy8a ^ W W  + 2N(sß8Sy l ‘ SPl Sy8 )
2Tgz4a -  Tgy9a " ^ W ^ a ' V  + N(S73Sz 4 - S74Sz3+2Sß9Sy r 2 s ß l Sy9) ’ 
Tgz6a ‘  2Tgyl4a  = AI'l(2ya C"ßl4"Zat "76) + N(s76Sz3’ S73Sz6+2sß8Sy2*Sß2Sy8) ’
Tgy7a -  Tgyl5a  " ^ a ^ ß l S ' W  + N(S76Sz 4 - S74Sz6+Sß9Sy2*Sß2Sy9) ’
Tgy9a -  2Tgz3b = AN<2z b V yat*ß9) + N(S73Sz4‘ S74s z3+2sßl s y9‘ 2 s ß9s y l } ’
TgylOa '  Tgz4b = AN(zbt *74‘ yat 'Cß l 0 ) + 2N(sß l Sy l 0"s ß l0 sy15 ’
T " T = A N (z ,t*  , - y  t*  + N(s _s - s  _s „ + s . . s  - s __s  n) ,gy!5a gzob b 76 a ß 15 /3  z7 y l  z3 ß2 y9 ß9 y2
2T -  T = AN(z, t* -2y  t* _ , )  + N(s , s  _ - s  s / +2s_/,s , - 2 s „ , ~s ^ ,g y !6a gz7b b y l  Ja ß 16 y4 z7 y l  z4 ß2 ylO ßlO y2
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TABLE 47/2  co n tin u ed
T -  2T gz6a gy8b
T - T gz7a gy9b
AN(2Vbt “ß 8 -Za t % 6 ) + N (s73s z 6 - s76s z3+ 2sß8sy 2 '2 sß2sy8) ’
'“W  W  + N(S73Sz7- s 77Sz 3+ sß9Sy2"Sß2Sy 9) ’
g z l2 a  gy14b AN(yb t ’" ß l 4 'Za t '''y l2 ) + 2N (sß8Sy5"'1ß5sy8)
!76Sz7 "S77Sz 6 '“ “ß9"y5 "ß 5 'y 9 '2Tg z l3 a  ‘  Tgyl5b  “  AN(yb t ‘Äß 1 5 '2Za t * 7 l3 ) + N<s - s - - s - s - + 2s="S- - s - s --~> *
Tgy9b Tgz6b = AN(zb t * r6 - 3
2Tgy10b
-  T
g z 7b “ AN( zb e* 77- :
Tg y l 5b - 2Tgzl 2b = AN(2zbt * r 1 .
Tgyl6b ’ Tg z l 3b ■ *"< W »
Tgz3b Tg z 4a * AN ( z t*  . -: a 74
Tgz6b Tgz7a
= AN(z t*a 77
T - T = AN(z t*  ■gz12b g z 13a v a 713
3T “ T = AN(z t *  , 0'g z 17b gz l  8a v a 7I8
T -  T = AN(z t *  , _gz l  8b g z l  9a a 7 1 9
T - 3T = AN(3z t *  „gz l 9b gz20a a 72
19' v 76 z4 74 z6 ß2 y9 ß9 y2 
ßlCp + N(S77Sz4‘ S74Sz7+2sß2Sy l0" 2 sß l0 Sy2' 
:W  + N(S76Sz 7 - S77Sz6+23ß5Sy9‘ 2Sß9Sy5) 
tß l6 ) + 2N(sß.5Sy l 0 ' Sß l0 sy5) >
0) + N(s . s - s  0s ) ,y y  / 4  z3 y 3 z4
, )  + N ( s  , s  . * s ^ s  -+s , s  - - s  , s  , )  ,Y6 77 z3 73 z7 74 z6 76 z47
> 12) + N(S77Sz6- S76Sz7 ) ’
+ 2N(sß9Sy8“ Sß8Sy9)
>*7 l 8) + 2N(sß 10Sy8“ Sß8Gy l 0)
t ''7 l9 ) + 2N(sß10Sy9”Sß9Sy l 0 )
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VIII. CLASSIFICATION AND INTERPRETATION OF COEFFICIENTS AND ABERRATIONS
48. The Classification of the Aberrations in the Axial Theory
(a) The aberration of a plane symmetric system has the formal
paracanonical expansion
<»>s “-Hr ^ vs V'tt tpVT ~pVT y y z zJn J&E (48.1)
Due to symmetry requirements V is even for E ^  and odd for E ^ypVT " zpVT
Formulae have been given which make it possible to compute the aberration
(n)coefficients EpVT when the surfaces are spherical. However nothing
has been said of the meaning of the various coefficients. It is possible 
to classify the coefficients into small groups characterizing a
particular type of aberration. Although the meaning of the corresponding 
coefficients for any quantity Q bears no relation to that of the E ^ ^ n  ^ ? 
:V: is convenient to extend this classification formally to the coefficients 
of Q.
(b) In the context of the axial theory Steward1 classified the terms
of the aberration functions into two distinct classes: the S-group and
the C-group. Any particular aberration of the S-group is an astigmatic- or 
S-type of aberration and is symmetric about the meridional plane through 
the ideal image and normal to the meridional plane. Any particular 
aberration of the C-group is a comatic- or C-type of aberration and is 
symmetric only about the meridional plane. Each term in the aberration 
functions depends on the object height H and the radius p of an annular
1 Steward (1958) §16
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zone of the entrance pupil through the factor p^n where m = 0,1,2,...
...,2n+l and is even for S-types and odd for C-types.
2Buchdahl further classified the aberrations in each type according to 
their dependence on p and H. Thus, an aberration depending on p4-11 m+^hm 
is said to be (2n+l)th order, mth degree coma if m is odd , (2n+l)th order, 
(2n-m-H)th degree astigmatism if m is even. It will be seen that this 
classification can be extended to asymmetrical systems.
49. S- and C-types of Aberrations
(a) When parabasal imagery was discussed, polar coordinates (p,0)
were introduced in the entrance pupil (§2lb):
S = ap cos 0 , S = p sin 0 •y z
It is now expedient to introduce polar coordinates in the object plane. 
With the basal point of 0^ as origin, set
H . = H cos <J> , H = H sin <t> ,yl zl
whence, if SPC are used,
T = tH cos <t> , T = t H sin 4> •y z
When these sets of polar coordinates are substituted into (48.1), either 
the various powers of a and t may be absorbed into the coefficients, or 
a and t formally set equal to unity. Either way, the powers of these 
constants may be readily recovered if required and the nth order terms 
of (48.1) become
2 Buchdahl (1958) §7
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e (n } = £
~  ' i v T  *\±y
(n) n-ii+V-T u-V-H n~p. . V-Ta p-V. . T.  . . .  .p H cos 0 s in  0 cos <t> s in  4> . (4 9 .1 )pV '"‘pVT
R eplace  V by V ^ .  v + t , S ince  p ^ V ^ t , V s a t i s f i e s  p ^ V ^ t . I f
(4 9 .1 )  becomes 
£ (n)
Now
Then
II
^J-Vt
n
z
pV'T
£ _ (n) = E (n)
pVT ~p(p-V*K)
(n )  n-VTT9  n -p _  . p -V „  V -t . . T. . . .  %p H cos 0 s m  0 cos <t> s m  <t> • (4 9 .2 )
n p v n n v
pSo vSo Ä )  ” vSo p=V Ä
& (n) - v£o pn' V F - (n)(e,*) , (4 9 .3 )
w here
J \ / n ^(0>4>) = Z- z l  ^ cos^  T4> s in T<b **V p=V [_T=0 pVT co s11 ^0 sin^1 ^0
&> %lV
« (n) n-p^ . p-VE -  cos 0 s in  0 (4 9 .4 )
The l a s t  e q u a tio n  d e f in e s  . The summation in  (4 9 .3 )  c o n s is t s  o f two
p a r t s :  f i r s t ,  when n-V i s  even and second , when n-V i s  odd. C onsider
(4 9 .4 )  when n-V i s  even . In  t h a t  c a se  a l l  term s in  (4 9 .4 )  a re  a l t e r n a t e l y
2s 2 r 2s 2 ro f th e  form  cos 0 s in  0 o r s in  20 cos 0 s in  0 . S ince  cos 20 *
= 2 cos^0 -  1 -  1 -  2 s in ^ 0  , t h i s  g iv e s  (0,4>) as a fu n c tio n  o f 20 o f
th e  form
.E-( n ) ( e ,* )  = Fc 7 ( n ) (2e,4>) = i - ( n ) (co s  2 0 ,» )  + s in  20 i , (n) (cos 2 0 ,» ) .
(4 9 .5 )
-  2s 2rWhen n-V i s  odd th e  sum in  (4 9 .4 ) c o n s i s t s  o f term s cos 0 cos 0 s in  0 and
2 s 2|* (n)
s in  0 cos 0 s in  0 and (0,<t>) i s  a fu n c t io n  o f  0 o f  th e  form
£ - ( n ) (0 ,» )  = l s , ( n ) (0 ,» )  = COS 0 ^ ( n ) (cos 2 0 ,» ) + s in  0 jgp<n)( Coe 2 0 ,* )  .
(4 9 .6 )
D efin e n-V V
£ c = Z t f  (20,<t>)P H (n-V even) ,
(n) v  t. (n) . . . n-V V
4s = \Äo S^V (e,*)p H (n-V odd)
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and hence
+ £«
w here £ c w  i s  a f u n c t io n  29 c o n ta in in g  o n ly  even powers o f p and 
i s  a f u n c t io n  o f  9 and c o n ta in s  on ly  odd powers o f p .
(4 9 .7 )
(n)
By summing (4 9 .7 )  from n = 1 to  th e  t o t a l  a b e r r a t io n  becomes
~  ~C + ~S *
n -9  V
w here <er  and e. a re  sums o f term s p ro p o r t io n a l  to  p H w here n-$  i s  
even and odd r e s p e c t iv e l y ;  i s  th e  sum o f a l l  a b e r r a t io n s  b e lo n g in g
to  th e  O g ro u p  and €„ i s  th e  sum o f a l l  a b e r r a t io n s  b e lo n g in g  to  th e
u
('n') n**9 V (n^ n*. V V
S -g ro u p . Each in d iv id u a l  te rm  .F ^  (20,<t>)P H in  jec o r £<,- ( 0 , <1>)P H
in  £  i s  s a id  to  r e p r e s e n t  a d i s t i n c t  a b e r r a t io n - ty p e . In  p a r t i c u l a r ,  th e
a b e r r a t io n  ty p e s  in  a re  c o m a tic - ty p e s ; th o se  in  jeg a re  a s t ig m a t ic - ty p e s .
I f  two or more a b e r r a t io n s  o f  th e  same ty p e  a re  combined, th e  r e s u l t a n t
i s  an a b e r r a t io n  o f  th e  same ty p e , o th e rw ise  th e  a b e r r a t io n  i s  s a id  to
be m ixed. In  p a r t i c u l a r ,  th e  term  in  (4 9 .7 )  depending  on p and H th rough
th e  f a c t o r  pn w i l l  be c a l le d  e i th e r
( i )  n th  o r d e r .  ( n -$ ) th  d eg ree  a s t ig m a t i : m i f  n-V i s  odd 
o r  ( i i )  n th  o rd e r . 9 th  d eg ree  coma i f  n-V i s  even ,
and c o n s t i t u t e s  a fun d am en ta l or b a s ic  a b e r r a t io n - ty p e . E v id e n tly  an 
a b e r r a t io n  ty p e  i s  u n iq u e ly  d e term ined  by th e  v a lu e s  o f n and V = p -  V + T. 
The a b e r r a t io n  c o e f f i c i e n t s  o f  o rd e r  n a re  th u s  d iv id e d  in to  n+1 groups 
by t h i s  c l a s s i f i c a t i o n  in to  a b e r r a t io n  ty p e s  and knowledge o f a l l  c o e f f i c i e n t s  
w ith  a g iv e n  v a lu e  o f  n and v co m ple te ly  d e te rm in e s  th e  c o n t r ib u t io n  to  
by th e  c o rre sp o n d in g  a b e r r a t io n - ty p e .
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(c) This classification can be extended to the coefficients of
quantities other than 4  by simply examining the values of n and V irres­
pective of the fact that the coefficient is quite unrelated to coma or
astigmatism. In particular, the aberration type with V* = n is frequently
(n) n-T tcalled distortion (see §7b) and for any quantity Q the term q ^ ^  T T 
is said to be a distortion term. Moreover, the surface coefficients 
q ^  are also classified according to (i) and (ii) of §49b. Thus the
r L
coefficients q are (surface) coefficients of distortion terms.nTT
The formal expansion (48.1) is valid even in the absence of 
plane symmetry provided the restriction on the values of V is relaxed. 
Formally, (48.1) is also independent of the nature of the surfaces. It 
is evident that the classification of aberrations into S- and C-types 
is valid for an arbitrary optical system.
50. Characteristic Features of Astigmatic and Comatic Aberrations
(a) Some general conclusions regarding the shape of the image patch
in the presence of a single aberration-type may be drawn from the form of 
(49.5,6). It will be assumed that vignetting is adequately represented 
by p ^ Pmax* Consider first a particular astigmatic-type
n-VTJV_P h f , (n)CM)
It is evident from (49.6) that if p is kept fixed and 6 allowed to vary 
(0 ^ 0 £ 27T), a closed curve in the image plane is obtained from the above
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equation for je. Such a curve is called an aberration curve. There are 
no terms independent of 0 in 1? ^  (0,<t>) and consequently, as p takesO V
values 0 g p ^ p , the origin e = 0 remains within the curve max ~
0 ^ 0 ^  27T. Moreover, only a single power of p is involved in je and all
of the aberration curves 0 ^ p ^ p are geometrically similar. Thus themax
image is a patch of light bounded by the curve p = pmax
Now consider a single comatic-type:
4 = pn‘VHV£Cv(n)(2e,4) .
As before, for fixed p, the curve 0 £ 0 S 2ir is closed but since is 
of period 7T in 0, it is traversed twice while 0 varies from 0 to 2TT. By 
varying p, geometrically similar curves are again obtained. However, '
contains a term independent of 0 and the aberration curves are translated 
with respect to each other as p is varied. Two cases arise. First, the 
origin £ = 0 remains either within or on the aberration curves and, second, 
the origin lies outside the curves. In the latter case the same power of 
p governs both the magnification and translation of the curves and each 
curve will touch two fixed straight lines through the origin. Thus the 
image patch is bounded by two straight lines and an arc of the curve 
p = p^^, clearly bearing a great resemblance to the typical case of linear 
coma for a rotationally symmetric system. The case where the origin remains
For pencils of sufficiently small aperture, those rays for which 
p = const, will pass through an annular aperture in the diaphragm and 
the aberration curves are identical with the aperture curves (§78) 
obtained by vignetting all rays apart from those which pass through 
a specified annular aperture in the plane of the diaphragm.
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within the aberration curves is a degenerate case of typical coma and arises 
when the slope of the tangent lines is imaginary. Consequently, no distinc­
tion will in general be drawn between these two cases of comatic aberration- 
types.
It is evident that both the comatic and astigmatic aberration- 
types are in general asymmetric. That is, they are neither symmetric about 
a line normal to @ , or about a line parallel to (M). In the presence 
of two or more astigmatic aberration-types (but no coma), the aberration 
curves are no longer geometrically similar since two or more distinct 
powers of p are involved. In the presence of two or more comatic-types 
(but no astigmatism) the tangent lines will become curves and the image 
patch may combine features of both cases of coma discussed above.
(b) In the above the object was in general not in the meridional
plane. Thus, for a fixed object, (K) would behave essentially as an 
asymmetric system. In fact, the general conclusions obtained above hold 
for asymmetric systems. Now suppose that the object lies in (M) • Then 
<t> = 0 and only those coefficients for which t = 0 will contribute to the 
aberration. Consequently, since the system is plane symmetric, p - ^ = V 
is even in e and odd in e . In the light of this, the formation of they z
functions Fg-j^ n  ^(0,4>) and ^  (29,<t>) should be reconsidered. The
(n) 2^  2sindividual terms in F -v are now of the form cos 0 sin 0 , and inyCV
Fz£-j^ n  ^ of the form sin 29 cos‘~T9 sin^S0. Thus^
>«#
Since = 0, the formal dependence of FV.-^ etc* > on * will be dropped
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Similarly,
FyS-(n)(0) = cos e gy,(n)(cos 20) , FzS-<n>(20) = sin 0 gz-(n)(cos 20).
(50.2)
The general form of the aberration curves is unchanged. However, both 
the comatic and astigmatic aberration curves are symmetric about ®  
and the astigmatic aberration curve has the additional property of being 
symmetric about the line = 0. A combination of any number of aberra­
tions of the same type will preserve the symmetries associated with the 
appropriate aberration-type. However, a mixed aberration is only symmetric 
about (M). As the strength of the comatic aberration in the mixture is 
increased, so is the asymmetry about = 0 . (cf. figs. 12,13 and 
figs. 14,16.)
(c) A further specialisation is the case of a basal object. In this
case H = 0 and only those terms for which T = 0 , p = V (i.e., V = 0) will 
contribute to the aberration. £  and ~ s v ^  are aSa^n Siven by
equations of the form (50.1,2) (with V = 0) and the image patch has the 
same general appearance as when the object is meridional but not basal.
This is to be expected since no additional symmetry property is invoked 
by constraining the object to lie on (R^ . When n is even, the aberration 
is comatic; when n is odd, the aberration is astigmatic. Thus the 
aberration of a basal object is not a generalisation of spherical aberration 
in the axial theory, since spherical aberration is exclusively astigmatic. 
(Compare these results with the analogous ones for a symmetric system in 
the axial theory. When the object is not axial the plane through the axis 
and the object is a plane of symmetry of the system. The form of the image 
is well known and in full accordance with §50b above. If the object is 
now chosen to lie on the axis, rotational symmetry is invoked and the 
image is rotationally symmetric. In fact is is exclusively astigmatic.)
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51. Displacements and Rotations of the Image Plane
(a) Suppose the image plane is displaced along the x-axis by an
amount x, measured positive if the displacement is in the positive x- 
direction» This effectively decreases both x and x by the amount x andrl d
the change in the image height is xV. In the new image plane the image 
height is given by
1 = e. + JSgj + x V = e. + xv^S + xV+ + (m+xv^T)H^ .1 
If the magnification in the displaced image plane is defined to be
m = m + xvfaT ,
the new aberration is
1  = e. + xv^S + xV+ , (51.1)
and the corresponding coefficients are
= E -f xv "'“a ~a E ^ (51.2)
By varying x the values of these coefficients are changed. Thus the plane 
of best focus may be determined from a knowledge of the coefficients of 
the system. Suppose a certain jy-coefficient is large compared to the others 
or in comparison with the corresponding aberration coefficient. Quite 
small displacements of the image plane then suffice to change the corres­
ponding aberration coefficient by a significant amount whilst the others 
are virtually unaffected (see §S0a). Since a single parameter is involved 
in a displacement of the image plane, only a single coefficient can be 
adjusted independently of the others by this means. The coefficient 
adjusted in this manner is usually either of the two coefficients of first
For the remainder of this chapter, the magnification is assumed to be 
independent of .
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o rd e r  f i r s t  d eg ree  a s t ig m a t ism .
Now suppose t h a t  the  d isp la cem e n t  x i s  so sm all  t h a t  xV+ i s
n e g l i g i b l e  as  compared to  xv S, Then
aT~
€ = € + xv p cos  9 , I  = e + xw p s in  9 . ( 51 . 3 )y y a z z a y
Suppose th e  a b e r r a t i o n  £ i s  pure  coma. Then e and e a re  fu n c t io n s  o f
y z
29 and i f ,  i n  ( 5 1 .3 ) ,  9 i s  r e p la c e d  by 9+TT and x by - x ,  i s  unchanged.
I t  fo l lo w s  t h a t  th e  m an ifo ld  of ra y s  form ing th e  image i s  symmetric about
th e  u n d is p la c e d  image p la n e .  C onsequen tly  th e  a r e a  o f  the  image in  th e
u n d is p la c e d  p la n e  i s  l e s s  th a n  t h a t  in  any d i s p la c e d  p la n e .  Thus a
d is p la c e m e n t  o f  th e  image p la n e  w i l l  n o t  have any advantageous e f f e c t
2
on a com atic  a b e r r a t i o n .  Moreover, th e  most o b je c t io n a b le  e f f e c t  o f
coma i s  i t s  asymmetry. T h is  a r i s e s  because  of th e  e x i s t e n c e  in  th e
a b e r r a t i o n  o f  term s independen t o f  9 , I t  i s  e v id e n t  from (5 1 .3 )  t h a t
sm all  d is p la c e m e n ts  o f  th e  image p lan e  can have no e f f e c t  on th e  asymmetry,
(U su a lly  asymmetry can  be a l t e r e d  on ly  by making changes to  th e  system  so
as to  in t r o d u c e  an asymmetry of th e  o p p o s i te  s ig n  to  t h a t  a l re a d y  p r e s e n t . )
I f  th e  a b e r r a t i o n  i s  no t pure  coma th e n  th e  m an ifo ld  of ra y s  i s  asymmetric
w i th  r e s p e c t  to  th e  u n d is p la c e d  image p la n e  and a d isp lacem en t can be
2
used to  red u ce  th e  a re a  o f  the image. A c l a s s i c  example o f  t h i s  i s  
s p h e r i c a l  a b e r r a t i o n .
I t  i s  im p o r ta n t  to  n o te  th e  d i s t i n c t i o n  between t r a n s f e r  (§10) 
and d isp la cem e n t  o f  th e  image p la n e .  In  th e  former no p h y s ic a l  changes 
a r e  in v o lv e d ,  r a t h e r  th e  changes a r e  in  th e  c o o rd in a te s  w ith  which th e  image
2 c f .  Steward (1958) p .4 9  .
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h e i g h t s ,  e t c . ,  a r e  s p e c i f i e d .  On th e  o th e r  hand, when th e  image p lane  i s
d i s p l a c e d ,  p h y s ic a l  changes a r e  b e in g  made and n a t u r a l l y  the  a b e r r a t i o n s
3
change. Note t h a t  W e in s t e in 's  " t r a n s f e r "  does in v o lv e  p h y s ic a l  changes -  
h i s  wave f r o n t  a f t e r  r e f r a c t i o n  a t  (F) i s  p h y s i c a l ly  d i s t i n c t  from t h a t  
b e fo r e  r e f r a c t i o n  a t  (F^ _ . Thus i t  i s  n o t  s u r p r i s i n g  th a t  th e  t r a n s f e r
3
inc rem en ts  to  h i s  c o e f f i c i e n t s  a r e  n o n -z e ro .
(b) Suppose t h a t  th e  a b e r r a t i o n  c o e f f i c i e n t s  have been de term ined
f o r  th e  image p la n e  normal to  th e  x - a x i s  and th rough  th e  p o in t  0 whose
B
c o o rd in a te s  a r e  Qj, iV ^, 0 ) .  Let th e  a b e r r a t i o n s  and m a g n if ic a t io n s  
a s s o c ia t e d  w ith  t h i s  p lane  be and m = Tjb  ^ r e s p e c t i v e l y .  The image 
h e ig h t  i s  th e n
H = I  +  iV  = € +  hJT
Now r o t a t e  th e  p la n e  about th e  z - a x i s  so t h a t  i t s  normal i s  ( a , ß , 0 ) .
By (7 .4 )  th e  image h e ig h t  a s s o c i a t e d  w ith  th e  r o t a t e d  p la n e  i s
H = w(e +h T )/( l-M V ) , H * e + h T -  ßH W , (5 1 .4 )y y yb y z z zb z y
where
-1w = (a+ßVg)“ , 43 = ßw
The f i r s t ,  second and t h i r d  o rd e r  term s o f  H a r e
H < » w[e ^ + h  UT ]y yb y
H <2> (1 )+h T ) ]
y y yb y
H <3> io[6y ( 3 ) -fley ( 2 ) v ( , ) + 8 (€y (1 ) 4hybTy) ( W 0 ) 2 -V ( 2 ) ) ]  , (5 1 .5 )
3 W ein s te in  (1949) §7,8 .
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and
H <’> ss + h ,T zb z t
H (2> - 6 <2> z z
(1)+h , T ) yb y 7
H 3^ ' = e (3' - $ W ^ [ e  ^ - 3 V ^ 1\e  ^1 ^ +h T )] - z z y y yb y •3W(2)(€ (1)h T ) .(51.6) y yb y
Define the magnification associated with the rotated image plane
to be m:
is = (unym2) = ( ^ hyb>'Thzb) • (51.7)
The aberration in the new plane is then
I = H - j®H1 ,
and the corresponding aberration coefficients may be read off (51.5,6). 
For example, the first and second order coefficients are
E = coE ya ya E = E za za 7
S n = w [S -t3v E ] eyl eyl a ya •öw E a ya
S = <o[S -t3(v h ,+v, E )] ey2 ey2 a yb b ya ■öw, E b ya
S = co[S -t3v h ] ey5 ey5 b yb ez6 ■dh 'w yb a
S =(oS , a = 8,9,10 eya eya 3^h w yb b . (51.8)
Apart from the factor (o, the first order coefficients are unaffected.
However, the second order coefficients S ,, S S _ and S are affectedeyl ey2 ey5 eza
and can be adjusted by a rotation of the image plane. Since only a single
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4parameter is involved in such a rotation, only one coefficient can be 
adjusted independently of the others by this means.
It is customary to discuss the significance of a particular 
aberration-type under the assumption that other types are zero. Consequently 
assume that first order astigmatism is zero, whence (51.8) reduce to
(51.9)
with other coefficients unaltered apart from the factor w for the E -
y
coefficients. The coefficients S , S ^  are coefficients of second order.
decree astigmatism (see §52b) and it is seen that they are associated 
with a curvature of field of the form of an inclination of the image plane. 
The rotation of the image plane has also altered two of the coefficients of 
distortion (see §52d). The third order coefficients are of little interest. 
All coefficients except those of the third order third degree astigmatism 
are affected, even if first and second order aberrations were absent in 
the original image plane.
From (51.7) it is evident that a rotation of the image plane can 
be used to produce equal magnifications in the y- and z-direct ions. This 
would probably be their principle use. Otherwise, rotations are of no 
use in controlling the first order aberrations but could be used to control 
one second order coefficient. Combined with displacements of the image 
plane, two coefficients are under control. Any further improvement 
necessitates changes to (K).
The image plane always conforms with the plane symmetry of the system. 
See Montel (1953) §6.2 .
= to(S - t3v  h ) ,ey2 ey2 a yb7 * Sey5 = co(S -$v h , ) ey5 b yb
r  ~  S - -3h w ,ezo ez6 yb a ^ez7 = S _ - -tSh w ez7 yb b
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52. Second Order A b e r ra t io n s
(a)  The d e t a i l e d  n a tu r e  of any p a r t i c u l a r  a b e r r a t i o n - t y p e  can ,  in
p r i n c i p l e ,  be o b ta in e d  from ( 4 9 .4 , 5 ,6 ) .  In  th e  c o n te x t  of th e  a x i a l  th e o ry
acco u n ts  o f  th e s e  appear  in  most t e x t s . ^  For g e n e ra l  systems t h r e e  works
2 2w i l l  be m en tioned .  F i r s t ,  N i jb o e r ,  and l a t e r  M ontel, c l a s s i f y  th e
a b e r r a t i o n s  a c c o rd in g  to  th e  manner in  which th e  a s s o c ia t e d  c o e f f i c i e n t s
a r i s e  i n  th e  ex p an s io n  o f  th e  w a v e -f ro n t  d e fo rm a tio n .  Each a b e r r a t i o n -
type  i s  a s s o c i a t e d  w i th  a s i n g l e  c o e f f i c i e n t  and th e  form o f  th e  a b e r r a t i o n
3
i s  p a r t i c u l a r l y  s im p le .  F i n a l l y ,  B araka t and Houston c o n s id e r  th e  
a b e r r a t i o n s  o f  a g e n e ra l  system , a p la n e  symmetric system  and a doubly  
symmetric system .
A l l  t h r e e  o f  th e s e  papers  d i s c u s s  th e  n a t u r e  of th e  a b e r r a t i o n s  
of any o rd e r  by c o n s id e r in g  th e  a b e r r a t i o n  a s s o c i a t e d  w ith  a s in g l e  
c o e f f i c i e n t .  In  t h i s  and th e  nex t  s e c t i o n  th e  form of th e  a b e r r a t i o n  
c o r re s p o n d in g  to  each a b e r r a t i o n - t y p e  o f  th e  second and t h i r d  o rd e r  w i l l  
be d i s c u s s e d  and , whenever p o s s i b l e ,  a l l  th e  c o e f f i c i e n t s  a s s o c i a t e d  w ith  
th e  ty p e  under d i s c u s s io n  w i l l  be s im u l ta n e o u s ly  ta k e n  in to  a cc o u n t .  The
For exam ple, Steward (1958 ) ,  c h a p te r  I I I .
 ^ N ijb o e r  (1943); Montel (1953).
3
B arak a t  and Houston (1966).  This  paper w i l l  be r e f e r r e d  to  in  th e  
n ex t  few s e c t i o n s  as  BH and i t  shou ld  be no ted  t h a t  th e  c a p t io n s  o f  
some o f t h e i r  d iagram s a r e  i n c o r r e c t .  The c o r r e c t  c a p t io n s  to  f i g u r e s  
5,7 and 12 a r e  th o s e  a t t a c h e d ,  i n  BH, to  f i g u r e s  7 ,12  and 5 r e s p e c t i v e l y .  
In  making r e f e r e n c e s  to  th e  diagram s o f  BH, th e  c a p t io n s  w i l l  be ig n o re d ,  
th u s  a r e f e r e n c e  to  BH f i g u r e  5 r e f e r s  to  th e  diagram  l a b e l l e d  by 
f i g . 5 in  BH.
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t o t a l  a b erra tio n  i s  the sum of the in d iv id u a l ty p es . However, com binations
o f two or more d is t in c t  types w i l l  not be d iscu ssed  and accord in g ly
in t e r e s t in g  fe a tu r e s  w i l l  probably go unobserved. For example, the
4
c h a r a c t e r is t ic  fo c a l l in e  of a zonal aperture a r is e s  when primary coma 
and astigm atism  are combined.
(b) The second order terms o f the a b erra tio n  fu n ctio n  are g iven  by
(2) 2 2 2 o
£y = P (Se y lc0s 6 + Sey8s in  0) + p (S ey2Hy l C° S W% y9H»1, i n  6) + Sey5Hy1 +
+Se y ,< A , 2 •
( 2 ) 2
e_ = p S0,^cos 6 s it l  6 + P (s / H i cos 0+s i s i n  0) + S H H , ,z ez3 ez4 z l ez6 y l ' ez7 y l z l
(5 2 .1 )
where H1 i s  the o b jec t h e ig h t and powers o f a and t have been absorbed in to
th e c o e f f i c i e n t s .  In d isc u ss in g  the a b erra tio n s  i t  i s  convenient to
in trod u ce lo c a l  co ord in a tes  in  the image p lane such th a t the o r ig in  i s  the
poin t je = 0 and the y -a x is  l i e s  in  (M) . The terms in  (5 2 .1 )  depending on 
2
P are second ord er, zeroth  degree coma and may be w r itte n
where
Thus
€y = O^+o^cos 20)p2 , e z = cr3p2 s in  20 ,
" l ■ ^ Se y ,+Sey8> ’ "2 = i ( S e y ] -S ey8) , ^  ^  .
(£y '°'l p2) 2/<r22 + £z 2 /a 32 = p4 » (5 2 .2 )
2 2 9which r ep re se n ts  an e l l ip s e  w ith sem i-axes cr^p , cr^p centred  at (cr^p  , 0 ) .
Two ca ses  a r i s e .  F ir s t ,  i f  and S^  are o f  the same s ig n  then
Ier! I > k 2 l and the image patch i s  bounded by an arc o f  the e l l i p s e  (5 2 .2 )
4
Conrady (1957) §55c
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fo r  w hich p = p and by th e  two s t r a i g h t  l i n e s  th rough  th e  o r ig in  and max
ta n g e n t  to  t h i s  e l l i p s e .  The a n g le  betw een th e  s t r a i g h t  bounds i s  20 when
0 = a r c ta n  [<j3 (o^ -c^  ) 2]
The image p a tch  i s  sym m etric abou t th e  l i n e  = 0 and has th e  f a m i l ia r  
co m a tic  ap p ea ran ce . Second, i f  S  ^ and S g a r e  n o t o f  th e  same s ig n  th e  
image i s  w ho lly  bounded by th e  e l l i p s e  p = p ^  •
(c )  Second o rd e r  l i n e a r  a s tig m a tism  i s  g iv e n  by
e = p [(c r.+ x )co s  0+cr_sin 0] , e * p [o \.cos 0+(cr_+x)sin 0] , (5 2 .3 )
y 4 5 z b /
w here x r e p r e s e n ts  a d isp la cem e n t of th e  image p la n e  as in  §51b. Here
s ! ey2 yl s  q H  1 ey9 zl
S .H . ez4 zl S iez6 yl
In  g e n e ra l (5 2 .3 )  r e p re s e n ts  an e l l i p s e  whose o r i e n t a t i o n  i s  de term ined  
by th e  o b je c t  and th e  c o e f f i c i e n t s .  Assume t h a t  H £ 0. Then (5 2 .3 )  
w i l l  become
€y = a t z ’ a- = Ccr4+ x ) /c r 6 ,
in  p la n e s  such  th a t
( ct4+x) (cTy+x) -  cr5cr6 = 0 . (5 2 .4 )
In  g e n e ra l th e r e f o r e  th e r e  a re  two d i s t i n c t  p la n e s  in  w hich th e  image 
i s  a s t r a i g h t  l i n e  and th e se  fo c a l  l in e s  a re  n o t n e c e s s a r i ly  norm al to  
each o th e r .  L et th e  p o s i t io n s  o f th e se  image p lan es  be x^ and x2 and th e  
co rre sp o n d in g  v a lu e s  o f  a  be and a 2* The a n g le  betw een th e  fo c a l
l i n e s  w i l l  be 90° i f  and on ly  i f  oc^a^ = -1 • Now
th u s
x ,  +  x 2  “  - ( W  ■ x , x 2  “  CTi CT7
2 2 - 0 ^ 2  « -[tr4 -kr^Xj+x^-bCjX J/cr6 =
-  a5a6
CT5/ a 6
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This is unity if and only if S^  , independently of the location
of the object. Now suppose = 0, that is, the object lies in (M), in
which case or * cr « 0. It is evident from (52.3) that the two focal lines 5 6
are normal to each other and pass through the points
-S H . ey2 yl -S ,H , ez6 yl
When ehe object is not in ® , plane symmetry is destroyed. 
Consequently it is expected that imagery of this object would bear some 
resemblance to that produced by an arbitrary system. This is indeed the 
case since the astigmatism discussed above closely resembles first order 
imagery of non-orthogonal systems."*
(d) The terms of (52.1) containing only are those of second order,
second degree coma» or second order distortion. In the presence of this 
aberration, the image height is
H = m  Hy y yi + S _H ey5 yl2 + Sey,0«zl2
Hz m H , z zl + S _H H. ez7 yl zl (52.5)
The coefficient affecting meridional rays is S which is therefore termed 
the coefficient of (second order) meridional distortion. ^ey]Q 
only coefficient involved for sagittal rays and is accordingly the 
coefficient of (second order) sagittal distortion. The most convenient 
way to depict the effects of distortion is through the image of a square 
grid in the object plane. If all three of the coefficients in (52.5) 
are non-zero the square grid is imaged as a grid of parabolic lines, 
symmetric about (M) • If the coefficient is the only non zero
coefficient, the square grid is imaged as BH fig.12 (Note: e^-axis is
5 Luneburg (1964) §36.
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along the y-axis). The images produced when S jq anc* S  ^ are respectively 
the only non zero coefficients are BH figs. 6 and 5 (Note: e^-axis is along 
the x-axis).
53. Third Order Aberrations. Comatic Asymmetry.
(3) 3(a) The terms in je proportional to p constitute third order.
third degree astigmatism and are
3 l  3 2 3 2  3 3G = T p cos 0 + T Qp cos 0 sin 0 , g = T 0p cos 0 sin 0 + T __p sin 0 y eyl ey8 z ez3 ezl7
For a symmetric system this aberration-type is none other than spherical 
aberration. Accordingly, write the above as
3 3 2 3 3 2Gy - T^p cos 0 + t ^P cos 0 sin 0 , = t ^P sin 0 + T^p cos 0 sin 0 ,(53.1)
where
T = T , T = T 0 — T , 1 = T , T = T _ - T1 eyl 2 eyo eyl 3 ezl7 4 ez3 ezl7
The coefficients t  ^ and govern an aberration very similar to primary
spherical aberration except that the aberration curves are ellipses rather
than circles. Consequently it is reasonable to take T , and T , _ aseyl ezl7
the coefficients analogous to the coefficient A of primary sphericala
aberration in the axial theory. The remaining terms of (53.1) are governed 
by and and represent an aberration curve similar to that of BH fig.8 
except that the scale may be different along the two axes.
(b) Third order, linear coma is given by
g = T p^H _cos^0 + T np^H ..cos 0 sin 0 + T ,,p^H _sin^0 ,y ey2 yl ey9 zl eyl 4 yl
g = T .p^H _cos^0 + T ,p^H cos 0 sin 0 + T ,Qp^H ,sin^0z ez4 zl ez6 yl ez!8 zl
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Define
z(Tey2+Teyl4) ’ r 6  ~  z(Tey2~Tey14) *
—t[<V II
i(Tez4+Tez18) ’ T9 = ^ (Tez4'Tezl8) > Tio -
ey9
ez6
Then
* p2 [(t ^-K^cos 20)H^1+T7Hzlsin 20] » = p2 [(Tg+T9cos 20)Hz 1+t 1oH sin 20].
(53.2)
For a meridional object this reduces to an aberration-type formally similar
2to second order, zeroth degree coma, except that it is proportional to p 
and thus vanishes for a basal object. Similarly, if the object is sagittal, 
the resulting aberration is formally similar to the case just considered 
but with the roles of the e - and e^-axes interchanged. In the general 
case, the aberration curve p = constant is, by (53.2), an ellipse Centred 
away from the origin) whose orientation in the image plane is determined 
by the object. Again two cases arise depending on the values of the
coefficients: either the image patch is bounded by the ellipse p = pmax
or by an arc of this ellipse and the two tangents to it and through the 
origin.
(c) Third order» linear astigmatism is analogous to second order
linear astigmatism but depends on the second power of H. It is given by
e = [(T _H 24T H 2+x ) cos 0+T ._H H .sin 0]p ,y ey5 yl eylO zl eyl5 yl zl
e - [T ,H ,H ,cos 6+(T H 2+T 1qH 2+x)sin S]p , (53.3)z ez7 yl zl ez!2 yl ez!9 zl
where x represents a displacement of the image plane. T ^eylO* Tezl2
and T are clearly coefficients of curvature of field and the associated ezl 9
image surface is tangent to the image plane x - 0. This aberration needs 
no further discussion.
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(3)The d i s t o r t i o n  terms in  e , t h a t  i s ,
a r e  governed by T ^ ,  and T ^ .
o rd e r  d i s t o r t i o n
t h i r d  o rd e r  d i s t o r t i o n , 
In  th e  p re sen ce  of t h i r d
H = m H
y y yi Te y l l Hy l 3 + T e y ,6 Hy , Hz l 2
m H + T H 2H . + T _„H 3z zl ez l3  y l z l ez20 zl
(5 3 .4 )
The above fo u r  c o e f f i c i e n t s  of d i s t o r t i o n  a r e  r e s p e c t i v e l y  th e  c o e f f i c i e n t s
D26* D28 j °30 an<* ^23 anc* r e ^e rence  may be made to  t h i s  p a p e r ,
e s p e c i a l l y  to  BH f i g s .  7 and 15 fo r  a d e s c r i p t i o n  o f  th e  s i g n i f i c a n c e  o f
each c o e f f i c i e n t .
(e )  The o b je c t io n a b le  f e a t u r e  of coma i s  i t s  asymmetry w i th  r e s p e c t
to  th e  p r i n c i p a l  r a y  and i t  i s  of im portance t h a t  t h i s  be reduced  as much 
as p o s s i b l e .  B efore  t h i s  can be done, some m easure  o f  the  asymmetry i s  
r e q u i r e d .  For t h i s  purpose  th e  d e f i n i t i o n s  in  M§42a of the  m e r id io n a l  and 
s a g i t t a l  (com atic )  asym m etries  and Kg w i l l  be adop ted :
-  | [ e  (p ,0)+e (p,ir)J -  € (0 ,0 )  , Kg = e (p ,£ lr) -  € ( 0 ,0 )  . (53 .5 )
Two im p o r tan t  p r o p e r t i e s  of th e s e  a r e  ( i )  i f  th e  image i s  coma f r e e ,
= Kg = 0, and ( i i )  i f  and Kg a re  o f  o p p o s i te  s ig n ,  th e  p o in t  of 
i n t e r s e c t i o n  o f  th e  p r i n c i p a l  ra y  w ith  th e  image p la n e  i s  en c lo se d  by 
t h e  a b e r r a t i o n  cu rv e .  I f  K^ = -Kg the  image w i l l  have a symmetric 
m e r id io n a l  s e c t i o n .  I f  th e  e x p re s s io n  fo r  th e  a b e r r a t i o n  i s  s u b s t i t u t e d  
in t o  ( 5 3 .5 ) ,  i t  i s  found th a t
*M “  (Se y l+Iey2V p2 ’ KS “ (Sey8+Tey l4 Hy , )p2 > <53-6)
from which th e  asymmetries a r e  e a s i l y  c a l c u la te d  ( s e e  §74a).
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IX. SYMMETRIC SYSTEMS
54. Rotational Symmetry
(a) The optical system ©  of the previous chapters consisted
exclusively of spherical surfaces and had a single plane of symmetry. The
restriction to spherical surfaces will be maintained. However, additional
symmetries consistent with the plane of symmetry may be introduced. The 
presence of these symmetries does not invalidate an application of the 
theory presented so far, provided that the base-ray lies in a plane of
symmetry of (K). Beyond a single plane of symmetry, the next level of
symmetry is two planes of symmetry. The centres of the surfaces must then 
lie in the intersection of the two planes of symmetry and, consequently, 
in addition to being plane symmetric (K) has rotational symmetry, that is, 
(K) is a symmetric system. (K) may also be reversible or concentric but 
these cases will not be considered here. It is of interest to investigate 
what consequences, if any, rotational symmetry has on the theory. The 
principal result will be the existence of additional identities, the 
rotation identities, between the G-coefficients (§57-59).
Any plane containing the optical axis of a symmetric system 
is a plane of symmetry of ©,. The base-ray must lie in such a plane and 
this plane will be the meridional plane of ©,. The pseudo-axis is taken 
to be the optical axis so that the x-axes of the basal coordinate systems 
©  are parallel to the optical axis and the object and image planes are 
normal to the x-axes. The axial coordinate system (C^ associated with 
any surface has its origin at the pole of the surface, its x-axis along 
the optical axis and its y-axis in the meridional plane. With this choice
of coordinates the axial and basal canonical variables are linearly 
related (§55) and the axial theory is recovered if the base-ray is taken
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a long  th e  o p t i c a l  a x i s  (§60) .  I t  would th en  be p o s s i b l e  to  compute th e  
p r im ary  c o e f f i c i e n t s  of th e  system by ap p ly in g  th e  b a s a l  th e o ry  to  th e  
system . However, by means o f  th e  a x i a l  th e o ry ,  c o e f f i c i e n t s  up to  th e  
s ev en th  o rd e r  can be computed. Consequently  th e r e  i s  n o th in g  to  be ga ined  
by t a k in g  th e  b a s e - r a y  a long  th e  o p t i c a l  a x i s ,  in  f a c t  t h e r e  i s  l i t t l e  
p o in t  i n  t a k in g  th e  b a s e - r a y  to  be in  the  re g io n  where th e  f i f t h  o rd e r  
a x i a l  th e o ry  g iv e s  good p r e d ic t i o n s  o f  the  a b e r r a t i o n s  produced by th e  
system .
I t  i s  e v id e n t  t h a t  th e  most l i k e l y  a p p l i c a t i o n  o f  th e  b a s a l  
th e o ry  to  a symmetric system  would be to  a wide a n g le  system  w ith  th e  b a se -  
ra y  in  th e  o u te r  r e g io n s  of th e  f i e l d .  P rovided  a s u i t a b l e  b a s e - r a y  i s  
t r a c e d ,  th e  th e o ry  may be a p p l ie d  to  i n v e s t i g a t e  th e  image form ing p r o p e r t i e s  
of an  extrem e wide an g le  system in  r e g io n s  of th e  f i e l d  c o r re s p o n d in g  to  
f i e l d  a n g le s  o f  g r e a t e r  th a n  180°. Due to  th e  s i n g u l a r i t y  in  .V a t  a f i e l d  
a n g le  o f  180°, th e  c o e f f i c i e n t s  computed fo r  a b a s e - r a y  ly in g  on one s id e  
of t h i s  f i e l d  a n g le  canno t be used to  p r e d i c t  th e  image q u a l i t i e s  o f  th e  
system  f o r  f i e l d  a n g le s  on th e  o th e r  s id e  of 180°. Although the  r a y  t r a c e  
scheme o f  Ford^ i s  s u i t a b l e  fo r  t r a c i n g  the  b a s e - r a y  when th e  f i e l d  an g le  
i s  l e s s  th a n  180°, i t  may n o t  be a p p l ie d  fo r  r a y s  o f  f i e l d  a n g le  g r e a t e r  
than  180°. However, o n ly  minor m o d if ic a t io n s ^  a r e  r e q u i r e d  in  o rd e r  to  make 
i t  v a l i d  i n  t h i s  c a se .  A l t e r n a t i v e l y ,  a t r ig o n o m e t r i c  t r a c e  may be used .
(b) To avo id  c o n fu s io n  between b a s a l  v a r i a b l e s  and th e  c o r re sp o n d in g
a x i a l  v a r i a b l e s  th e  fo l lo w in g  co nven tion  i s  u sed .  Q u a n t i t i e s  i n  th e  a x i a l
th e o ry  w i l l  be d i s t i n g u i s h e d  by a s u b s c r ip t  "A": th u s  Q . Q w i l l  be th e
A B
Ford (1960)
2 See fo o tn o te  1, §87.
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corresponding quantity referring to the base-ray and Q will be reserved
for the basal equivalent of Q . Usually Q , Q and Q are simply related.A A d
55. Relationships Between the Canonical Variables and Coordinates of
the Basal and Axial Theories
(a) At a particular surface, the axial canonical variable of a
ray is the coordinate of the point of intersection of the ray with the 
polar tangent plane of the surface and the variable is given by
\  = V ttA *
Since (C^ and (C) are related by a translation, is just the defined
in (5.1). Let the base-ray intersect (F) at (P^ whose coordinates in (C^
are (X-^y^O). Then, if the canonical variables of the base-ray are Y B B B
and VR,
+ X V  BMB (55.1)
Let (R) be an arbitrary ray with axial canonical variables X^ and
and basal canonical variables Y and V. By definition Y is the coordinate
(referred to (P^ as origin) of the point of intersection of (R) with the
plane x. = X_. Thus A B
Y4 + X V  - y A B^A ~B Y, - Y + X„(V -V„) ~A ~B B H  ~B (55.2)
Since V is given by (5.2), the axial and basal canonical variables are 
related by
Y = Y - Y + X V ~ ~A ~B r 1 (55.3)
(b) If (R) has axial paracanonical coordinates .S and T^, it is
convenient for practical purposes to define the basal paracanonical 
coordinates of (R) to be
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S = S - S„ , T = T - T  ,~  ~~A ~B ~  ~A ~“B (55.4)
where .S^  and are the axial paracanonical coordinates of the base-ray. ij ß
Since
(55.4) gives
SA = o\Y + äAy A1 , T = t aY + t .V , A AA1 AA1 ~ AA1 AA1
£ - ^ ArV + V*ArV ■ V,+ (V XB,V^1 >
i - V * a,-2bi> + = V ,  + <V*B1TA*1 • (55-5)
If SPC are used in the axial theory cr = p cr , t = jg t . and henceA A A A AI A
S, = crY^  + crV^  , T = t Y^  + tV^ , (55.6)
where
0- = aA , 5 = <PA-XB1>c • T = ta , T - (Ja1-Xb1)t . (55.7)
The object and pupil planes of the acial theory will be used in the basal
theory and are represented in the latter by x^ = p, x^ = respectively
(see §6b). Thus
PA = P + XB1 iAl ^1 + XB1
(55.7) is in fact just the pair of equations following (6.6) and SPC in 
the basal theory are automatically used. If the axial SPC are 0E,0T etc., 
coordinates, then the basal SPC (55.4) are also said to be 0E,0T etc., 
coordinates.
56. Aberrations
In the neighbourhood of the optical axis of a symmetric system 
imagery is perfect and pairs of conjugate planes and points are defined. 
The image plane and ideal image corresponding to a given object plane and 
point are uniquely defined and it is natural to employ these in the basal
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theory. The basal aberration will then be identical with the aberration 
defined in the axial theory and may be expressed in terms of the basal
variables as follows:
£ = H. - m.H., = H - m H 1 + H - m H~A ~A AA1 A 1 B AB1
where Ü  is the point of intersection of the base-ray with the image plane 
B
and m is the paraxial magnification. The ideal image of is m^H^ .
A
Thus
%  = a ' "A^l + %  = & + H  ’
where is the aberration of (R^ in (H) , the appropriate object being 
According to (7.3), £  is what would normally be taken as the basal aberration 
for distortion free imagery in the absence of (explicit) rotational symmetry.
It has already been mentioned that the most likely application 
of the basal theory to a symmetric system would be to a wide or extreme 
wide angle system. For various reasons, distortion is large and negative 
for such systems. First, the ideal image height tends to infinity with 
large field angles and the usable area of the image plane is quite small. 
Second, if the illumination of the image is to be uniform, negative dis- 
tortion must be introduced. What is required is that the blur of the 
image, represented by aberrations other than distortion, be small. Thus 
it is necessary to subtract out the distortion. This is unsatisiactory 
since in practice it can involve taking the differences between numbers 
which are quite large as compared to their residues. In such cases it is 
better to refer the aberration to some suitable member (R^ , of the pencil 
of rays by determining all the image heights and then subtracting that of
Note: H = Y + t y  = Y + Y - X V + l V + | VA~A A~B
h b + h
where H is given by (7.5) 
 ^ Slussareff (1941).
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d^. The location of the image is given by the image height of 
desirable that (R) be taken as the principal ray of the pencil
d^. it is 
(§62).
In terms of the basal variables, the axial image height of any 
ray is given by
H = H + h S + h, T + Z h S~A ~B ~~cr~ b n=2 pvx pVT
(n)_ n-u p-V V-Tr (56.3)
Any ray is specified by four numbers, say .S and T. If the ray is known to 
be principal, two suffice, T say. For a principal ray S can be expressed 
in terms of T (§65) and eliminated from (56.3) to give the image height of 
a principal ray as (§66)
%  = ßß + iSl T-0
n-T t (56.4)
If this image height is subtracted from HA, the effect on (56.3) is simply 
to change the coefficients of distortion and exact values are obtained for 
the aberration coefficients. Thus the aberration referred to the principal 
ray is determined directly.
57• Invariants and Identities
(a) Throughout physics the existence of rotational symmetry of a
system is associated with an invariant. For example, the angular momentum 
of a dynamical system about an axis of rotational symmetry of the system 
is a constant of the motion. Such is the case in optics; it is well known 
that an optical invariant exists for symmetric systems.1 In the context
For example, M(4.8,3) and Herzberger (1958) equation (4.1). It is of 
interest to note that this invariant also exists for semi«symmetric 
systems, that is, systems with rotational symmetry but lacking a plane 
of symmetry, for example, an electron microscope.
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of th e  a x i a l  th e o ry ,  th e  o p t i c a l  in v a r i a n t  i s
E =
f c <ZAVA -V A >
As i t  ap p ea rs  above, E i s  a fu n c t io n  of th e  a x i a l  v a r i a b l e s .  However, 
by r e p l a c i n g  Y and V by (5 5 .2 )
A  A
E = Na( ZV-WY+VZ-YW) . (5 7 .1 )
—  D  D
S ince  t h i s  i s  an i n v a r i a n t
AE = 0 , (5 7 .2 )
where th e  A has th e  g e n e r a l i s e d  meaning o f  §44-47.
(b) The e x i s t e n c e  o f  th e  i n v a r i a n t ,  or e q u i v a l e n t ly  th e  a s s o c ia t e d
symmetry p r o p e r ty ,  i s  a c o n s t r a i n t  on the  system  and as such should  m a n ife s t
i t s e l f  th ro u g h  th e  c o e f f i c i e n t s  c h a r a c t e r i s i n g  th e  system . The number o f
d eg rees  o f  freedom o f  th e  system  i s  red u ced .  Hence i t  i s  to  be e x p e c te d
t h a t  t h e  number o f  indep en d en t G - c o e f f i c i e n t s  i s  a l s o  reduced ,  t h a t  i s ,  t h a t
th e r e  e x i s t  a d d i t i o n a l  i d e n t i t i e s  between th e  G - c o e f f i c i e n t s .  These
i d e n t i t i e s  w i l l  be c a l l e d  th e  r o t a t i o n  i d e n t i t i e s  o f  th e  system and may be
o b ta in e d  s im u l ta n e o u s ly  w i th  th e  ex trem al i d e n t i t i e s  by endowing the
2
c h a r a c t e r i s t i c  f u n c t io n  w i th  th e  a p p r o p r ia t e  symmetry p r o p e r t i e s .  However, 
i n  §59 th e  i d e n t i t i e s  a r e  d e r iv e d  from th e  in v a r i a n c e  o f  E.
(c)  I f  th e  c h a r a c t e r i s t i c  fu n c t io n  V o f  a symmetric system  i s  r e f e r r e d  
to  an a r b i t r a r y  b a s e - r a y ,  V w i l l  be fo rm a l ly  i n d i s t i n g u i s h a b l e  from the  
c h a r a c t e r i s t i c  of an asym m etric  system . However, th e  r o t a t i o n a l  symmetry 
b r in g s  abou t c e r t a i n  i d e n t i t i e s  between th e  c o e f f i c i e n t s  o f  V. This may
2 This was done in  th e  c o n te x t  of th e  a x i a l  th e o ry  in  Buchdahl (1965) §9b.
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be seen as follows. Let V be the point characteristic of an asymmetric 
system (K)• Suppose a base-ray has been traced through (K) and take its 
points of intersection with the first and last surfaces as base-points.
The base-planes are any two planes, one through each of the two base- 
points. Rays are specified by y and their points of intersection with 
the base-planes, referred to coordinate systems whose origins are the base- 
points and whose x-axes are normal to the base-planes. The point character* 
istic is then a function of y and and has the formal expansion
V = Vn + Z v ' ' y = =0 n-l pvT =pVT (n)_,n-PyP-V_ (57.3)
(Note: The coefficients Y^Vt are not pseudo-coefficients.)
Now suppose the system is rotationally symmetric and the ray 
(Z o ,^0 ') is the axis of symmetry (A) of (K). In this case the base-planes 
are conveniently chosen normal to (A), so that the x-axes of the coordinate 
systems associated with object and image spaces of (K) are parallel to (A)» 
If (K) is rotated about (A), the coordinates of any ray (R) become y,£* where
y = yQ + (y-yQ)cos e + (z-zQ)sin e
z = zQ - (y-yQ)sin Q f (z-z^cos 0 , (57.4)
with similar equations for y'. ^  and are the coordinates of (R) before
the rotation is performed. If the rotation is infinitesimal,
y = y + (z-zQ)d0 , z = z - (y-yQ)d0 
The rotational symmetry of (K) implies that
V(y,y’) = V(y,y') ,
and for an infinitesimal rotation
v(y+(z-zQ)d0 , y'+(z' -z^')d0 , z-(y-yQ)d0 , z'-(y'-yg')d0) = V(y,y') .
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By expanding  th e  l e f t  hand member,
z-.V -  y  V +0=3y 0=,z •v zV - yV + v ,=>y =>z =>yz'V -  y ’V , . ( 5 7 .5 )
I f  (5 7 .3 )  i s  s u b s t i t u t e d  in t o  t h i s  and th e  c o e f f i c i e n t s  o f  equal powers o f  
% and a r e  eq u a ted ,  r e l a t i o n s h i p s  between th e  c o e f f i c i e n t s  of V a r e  
o b ta in e d .  The n th  o rd e r  term s on th e  l e f t  w i l l  c o n ta in  on ly  th e  (n -H )th  
o rd e r  c o e f f i c i e n t s  o f  V, whereas th e  r i g h t  hand member c o n ta in s  th e  n th  
o rd e r  c o e f f i c i e n t s .  Thus c e r t a i n  r e l a t i o n s  a r e  found between th e  n th  and 
(n + 1 ) th  o rd e r  c o e f f i c i e n t s  o f  V. In  o th e r  words, i d e n t i t i e s  a r e  found 
between th e  c o e f f i c i e n t s  of V, and th e s e  a r e  due s o l e l y  to  the r o t a t i o n a l
symmetry o f  K.
I f  (K) i s  p la n e  sym m etric , th e  y- and y ' - a x e s  of th e  c o o rd in a te  
system s a s s o c i a t e d  w ith  th e  b a s e -p la n e s  may be taken  to  l i e  i n  th e  p la n e
o f  symmetry. Thus z^ = z^ ' 0 and (5 7 .5 )  becomes
+ V I . Z '  “ n , z-  % y  + y • ( 57- 6)
Since  V i s  i n v a r i a n t  under r e f l e c t i o n  in  (M), V must change s ig n  under
— j  z
such a r e f l e c t i o n  and th e  number o f  term s o f  th e  n th  o rd e r  on th e  l e f t  o f
(5 7 .6 )  i s  N • Thus th e r e  a r e  N i d e n t i t i e s  between th e  (n + l ) th  o rd e r  =zn =zn
c o e f f i c i e n t s  o f  V. S in ce  t h e s e  d e te rm in e  th e  n th  o rd e r  imagery of (K), 
i t  i s  t o  be expec ted  t h a t  th e  number of r o t a t i o n  i d e n t i t i e s  between th e  
n th  o rd e r  j g - c o e f f i c i e n t s  i s  j u s t  N . This  i s  confirm ed in  th e  n e x t  s e c t i o n .
58. Enum eration o f  th e  R o ta t io n  I d e n t i t i e s
The r o t a t i o n  i d e n t i t i e s  may be o b ta in e d  by forming th e  p a ra c a n o n ic a l  
expans ions  o f  E and E and s u b s t i t u t i n g  th e s e  i n t o  ( 5 7 .2 ) .  I t  fo l lo w s  t h a t  
th e  c o e f f i c i e n t s  o f  each power of and X  must be ze ro  and th e  r e s u l t i n g  
s e t  o f  e q u a t io n s  c o n s t i t u t e  th e  r o t a t i o n  i d e n t i t i e s .  I t  i s  r e a d i l y  v e r i f i e d
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by inspection of (57.1) that the nth order G-coefficients turn up in the
nth order terms of E solely through those terms in E linear in W and Z.
Consequently, the rotation identities express the nth order G^-coefficients
in terms of the lower order G-coefficients. Moreover E transforms like
Z under a reflection in (M) and hence there are N identities obtained
from the invariance of E. Thus the number of rotation identities is N ,= =zn
in agreement with the number obtained in §57c.
It has already been seen that there are extremal identities
(§43) between the nth order .G-coefficients. Thus, for a symmetric system
there are N - N_ - N independent nth order G-coefficients. Substitution =gn =In =zn —
of the appropriate numbers according to (43.1,2) and (24.5) gives the number 
of independent, nth order G-coefficients of a symmetric system with a 
meridional base-ray to be:
2£(n+2) (n+4) when n is even, or -£(n+3) when n is odd .
Reference to M§19 shows that this is in excess of the corresponding axial 
.g-coefficients. Thus the more general base-ray has produced a proliferation 
of coefficients. The number of independent coefficients of the first three 
orders are compared in Table 58/1 for the following three cases: (i) a
symmetric system in the axial theory, (ii) a symmetric system with a 
meridional base-ray, and (iii) a general plane symmetric system with a 
meridional base-ray.
TABLE 58/1____Numbers of Independent Coefficients
Eirst Second Third
Order Order Order
Axial theory 3 0  6
Symmetric system, meridional base-ray 4 6  9
Plane symmetric system, meridional base-ray 6 10 19
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59 . D e te rm in a tio n  o f  th e  R o ta t io n  I d e n t i t i e s
(a )  I t  i s  o f  advantage both when d e r iv in g  the  r o t a t i o n  i d e n t i t i e s
and when working w ith  them n u m e r ic a l ly ,  to  in tro d u ce  two new q u a n t i t i e s ,  U 
and a, d e f in e d  by
U = N (ZV-YW) , a = a / a c .
Z 15
(5 9 .1 )
At th e  f i r s t  s u r fa c e  U and E may be exp ressed  in  terms o f  ^  and X by a p p ly in g  
( 6 . 3 )  t o  ( 5 9 .1 )  and ( 5 7 . 1 ) .  Hence
In terms o f  U and a
U1 = < V 8)(SzVSyV ’
E. = ( N . a . / g X S  T -S T +S T0 -S „  T ) =1 1 1 °  z y y z z B y B y z
E = aU + N a(ZV B-YBW) ,
S T  a l U, + (Nz l V 8 ) (S z V SByYz ) ( 5 9 .2 )
U, a and E may be expanded in  s e r i e s  o f  the form ( 2 4 . 1 ) .  I t  should be 
n o te d  th a t  U and E change s ig n  under r e f l e c t i o n  in  (M) , whereas a does n o t .  
W rite
E = I  e (n) , U = L  u (n) , a = n-1 = n-2 1 + 2 ,  a (n>. n=l
I t  f o l l o w s  from ( 5 7 .2 )  th a t
( 5 9 .3 )
The e v can be w r i t t e n  down from the f i r s t  member o f  ( 5 9 . 2 ) ,  and in  
p a r t ic u la r  a t  the  f i r s t  s u r fa c e ,  from th e  second member o f  ( 5 9 . 2 ) .  For 
the  f i r s t  th r e e  o rd ers  t h e s e  are
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e<» = N (z(1>V -Y~ z B B
(2)e ■ v,<2)vv<2>
e(3) + (a -av ' )ev ' + u
Si
0)
■ (Nzl/8)(SzT
(2) (1) (1)
Si = a i Si
P (3) . a 0 ) e (2)= 1 ai Si
+  U 1 >
(59.4)
It follows that the first order identities are contained in
N,(z(1)Vb-Ybm (1)) = (Nz]/g)(S^Xn>i-S0iT^ )z By By z'
wlere z ^  ^ and are given by (14.2). Hence the parabasal rotation
icentities are
V 2a V WaYB> = (Nzl/S)TBy > ‘V ^ W ß )  “ - < V 8)SBy
Consider the terms (z V^-Y^w^11^ ) • According to (40.1)
N (z(n)V -Y v (n)) = N [(z V -w Y )6 (n)+(z,V -w.Y )6 (n)] z B B  z a B a B z  b B b B w J
(N ,/g>[6 (n)TR -6 (n)Sp ] ,z 1 z By w By (59.5)
wiere the parabasal identities have been used. The second and third order 
t*.rms (59.3) can now be written in the form
(1 /g)(& (2)S -5 (2)T ) = e (1)Aa(1) + Au(2)zl w By z By =1
(1 /g)(B (3>Sr -6 (3)T ) - e <,)(Aa(2)-a(,)Aa(1)) + u < 2>Aa(,) + u(3) ,zl w By z By =1 1 *
(59.6)
hr substituting (59.5) into (59.4) and the latter into (59.3). Use was
nude of (59.3) to replace e^U  ^ by e1^  in the above and e. ^ 2  ^was eliminated—  —  i — I
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from the third order equations by the fifth member of (59.4). It is 
evident that the nth order equation corresponding to (59.6) will be of 
the form
(N ,/g)(6 (n)SR - 6 ^ T  ) = sums of products of lower order terms.2 I W JÖV Z 15V
The coefficient of a typical term on the left hand side of this is
(1,zl/g)('GznVTa(n)sBy+ 'GznWa(n)TBy) and thuS the Seneral -3th order
rotation identity is of the form
G ,, (n)S. + G , n^^T_ = sums of products of lower order coefficients.z^Vta By zpVTb By
The lower order identities may be read off from (59.6). For example, the 
coefficient of S S in the first of (59.6) givesy z
S „ S„ + S 01T = (N /g)T Aa + s _gz3a By gz3b By zl 5 By a u3
and the coefficient of S S in the second of (59.6) givesy z
T •> SE + T  = (N /g)(As -a Aa )T„ + tgz3a By gz3b By zl al a a By ul
(b) The rotation identities of any order may in principle be written
down in this manner and for the first three orders are presented in Table 
59/2. However, the u- and a-coefficients have yet to be found in terms 
of the G-coefficients. From (45.1)
a = 1 - aBßBV + |aB2(3ßB2-l)V2 - + 0(3) .
By the usual method of substituting for Y and V according to (25.6), the 
a-coefficients are found, and appear in Table 59/1. In a similar manner 
the u-coefficients may be read off
u(2> - N ,z
(3) „ , (2) (1) (2) (1), (1) (2) (1) (2),u = N (z v -w y +z v -w y )
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TABLE 59/1 The a- and u - c o e f f i c i e n t s
a = - a _ ß Dv a B B a ab = - a BßBVb ’
al “a BßBSvl + i a B2 (3pB2- D v a2 Sa8 "  ”a B^BSV8 '
= - a  ß„s Ä + a  2 (3ß_2- 1)v v Q 2s . = - a  ß„s _ -  a„  V7 w.
a2 B*B v2 B v hB a b a9 BhB v 9 B a 1
a5
= - a  ß s _ BPB v5 + i a B2 ( 3ßB2- i ) v b2 Sa l 0 = - a BßBSvlO -  K S
N (z v -w y ) z a a a a
s . = N ( z, v -w y )u4 z b a b a
= N (z v -w y, ) z a b a b
= N2 (zb V “ byb)
N (s 0v - s  y +z s -w s . )  z z3 a w3 a a v l  a yl
N (s ,v  - s  ,y  + z ,s  -w, s . )  z z4 a v4y a b v l  b yl
N (s  v - s  ,y  +z s -w s _+s -v - s  Qyu ) z z6 a w6 a a v2 a y2 z3 b w3 b
N (s  -,v - s  , y  +z. s -w. s n+s .v, - s  ,y u ) z '  z7 a w 7 'a  b v2 b y2 z4 b w 4 'b '
N ( s * v . - s  ,.yu+z s -w s ) z z6 b w6yb a v5 a y5
t  ._ = N (s  , v  - s  , y ,+ z  s -w, s _) u!3 z z7 b w7 b b v5 b y5
t  = N (z s s q) u!7 z a v8 a y8
t  1Q = N (z s -w s +z s Q-w s ) u!8 z a v9 a y9 b v8 b y8
t  m  “  N (z s -w s iri+z s *w, s Q) u!9  z a vlO a ylO b v9 b y9
t  = N (z  s -w, s ) u20 z b vlO b ylO
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TABLE 59/2  The R o ta t io n  I d e n t i t i e s
V zaVWaV ‘  (NZl / g ) T By
W V b V = - 0 ' Kl/ s ) TBy >
S q S + S „,T  gz3a By gz3b By “ Su3 + (NZl / g >TByAaa
gz4a By gz4b By = Su4 +  (NZl / s ) ( , ' SByAaa
S - S + S Tgz6a By gz6b By ■ Su6 -  (1V g)(1-TByAab
S S„ +  S Tgz7a By gz7b By = Su7 '  (N2 l / 8 ) S ByAab
T S +  T T
gz3a By gz3b By
T , + T , .T _gz4a By gz4b By
T S +  T T
gz6a"By gz6b By
t> c +  T T
gz7a By gz7b By
= t  +  (N / g)T (As - a  Aa ) u3 zl °  By a l a a
= t  -  (N /g ) [ A a  +S (As - a  Aa ) ]  u4 zl a By al a a
= t u6 + (Nz l /8 )[A a a+TBy(ASa2“aaAV abAaa)]
= t u7 " (Nz l /g )[A V SBy(ASa2“aaAV abAaa )3
Tg z l2 a SBy + Tg z l2 b TBy = Üu l2  + (Nz ^ s)  [Aab+TBy(Asa5*abAab) 3 
Tgz13aSBy + Tg z l3 b TBy = fcu13 “ (i'Iz l / g ) S By(Asa5‘'abAab )
Tg z l7 a SBy + Tg z l7 b TBy = t ul7  + ^ z l 7g)T ByA sa8 
Tgz18aSBy +  i g z l8 b r By = fcu l8  " (Nz / g ) ( S ByA sa8”TByA sa 9 ) 
Tg z l9 a SBy + Tg z l9 b TBy = fcu19 * ( \ r  gXSByASa9“TByASa l 0 ) 
Tgz20aSBy + Tgz20bTBy = t u20 " g )S ByASa10
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At the first surface, the only non-zero u-coefficients are
u4j °  - s u6 j - V s (59.7)
The second and third order u-coefficients at any other surface are also 
given in Table 59/1*
The rotation identities presented in Table 59/2 could, if desired, 
be expressed directly in terms of the G-coefficients by replacing the a- 
and u-coefficients by the appropriate expressions in terms of the jg- 
coefficients. Although the second order identities retain their simple 
form, those of the third order do not and there seems little to gain by 
doing this. Further, the rotation identities can in some cases be 
rearranged by means of the extremal identities, but once again this 
seems of little value.
60. The Axial Limit
Consider the case where the base-ray of the basal theory is taken
along the optical axis. From the results of §55 it is clear that the basal
and axial canonical variables, and similarly the paracanonical coordinates,
are then identical. Moreover, the pseudo-parameters take simple values:
the angles of incidence and refraction are both 0°, the normal and
direction-cosines of the base-ray are (1,0,0), V and I_ are zero andB D D
Rg is simply (1 —k). If these values are inserted into the basic equations 
of the basal theory it is seen that these equations reduce to the corres­
ponding equations of the axial theory. (10.12) becomes M(4.6,7), (27.3,4) 
become M(62.4,5) and so on. Thus, when the base-ray lies along the 
optical axis of a symmetric system the basal theory reduces to the axial 
theory. In particular the expansions of corresponding quantities in the
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two theories, for example, AG and AG, must be identical. Thus all evenA
order basal coefficients must vanish and the third order terms must be 
identical with the primary terms of the axial theory.
In the axial theory AG is given by (see M(8.3))""a
AG = aS| + aT| + bSr, + bTj) + cS£ + cT^ ax
where
| = S.S , T) = S.T , £ = T.T
If this is expressed explicitly in terms of J3 and T
AG = aS 3 + (ä+b)S 2T + (b+c)S T 2 + aS S 2 + bS S T + c S T 2 + c T 3 + ya y y y  y y  y z y z z  y y y
-f aT S 2 + bT 5 T + cT T 2 + 0(5) ,y z y z z  y z
AG = aS 2S + iS 2T + bS T S + bS T T + cT 2S + cT 2T + aS 3 + za y z y z  y y z  y y z  y z y z  z
+ (ä+b)S 2T + (b+c)S T 2 + cT 3 + 0(5) z z z z z
In the case under consideration this series must be identical with the
corresponding series for AG in the basal theory. Simple relations must~ a  ------------------------ -
therefore exist between the primary coefficients and the appropriate third 
order basal coefficients. By summing over surfaces the same relationships 
will hold between intermediate and final coefficients. These are given in 
Table 60/1 which, it should be noted, is valid for both the ay and the by 
components of the coefficients. Similar though more complex relationships 
will exist between the higher order coefficients of the two theories.
When the base-ray is not the optical axis the basal coefficients 
are formally functions of the paracanonical coordinates of the base-ray. 
Moreover, in the absence of rotational symmetry they are also functions 
of the decentring parameters. In either case the coefficients may be
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f o r m a l ly  expanded a s  s e r i e s  i n  t h e  a p p r o p r i a t e  v a r i a b l e s ,  
e f f e c t ,  what S te p h a n  and M ardchal^ (and o t h e r s )  have  done 
o f  weak d e c e n t r i n g .
TABLE 60/1_____A x ia l  L im it  o f  th e  T h i rd  O rder B a sa l
T ,  =gyi
A
T g z 3
=  A
T g y 2
(Ä+B)
T gzA
= A
T g y 5
(B+C) T g z 6 = B
T 0 = A T , = B
g y 8 g z 7
T = B T , = C
g y 9 g z 1 2
T = C T = c
g y  i o g z 1 3
T C T =  A
g y n g z 1 7
T =gy !4 A T g z ! 8 = (A+B)
T =
g y i  5
B T
g z l  9
=  (B+C)
T ,  = c T = C
g y i  6 g z 2 0
S tephan  (1 9 4 9 );  M aräch a l  (1 9 4 9 ) .
T h is  i s ,  i n  
f o r  th e  c a s e
C o e f f i c i e n t s
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X. PRINCIPAL RAYS, VIGNETTING AND THE ENTRANCE PUPIL 
61. On the Entrance Pupil
(a) Of paramount importance in the design of lens systems, especially
of wide angle systems, is the amount of energy transmitted by the system 
in the form of light from a given object. Consider a pencil of light from 
a point object. This pencil will be of limited extent due to vignetting 
either by the surfaces or by the diaphragm. The transmitted energy will 
depend on the solid angle defined by the pencil, which in turn is determined 
by the vignetting. Thus it is necessary to find some manner in which the 
vignetting of the pencil may be conveniently obtained and represented.
The most suitable solution to this problem is based on the idea of an 
entrance pupil for the system. Apart from a few comments in §67 vignetting 
by the surfaces is not considered. However, vignetting by the diaphragm 
is considered in detail and is by far the most important case.
Consider a perfect optical system (K) with a plane, circular 
diaphragm (D) in its image space^ and neglect vignetting by the surfaces. 
Pencils of rays from a given object are then limited solely by (D). Since 
the system is perfect there exists a plane (in the object space) conjugate 
to (D) and in this plane the (perfect) image of (D) is a circle (E) . All 
rays which pass through the rim of (D) pass through the rim of (E) and 
all rays transmitted by (K) (i.e., which pass through (D)) pass through
(E) and conversely. Consequently a ray will be transmitted by (K) if and 
only if it passes through (E). This is formally expressed by saying that
That part of (K) which is on the image-side of @  is of no concern 
in the ensuing discussion. Only the part of (K) preceding (D) is 
required to be perfect.
1
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th e  r a y s  a r e  v i g n e t t e d  by (e) . (E) i s  c a l l e d  t h e  e n t r a n c e  p u p i l  o f  (K) 
and a c c u r a t e l y  r e p r e s e n t s  t h e  v i g n e t t i n g  o f  (K). W hether o r  n o t  a  p a r t i c u l a r  
r a y  i s  v i g n e t t e d  by (K) i s  d e te rm in e d  s im p ly  by i t s  p o i n t  o f  i n t e r s e c t i o n  
w i th  t h e  e n t r a n c e  p u p i l .
The e n t r a n c e  p u p i l  i s  t h e  same f o r  a l l  p e n c i l s  and i s  an  a b s o l u t e
p r o p e r t y  o f  t h e  sy s te m . As t h e  i n c l i n a t i o n  o f  t h e  p e n c i l  t o  t h e  p la n e  o f
t h e  e n t r a n c e  p u p i l  d e c r e a s e s ,  th e  s o l i d  a n g le  d e f i n e d  by t h e  p e n c i l  must
d e c r e a s e  and t h e  i l l u m i n a t i o n  o f  th e  image w i l l  a l s o  d e c r e a s e .  T h is  i s
2
e x p re s s e d  by t h e  c o s in e - f o u r th - p o w e r  law of i l l u m i n a t i o n ,  and may be
3
c o u n t e r a c t e d  by one o r  more o f  th e  f o l l o w i n g .  ( i )  The image s u r f a c e
c o u ld  be  t a k e n  so as  t o  be  a lw ays norm al to  t h e  p r i n c i p a l  r a y s  i n  th e
image sp a ce  o f  (K). ( i i )  A b e r r a t i o n s  be tw een  (E) and (D) c o u ld  be
in t r o d u c e d  so  t h a t  t h e  a r e a  o f  (e) i n c r e a s e s  f o r  o b l iq u e  p e n c i l s .
( i i i )  N e g a t iv e  d i s t o r t i o n  o f  t h e  image c o u ld  be  i n t r o d u c e d .  I n  p a r t i c u l a r ,
t h e  i l l u m i n a t i o n  dE a r i s i n g  from  an  a r e a  dS o f  t h e  e n t r a n c e  p u p i l  of a
4sym m etric  sy s te m  i s  g iv e n  by R e i s s  to  be
dE
dh. ' k
(B coo t ^ ’/ f  Hk ‘ ) 35J-T (6 1 .1 )
w here B i s  t h e  i n t r i n s i c  b r i g h t n e s s  o f  t h e  o b j e c t ,  \[r t h e  i n c l i n a t i o n  o f  
t h e  ( e l e m e n ta r y )  p e n c i l  i n  t h e  o b j e c t  s p a c e ,  f  t h e  f o c a l  l e n g t h  o f  th e  
sy s te m , h ^ '  t h e  i d e a l  image h e i g h t  and H^‘ t h e  d i s t o r t e d  image h e i g h t .
I t  has  a l r e a d y  b een  s e e n  how th e  d i s t o r t i o n  c an  be d e te r m in e d .  I t  r em a in s  
t o  f i n d  th e  a r e a  o f  t h e  e n t r a n c e  p u p i l .
For exam ple , s e e  Born and Wolf (1964) § 4 .8 .3  and S l u s s a r e f f  (1 9 4 1 ) .
S l u s s a r e f f  (1 9 4 1 ) .  The q u e s t i o n  o f  d i s t o r t i o n  i s  d i s c u s s e d  i n  d e t a i l  
by R e is s  (1 9 4 8 ) .
R e is s  ( 1 9 4 8 ) ,  e q u a t i o n  17.
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(b) It is now assumed that aberrations are present in the imagery
of ®  by ®  . Accordingly a sharp image of ®  is no longer formed and 
a more general definition of the entrance pupil must be found. First the 
plane of (e) must be chosen. If there exists a base-ray for the system 
such that parabasal imagery of ©  is stigmatic, it is reasonable to take 
the plane of the corresponding parabasal image of ®  as the plane of the 
entrance pupil for all base-rays. In particular, this will be done for 
symmetric systems (cf. §56 in relation to the choice of image plane and 
ideal image). Otherwise the choice is more or less arbitrary and a plane 
through one of the foci of the basal point of ®  would suffice. The 
entrance pupil (E) corresponding to a given pencil is then defined to be 
the set of points of intersection of the rays of this pencil with the 
chosen plane.
Any ray from .a point object will intersect both ®  and ®  in 
a single point (birefringent media having been excluded from the outset). 
Thus a pencil of rays from a given point object maps points in ®  into 
points in (E). This mapping is one-to-one. Since (e) is in the object 
space there is one and only one ray through each point of ®  , and each 
of these rays can intersect the diaphragm in one and only one point. Now 
suppose that two distinct rays from the object intersect in a point in © ,  
mapping two points of (e) into a single point of ® . In this case there 
exists a base-ray in whose parabasal region the object has a focus in or 
very close to ® . It is obvious that in such a case ©  will not act 
as a stop and some other choice for ©  must be made. Consequently the 
mapping of points in (e) into points in ©  is one-to-one. Moreover, 
there being no surfaces with singular points (such as the vertex of a cone), 
the mapping is continuous.
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Let £^ and £  ^ be any two closed curves in (D) such that £^ i-s 
interior to and distinct from Z y  &  ^ and 1  ^ are mapped into two closed 
curves in (E) : £^‘ and £?' respectively. Since Z^ and Z^ are non­
intersecting, so are £^' and Z0'• Suppose Z^ is not interior to £ '.
Then if Z^ is continuously shrunk to a point, £ 1 cannot be shrunk to a 
point without violating either the continuity or the one-to-oneness of the 
mapping* Therefore £^‘ must be interior to £^' and any point in (D) 
interior to a given closed curve £ in ©  will be mapped into a point 
interior to the map of £. (E) is a connected area. It follows that those
rays which intersect ®  in points on its rim will intersect the plane 
of the entrance pupil in a closed curve and those rays which are transmitted 
by (K) will intersect the plane of the entrance pupil in points enclosed 
by this curve.
(c) It is frequently stated that it is impossible to determine the
shape of the entrance pupil by any other means apart from tracing a large
number of rays through the system and determining whether or not they are
vignetted by the diaphragm. Suppose the G-coefficients are known at either
of the surfaces adjacent to ® . It is then possible (563) to express
the coordinates of the points of intersection of rays with ®  as
series in the paracanonical coordinates of the rays and examination of Y,d
in the usual manner reveals whether or not the ray is vignetted. If SPC 
are used, S is the point of intersection of the ray .S, T with (E). Since 
the mapping (by a pencil from a given point object) of points in ®  
into points in (e) is one-to-one, Y^ is a single valued function of _S and 
vice versa. Thus the series for Y^ may be inverted, and .S expressed as a
Gardner (1947) Part VIII; Herzberger (1958) p.105; Stavroudis and 
Sutton (196 5) p.2 .
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series in Xd and T (§64). This enables the boundary of (E) to be determined 
directly.
62. On Principal Rays
In the literature the term "principal ray" has various connota­
tions. Some authors apply the term "principal , chief or central to 
any ray to which neighbouring rays are referred; that is, to the base-ray 
of this thesis. A principal ray is also defined to be a ray passing through 
the centre of the diaphragm. However, the most common definition of a 
principal ray is a ray passing through the centre of the entrance pupil.
If imagery between (E) and (D) is perfect these last two definitions are 
of course equivalent.
Consider for the moment a symmetric system. Any paraxial ray 
through the centre of the diaphragm also passes through the centre of the 
entrance pupil, and vice versa. Due to the presence of aberrations this 
is not the case for general rays. For small field angles the aberrations 
associated with the entrance pupil and diaphragm can be frequently neglected 
(see M§41c) and principal rays then pass through the centres of both the 
entrance pupil and the diaphragm. Suppose the system is a wide angle or 
extreme wide angle system, for example, a sky lens. Assuming that, except 
perhaps in the extreme outer regions of the field, (D) is solely responsible 
for vignetting, the ray through the centre of the diaphragm is certainly 
transmitted by the system. However, quite crude ray tracing suffices 
to show that for such a system rays which are greatly inclined to the axis
1 Hill (1924); Havlicek (1951).
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and which pass through the centre of the paraxial entrance pupil are not 
transmitted by the system (§69,71). If not vignetted, they are either 
totally internally reflected or miss a surface altogether. For a particular 
system this is demonstrated by accurate ray traces in §71. The usual 
definition of principal ray is inappropriate for such systems and since the 
ray through the centre of the diaphragm is transmitted, the following 
terminology is offered. A ray is a proper principal ray, or simply a 
principal ray, if it passes through the centre of the diaphragm. A ray 
passing through the centre of the paraxial entrance pupil is an improper 
principal ray. The term improper principal ray only has meaning for systems 
possessing a base-ray in whose parabasal region imagery is stigmatic, for 
example, a symmetric system.
A general definition of entrance pupil was given in §6lb. The 
centre of the entrance pupil is now defined to be the point of intersection 
of the principal ray with the entrance pupil. In the absence of aberrations 
between (D) and (E) this reduces to the usual definition of the centre of 
the entrance pupil.
63. Vignetting by the Diaphragm
In the plane x = d^ of the object space of the _ith surface
insert a circular diaphragm (D) of radius centred on the point
yd = (d^y^jO) . (Note: (i) By definition d^ must be negative, and
(ii) a subscript d in the position of a surface indicator (rank 5)
implies association with the diaphragm.) If (K) is symmetric y = -yd Bi
where yßi is the y-coordinate (in axial coordinates) of the point of inter­
section of the base-ray with (F^ . In the plane of (D) set up a coordinate 
system (C^ whose origin is the centre of (D) and whose y-. and z-axes are
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respectively parallel to the y- and z-axes of (cf). The diaphragm coordinates 
Y^ of the ray (S,T) are the coordinates in (C^ of the point of intersection 
of the ray with (D). The diaphragm coordinates of the base-ray are
'Bd d V d^ Bi " Id (63.1)
Thus , for any ray whose canonical variables at the J.th surface are Y^,V^
If the ray is a principal ray, 
is itself a principal ray, YBd
Y = 0 ~a
= 0 .
+ ddV i . (63.2)
, and in particular if the base-ray
Define the diaphragm coefficients by
-Xad “ 2ai + V a i  ’ *bd " *bi + dA i  ’ 
W °  = (\vTi(n)'id> • (63.3)
In terms of these coefficients (63.2) becomes
d^ ■ *Bd + + Zbd^V
= Y + y J5 + y J  + 2 0 Z y, „ ,(n)S n " 4 x  4 ' V s  V _ T t  T • (63.4)Bd ~ad^ -ibcr1 n-2 pv^ -<-pVTd y y z z
Consequently, given the G-coefficients of the jlth surface up to the nth 
order, the diaphragm coordinates of the ray (S,T) may be computed to the 
nth order in jS and T by means of (63.4). This ray will be vignetted by 
the diaphragm if and only if
Yd2 + z /  > pd2 . (63.5)
If Y, was calculated to the nth order and (63.5) is satisfied, the ray
~
(£,.£) is vignetted (by the diaphragm) to the nth order.
§64 173.
64. The Shape of the Entrance Pupil
(a) If SPC are used a pencil of rays from a point object is specified
by the two quantities T determined by the object. Each member of the 
pencil intersects the entrance pupil in some point specified by ,S. (63.4)
enables the point of intersection with (D) of the ray S. of the pencil X 
to be calculated. The condition that this ray pass through the rim of 
the diaphragm is
(64.1)
and according to the results of §6lb, the rim of (E) is given by those 
values of X  which satisfy (64.1). Also, according to §61c the
series (63.4) is a single valued function of X f°r given T. Moreover 
(63.4) may be inverted so as to express ,S as a series in T and Y^. 
Formally, this series is
S = S + I _s(n) = S + Z Z s (n>Y n“ T^ ^ V V- T  T , (64.2)~ ~0 n-1 ~ 0 n=l pVT fj.VT d y d z
(n)where the spVT are called entrance pupil coefficients and .Sq is zero
if the base-ray is a principal ray. Introduce polar coordinates (p,0) 
into (C^ so that
Y, =p cos 6 , Z, = p sin 6d a (64.3)
Then, (64.1) becomes
p  = P d
and if this and (64.3) are substituted into (64.2), the latter is the 
parametric equation of the rim of the entrance pupil.
It will now be assumed that the base-ray is a principal ray.
Then Y ^  = 0. The entrance pupil coefficients are determined by substitut­
ing (64.2) into (63.4), and equating the coefficients of the resulting
se>4 17 4.
identity in Y^, T. The first, second and third order terms of these 
identities are
y As ^  + y, ,T = Y ad y bd y d z s (1) + z, T = Z, , (64.4)ad z bd z d
v S (2) + s s (,)2 + s s 0 ) T + s T 2 + s s C)2 + , , 0)T .^ad y yld y y2d y y y5d y y8d z y9d z z
+ s 1n.T 2 = 0yl Od z
z ,s (2) + s _ ,s (1)s (1) + s . ,s (1)T + s ,T s (1) +s -..T T = 0 , (64.5)ad z z3d y z z4d y z z6 y z z/d y z
y .s (3) + 2s ,s (2)s (1) + s s (2)T + 2s s (2)s (1) + s s (2)T +ad y yld y y y2d y y y8d z z y9d z z
+ f « 0>3 , f s 0)2. . , e (1). 2 (1) (1)2
yld y y2d y y y5d y y y8d y z
+ t s (1)s (1)T + t s (1)T 2 + t T 3 + t , T s (1)2 +y9d y z z ylOd y z ylld y yl4d y z
(1) 2+ t 1CJT s v 'T + t T = 0y!5d y z z yl6d y z
z ris O )  + s (s C2)s 0 ) +s C2)s O)) + s (2>x + s , ,T s <2> +ad z z3d y z z y z4d y z z6d y z
+ t (,)2s (,) + t  .„s (,)2T + t  (,)I s 0) + z3d y z z4d y z zod y y z
+ t s (D t T + t T 2s ^ ^ + t  T 2T + t s ^ ^ 3 + z7d y y z zl2d y z z!3d y z zl7d z
+ t .Qjs (1)2T + t 1Q.s (1)T 2 + t _ ,T 3 = 0 . (64.6)zl8d z z zl9d z z z20d z
Consider the first order terms (64.4). If is substituted into these
according to (64.2) two identities are obtained:
y ,(p Y +p T ) + y, ,T = Y , z ,(p _Z ,+p .T ) + z,,T = Z, . ad syl d sy2 y bd y d  ad sz3 d sz4 z bd z d
Thus the first order entrance pupil coefficients are given by
y , p . - l = 0 , y , p  n + y, , = 0 , z ,p - 1 = 0 , z ,p . + z = 0 . 7ad si ad sy2 ^bd ad sz3 ad sz4 bd
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I n  a s i m i l a r  manner  t h e  c o r r e s p o n d i n g  second  o r d e r  e n t r a n c e  p u p i l  c o e f f i c ­
i e n t s  a r e  d e t e r m i n e d  from ( 6 4 . 5 , 6 )  and a r e  g i v e n  i n  T a b l e  6 4 / 1 .  The t h i r d  
o r d e r  c o e f f i c i e n t s  a r e  l i k e w i s e  o b t a i n e d  from ( 6 4 . 6 ) .  The f i r s t  two o f  
t h e s e  a r e
^ a d t s y l  ^ Sy l d Ssyl  Psy l  t y l d 13sy l  *
Za d t sz3  = - Sz3 d (Ss y l Psz3+SSZ3 Ps y l ) + W s y l  Psz3 * (6 4 ' 7)
T a b l e  64/1 a l s o  c o n t a i n s  t h e  t h i r d  o r d e r  c o e f f i c i e n t s  r e q u i r e d  i n  §65.
By means o f  t h e  s e r i e s  ( 6 4 . 2 )  t h e  e n t r a n c e  p u p i l  may be 
d e t e r m i n e d ,  i n  p r i n c i p l e ,  f o r  any p e n c i l  and f o r  any a p e r t u r e  o f  t h e  
sy s te m  t o  any o r d e r  i n  t h e  c o o r d i n a t e s  o f  t h e  p e n c i l  and t h e  a p e r t u r e .  
A p a r t  f rom t h e  t r a c i n g  o f  a p r i n c i p a l  r a y  as  b a s e - r a y ,  no r a y  t r a c i n g  
i s  i n v o l v e d .  I t  i s  s e e n  t h a t  a knowledge  o f  t h e  G - c o e f f i c i e n t s  o f  t h e  
s y s te m  e n a b l e s  t h e  shape  o f  t h e  e n t r a n c e  p u p i l  t o  be  d e t e r m i n e d . ^
(b)  Le t  t h e  p a r a m e t r i c  e q u a t i o n  o f  a c l o s e d  p l a n e  c u r v e  be  x = x ( t ) ,
y = y ( t ) .  I f  t h e  p a r a m e t e r  t  t a k e s  v a l u e s  t ^  ^  t  ^  t  w h i l s t  t h e  c u r v e
2
i s  t r a v e r s e d  o n c e ,  t h e  a r e a  e n c l o s e d  by t h e  c u r v e  i s  t h e  m a g n i tu d e  o f
A y ( t ) x ' ( t ) d t
where  x 1( t )  = d x ( t ) / d t .  I f  ( 6 4 . 3 ) ,  w i t h  p = p ,  , i s  s u b s t i t u t e d  i n t oa
( 6 4 .2 )  t h e  r e s u l t i n g  s e r i e s  f o r  ,S i n  t e rm s  o f  T and p^ i s  a p a r a m e t r i c
The c o r r e s p o n d i n g  a n a l y s i s  can  be c a r r i e d  o u t  i n  t h e  c o n t e x t  o f  t h e  a x i a l  
t h e o r y .  I f  t h e  d e r i v a t i v e s  o f  t h e  a x i a l  G - c o e f f i c i e n t s  w i t h  r e s p e c t  t o  
t h e  s y s te m  p a r a m e t e r s  a r e  computed a l o n g  t h e  l i n e s  o f  M p a r t  I I I ,  t h e  
change  i n  t h e  e n t r a n c e  p u p i l  a s  a r e s u l t  o f  a change  i n  t h e  c o n s t r u c t i o n  
o f  t h e  s y s t e m  may be d e t e r m i n e d .
C o u ra n t  (1959)  p .273  .2
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TABLE 64/ 1_____Ent rance  P up i l  C o e f f i c i e n t s
yadPsyl = 1 Zad Psz3 = 1
yadPsy2 = ' ybd ZadPsz4 Zbd *
yadSsy1 Sy 1dPs y 1 yadSsy8 Sy8dPsz3
yadSsy2 Ps y l ^ 2sy1dPsy2+Sy2d^ ya d Ssy9 Psz3^2sy8dPsz4+Sy9d^
y adSsy5
2_
Sy l d Psy2 Sy2dPsy2 Sy5d
2_
yadSsylO °y8dpsz4 Sy9dPsz4 Sy10d
ZadSsz3 Sz3dPs y 1Psz3
ZadSsz4 = " Ps y l (Sz3dPsz4+Sz4d)
ZadSsz6 Ps z 3 ^ Sz3dPsy2+Sz6d^
ZadSsz7 = “ Ps y 2 (Sz3dPsz4+Sz4d) " Sz6dPsz4 Sz7d *
3 2
yad t s y l l  = " (-2 s y l d Psy2+Sy2d) s sy5 ’  t y1dPsy2 ’  t y2dPsy2 " t y5dPsy2 t y11d
yadt sy l6  = ~^2sy1dPsy2+Sy2d^Ssy10 " (2Sy8dPsz4+Sy9d)S sz7 ( t y8dPsz4 +
2
+ t y9dPsz4+ t y l0 d ^ psy2 " t y l4 d Psz4 “ t y15dPsz4 t y l6d  9
Zadt sz13 = " ^ Sz3dPsz4+Sz4d')Ssy5 " ^Sz3dPsy2+Sz6d^Ssz7 “ (^ t z3dPsz4+ fcz4d^*
2
*p Sy2 ” ( t z6dpsz4+ t z7d) p sy2 " t z l 2 d Psz4 ” t z13d
3 2
Zadt sz20 = ” ^Sz3dPsz4+Sz4d')SsylO ’  t z l 7 d Psz4 “ t z l 8 d Psz4 t z l 9 d Psz4 
t z20d
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r e p r e s e n t a t i o n  o f  th e  boundary of (E) . The param ete r  i s  Q and ta k e s
v a lu e s  0 ^ 6 ^ 27T . C o rrec t  to  th e  t h i r d  o rd e r  in  p and
and dS /  do a r e  g iven  by z
Sy = Psy1P COS 0 + Psy2Ty + Ss y l p2cOs20 + Ssy2pTy C° S 0 + SSy5Ty2 +
+ s sy8p2sin20 + Ssy9pT2 Sin 0 + SsylOTz2 + 0(3)
2 2
dS^/dO = c o s  0 +  Ss z3 ,D C0 0 3 ^ " 3 ^11 0) ” s Sz 4 p^ z S^n ^ **" Ss z 6 P^yC° S  ^ +
+ 0 (3 )
S ince  / cosm0 s i n n0 d0 v a n ish e s  u n le s s  m and n a r e  bo th  even , t h e  a re a
o f  (e) i s  g iv e n  to  th e  f o u r th  o rd e r  by 
27T
0
The t h i r d  o rd e r  terms in  .3 en ab le  to  be c a l c u l a t e d  c o r r e c t  to  th e
r 27r ?
ÄE m J n Sy (ÖSz/a e ) d 0  =TTpd tPs y l Ps23+ (P s y l s sz6+Psz 3 s sy2 )Ty ] + 0 (4 )  ( 6 4 .8 )
f i f t h  o r d e r .  The a d d i t i o n a l  term s in  (6 4 .8 )  a r e  th e n
A ^ d  *-uPd [ps z 3 ( 3 t s y l+ t sy8)+Ps y l ( 3 t s z l7 +t:sz 3 )+2Ss z 3 ( s s y l “ Ss y 8 ^  +
^Psz 3 t sy5+Ssz6 Ssy2+Ps y l t s z l 2 ^ y  "*"^ Ps z 3 t s y l 0 Ssz 4 Ssy9~t"Ps y l t s z l 9 ^ z
More im p o r ta n t  th a n  th e  a re a  of (E) i s  th e  c r o s s - s e c t i o n  o f  th e  p e n c i l  
measured normal to  th e  p r i n c i p a l  ra y  of th e  p e n c i l .  I f  th e  SPC o f  th e  
p r i n c i p a l  r a y  a r e  ^p^T, th e n  i t s  i n c l i n a t i o n  in  th e  o b je c t  space  i s  g iven  
by th e  d i r e c t i o n  ta n g e n ts
= Vnl + v  ,S + v t 1 T ~AP ~B1 ~ a l~ P  ~b1'"'
The a r e a  A o f  th e  p r o j e c t i o n  of (E) onto  a p la n e  normal to  th e  p r i n c i p a l  
r a y  i s  th e n  i
A ■ V ’+ V a/ 2 • (64- 9)
I f  on ly  th e  f i r s t  o rd e r  term s in  (63 .4 )  o r  (6 4 .2 )  a re  used to  d e te rm in e
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v i g n e t t i n g ,  i t  i s  e v id e n t  from  (6 4 .8 )  t h a t  t h e  a r e a  o f  (g) w i l l  be p r e d i c t e d  
t o  b e  in d e p e n d e n t  o f  t h e  p e n c i l .  C o n s e q u e n t ly ,  i n  o r d e r  t o  e n s u re  t h a t  
t h e  i l l u m i n a t i o n  o f  t h e  image does  n o t  d e c r e a s e  w i t h  i n c r e a s i n g  f i e l d  a n g le  
i t  i s  n e c e s s a r y  t h a t  t h e r e  be a b e r r a t i o n s  o f  t h e  second  o r  h i g h e r  o r d e r s  
a s s o c i a t e d  w i th  im agery  be tw een  (E) and (D) .
65 . SPC o f  P ro p e r  P r i n c i p a l  Rays
(a )  By d e f i n i t i o n  p ro p e r  p r i n c i p a l  r a y s  p a s s  th ro u g h  t h e  c e n t r e
o f  t h e  d iap h ra g m . S u b s t i t u t i o n  o f  p = 0 i n t o  ( 6 4 .2 )  g i v e s  a  s e r i e s  f o r  
i n  te r ras  o f  T:
§0 + nSl L  s ( n ) T n ”^T ^ .p=0 ~npp y z (6 5 .1 )
I f  t h e  e n t r a n c e  p u p i l  c o e f f i c i e n t s  a r e  known, t h e  p a r a c a n o n ic a l  c o o r d i n a t e s
g p  o f  t h e  p r i n c i p a l  r a y  o f  th e  p e n c i l  T may be d e te r m in e d .  I f  t h e  b a s e -
r a y  i s  i t s e l f  p r i n c i p a l ,  .Sp = 0 , .T = 0 s a t i s f i e s  ( 6 5 . 1 ) .  Then .S^ = 0 and
t h e  c o e f f i c i e n t s  s o f  th e  f i r s t  t h r e e  o r d e r s  a r e  g iv e n  i n  T a b le  6 4 /1 .npp
To t h e  f o u r t h  o r d e r
S_ = p oT + s CT 2 + s in T 2 + t  T 3 +  t  , , T T 2 + 0 (4 )  ,Py sy2 y sy5 y sylO z s y l l  y s y !6  y z
= p ,T + s 7T T  + t  _.T 2T + t  _nT 3 + 0 (4 )  , ( 6 5 .2 )Pz r sz 4  z sz7 y z s z l3  y z sz20 z
i f  t h e  b a s e - r a y  i s  a  p r i n c i p a l  r a y .
(b )  I n  g e n e r a l , h o w e v e r , th e  b a s e - r a y  need  n o t  be a p r i n c i p a l  r a y .
Then = ( S ^ ,0 )  w here  i s  t o  be d e te r m in e d .  I d e n t i t i e s  c o r r e s p o n d in g  
to  ( 6 4 .4 - 6 )  a r e  o b t a i n e d  by s u b s t i t u t i n g  ( 6 4 .2 )  ( w i th  fc 0) i n t o  ( 6 3 .4 )  
and d i f f e r  from  ( 6 4 .4 - 6 )  s o l e l y  by term s p r o p o r t i o n a l  t o  . T h e re  i s  
i n  a d d i t i o n  a z e r o t h  o r d e r  te rm :
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Y . v n . y y v (n)„ u 
Byd y ad°0  n^2 n=0 -ipOOd ^0 ( 6 5 .3 )
t h e  s o l u t i o n  o f  w hich  g iv e s  S^. Note t h a t  t h e  d iaph ragm  c o e f f i c i e n t s  o f  
a l l  o r d e r s  a r e  r e q u i r e d  i n  o r d e r  t o  d e te rm in e  S^. T h is  i s  a l s o  th e  c a s e
f o r  e a ch  c o e f f i c i e n t  s n|ip
(n) By way o f  i l l u s t r a t i o n ,  t h e  f i r s t  o r d e r  
i d e n t i t y  c o r r e s p o n d in g  t o  t h e  f i r s t  o f  (6 4 .4 )  i s
2 ( 1} 2 (y ,+2s _ ,S.+3t  . , S _ N - . . . ) s  v ' + (y, ,+s _,S_+t 0 , S / + . . . ) T  = Y,ad  y l d  0 y l d  0 y ' b d  y2d 0 y2d 0 y d
Thus
( y ad+ 2 s y l d S0+ 3 t y l d S02+- " ) p sy l  = 1 ’
(yad+2Sy ld S0+ 3ty ld S02+- " )Psy2 + (ybd+Sy2dS0+ ty2dS02+- ‘ '> * 0 * (6 5 ’4)
Due t o  t h e  f a c t  t h a t  ( 6 5 .3 ,4 )  and t h e  c o r r e s p o n d in g  h i g h e r  o r d e r  e q u a t io n s  
c o n t a i n  t h e  . G - c o e f f i c i e n t s  o f  a l l  o r d e r s  i t  i s  n e c e s s a r y  t o  make an  
a p p r o x im a t io n  b e f o r e  t h e  c o e f f i c i e n t s  in  ( 6 5 .1 )  may be com puted. Two 
c a s e s  p r e s e n t  th e m s e lv e s .  E i t h e r  i s  s u f f i c i e n t l y  sm a l l  so t h a t  powers 
o f  Sq g r e a t e r  t h a n  t h e  t h i r d ,  s a y ,  may be n e g l e c t e d ,  o r  t h e  G - c o e f f i c i e n t s  
o f  o r d e r  h i g h e r  t h a n  th e  t h i r d ,  s a y ,  a r e  n e g l i g i b l e .  Both c a s e s  may be
n - L i  LL-V V
accommodated by n e g l e c t i n g  te rm s  p r o p o r t i o n a l  to  T^ T^ f o r  n >  3 ,
s a y .  By way o f  an  exam ple, t h e  c o o r d i n a t e s  o f  m e r i d io n a l  p r i n c i p a l  r a y s  
a r e  d e te r m in e d  from
+ p 0T + s -T 2 + t  T Py 0 sy2 y sy5 y sy l  1 y
w here
t  t j S 2 +  s , ,S 2 + y S + y = 0 ,y l d O  y l d  0 ad 0 Bd
Psy2 = r [ y bd+S0Sy2d+S0 t y 2 d 3 ’
s sy5 = ^ ^ Sy5d+Ps y 2 Sy2d+Psy2 sy l d +S( / t y5d+2psy 2 t y2d+ 3psy2 t y 1 d ^ 3
T [s  c ( s  +2p _s ) + t  +p +p 2 t  +p . , ]  ,t syl1 sy5 Sy2d Psy 2 Sy l d '  y l l d  Psy2 y5d Psy2 y2d+Psy2 t y1d '
r - - ^ V y ld ^ W ’
( 6 5 .5 )
( 6 5 .6 )
and
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6 6 . A b erra t io n s  R eferred  to  P r in c ip a l  Rays
(a ) In v iew  o f  th e  d i f f i c u l t i e s  o f  §65b, the  b a s e -r a y  w i l l  be
assumed to  be a p r in c ip a l  r ay , in  which c a se  .S i s  g iv e n  by ( 6 5 .1 )  w ith  
Sq = 0 . The image h e ig h t  o f  any ray  i s  g iv en  by the  s e r i e s  ( 4 2 .6 ) .
S in c e  p r i n c ip a l  r a y s  are  s p e c i f i e d  by the  two numbers .T, the image h e ig h t
o f  a p r i n c ip a l  ray must a l s o  be determ ined by T. The same may be sa id  
fo r  th e  d i r e c t i o n  ta n g e n ts  o f  p r in c ip a l  r a y s .  F orm ally , Hp and Vp are
g iv e n  by
Hp = &PKT + £ ,  XL h ( n ) T n”^T  ^P Pb n=2 p=0 ~Pnp.p. y z
oo n (n ) T n-pT \i 
n=2 0 ~Pnpp y z^P = XpkI  + „So ..XL Xp_.... - T _  , (66 . 1)
where "P" i s  a s u b s c r ip t  o f  rank 1. The lip- and V p - c o e f f i c i e n t s  are  
determ ined  by e l im in a t in g  from th e  p a r a c a n o n ic a l  ex p a n s io n s  o f  H and V 
by means o f  ( 6 5 . 1 ) .  Table  66/1 g iv e s  th e  h p - c o e f f i c i e n t s .  The v p-  
c o e f f i c i e n t s  are  g iv e n  by a s im i la r  s e t  o f  eq u a t io n s  where the  ]i-  and lip-  
c o e f f i c i e n t s  are  r e p la c e d  by the  co rresp on d in g  and ^ - c o e f f i c i e n t s .
In an image p lane  d i s p la c e d  by an amount x from th e  p o s i t i o n
(n)i n  which th e  h - c o e f f i c i e n t s  are h
are
'(J.VT
h (n) = h ''VVT ~pVT
, the  c o rresp on d in g  l i - c o e f f  i c i e n t s
(n) + xv (n)pVT
The image h e ig h t  o f  th e  p r in c ip a l  ray  in  th e  d i s p la c e d  image p lane w i l l  
be Hp and th e  h p - c o e f f i c i e n t s  are  determ ined by s u b s t i t u t i n g  h ^ ^ n  ^ f ° r 
in  Table 6 6 /1 .  S in ce  the  h .p - c o e f f i c i e n t s  are  l in e a r  in  the
cor re sp o n d in g  h - c o e f f i c i e n t s ,
h p (n) PpVT
(n)
'PpVT
+  XV PpVT ( 66 . 2 )
(b) I t  i s  now p o s s i b l e  to  r e f e r  the  a b e r r a t io n  o f  the members o f
a p e n c i l  o f  rays  t o  th e  p r in c ip a l  ray  o f  th e  p e n c i l  by d e f in i n g  the
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TABLE 66/ 1_____The h ^ - c o e f f i c i e n t s
pPhy2 kyaPsy2 + ^yb *
, 2
s m, c = h  S c + Su i P  o + S, 0P 0 + s u c  Phy5 ya sy5 hyl sy2 hy2 sy2 hy5
2
SPhylO ^yaSsylO + Shy8Psz4 + Shy9Psz4 + ShylO *
3 2t D, . = h t  + (2s, p +s, _) s _ + t, -p . + t, _p . +Phyll ya s y l l  hyl sy2 hy2 sy5 hyl sy2 hy2 sy2
+ t, _p _ + t, hy5*sy2 hy l l
t Phy16 ^ y a t sy l6  + ^ shy1Psy2^Shy2^Ss y l 0 + ^ Shy8Psz4+shy9^Ssz7 +
+ ‘^t hy8Psz4 + thy9Psz4+ t hylO^Psy2 + t hy14Psz4  + t h y l5 Psz4 + t'h y l6
PPhz4 ^ z a Psz4 + ^zb 9
SPhz7 ^ z a Ssz7 + ^Shz3Psz4+Shz4^Psy2 + Shz6Psz4 + Shz7 *
t Phzl3 ^za^sz l B + ^Shz3Psz4+Shz4^Ssy5 + ^Shz3Psy2+Shz6^Ssz7 +
+ ^t h z3 Psz4*^t'hz4^Psy2 + ^t hz6Psz4+ t hz7 ^Psy2 + t h z l2 Psz4 + S iz lS  
t Phz20 ^ z a t sz20 + ^Shz3Psz4+Shz4^Ss y l 0 + t h z l7 Psz4 + t hz18Psz4 +
+ t h z l 9 Psz4 + t hz20
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aberration of any ray to be
e = H ** H p •
The corresponding aberration coefficients are
(66.3)
(n) (n)
'[J.VT 'pVT -  h
(n)
PpVT (66.4)
it being understood that = 0 unless V = t , p = n. Only the
distortion coefficients are affected. Note that there are coefficients 
corresponding to first order distortion:
yb h - h_ , yb Pyb -h p ya sy2 ^za^sz4
67. Vignetting by the Surfaces
Although it is assumed that vignetting by the surfaces is not 
important it is as well to consider briefly how vignetting by the surfaces 
could be analysed in the context of the basal theory. The and v- 
coefficients at each surface can be readily obtained from the corresponding 
intermediate ^-coefficients. Thus the canonical variables Y and V for any 
ray can be determined at each surface. If the point of incidence of the 
ray with the jLth surface is (X^,y^,z^) then
= ~i + Xi~i + Xi~Bi •
In the course of computing the g-coefficients the x-coefficients were 
computed. These are available for use and X can be determined to the 
same order in ^  and T as Y and V themselves are known. The equation 
above then yields y and z at each surface. If the radius of the rim of 
(F) is the ray is vignetted by (F) when
pi •
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If Y and V were calculated to the nth order, and this inequality is 
satisfied, the ray is said to be vignetted by the ith surface to the nth 
order. If vignetting by a surface does take place, the symmetry of 
astigmatic aberrations is usually destroyed.
68. On the Choice of Base-Ray
It is natural that the base-ray should be chosen so as to have 
some special significance for the system. The choice of a proper principal 
ray as a base-ray has several advantages. First, it is almost certainly 
transmitted by the system and lies in the centre of the aperture of a 
pencil of rays about the base-ray. Suppose the aperture of the system 
is such that the predicted aberrations of such a pencil (using the basal 
theory) agree satisfactorily with ray traces over all but a small portion 
of the aperture of the pencil. The overall agreement can then be expected 
to be quite good. Now suppose the base-ray is still a member of this pencil 
but lies in the outer regions of the aperture of the pencil. The extent 
of the neighbourhood of the base-ray over which satisfactory agreement can 
be obtained will have changed only a little. However, a large number of 
the rays in this region will now be vignetted whereas a corresponding number 
of rays outside the region of good agreement will be transmitted by the 
system and contribute to the image. The overall agreement will consequently 
not be as good as when the base-ray was in the centre of the aperture of 
the pencil.
Second, if the base-ray is not a principal ray the formulae 
of the preceding sections of this chapter will not be applicable and the 
more general but approximate formulae must be developed according to 
§65(b). In view of the importance of obtaining a reliable estimate of
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the cross section of the pencil it is desirable that the base-ray be a 
principal ray. In the numerical examples to follow the base-rays have all 
been taken to be principal rays with the exception of the one chosen so 
as to demonstrate the effect of the choice of base-ray on the predicted 
aberrations (§81). It is important to note that the general theory 
developed prior to the present chapter is valid for any base-ray lying 
in the plane of symmetry of the system, and not just to principal rays.
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XI. THE COEFFICIENTS OF A SKY-LENS
69. The Sky-Lens o f  K avlic£k
The rem ainder o f  t h i s  t h e s i s  i s  devo ted  to  a n u m e rica l  i l l u s ­
t r a t i o n  of th e  a p p l i c a t i o n  o f  th e  e q u a t io n s  o f  th e  p rece d in g  c h a p te r s  to  
a wide a n g le ,  symmetric le n s  system  and to  an  i n v e s t i g a t i o n  o f  th e  q u a l i t y  
o f  th e  b a s a l  p r e d i c t i o n s  ( i . e . , p r e d i c t i o n s  made u s in g  th e  b a s a l  c o e f f i c i e n t s )  
of th e  a b e r r a t i o n s  o f  th e  system . The system  (K) chosen f o r  t h i s  purpose  
i s  a two-component s k y - le n s  due to  H av lic6k ,^  des igned  to  o p e r a t e  a t  f /1 0  
w ith  a f o c a l  le n g th  o f  11 mm. and a f u l l  f i e l d  o f  200°. The system  i s  
p r e s e n te d  d ia g ra m m a tic a l ly  i n  f i g . 1 and i t s  c o n s t r u c t i o n a l  d a t a ,  a f t e r
r e d u c t io n  to  u n i t  f o c a l  l e n g th ,  i s  g iv en  in  Tab le  6 9 /1 .  The d a ta  g iven  
1 2by  H avlic6k  and F lügge co rresp o n d s  to  a f o c a l  le n g th  of 10.3 mm.
However, when c o n s id e r in g  th e  e f f e c t  o f  a p a r t i c u l a r  a b e r r a t i o n  on th e  
s t a t e  o f  c o r r e c t i o n  o f  th e  system  i t  i s  s u f f i c i e n t  to  assume a nominal 
f o c a l  le n g th  o f  1 cm.
I t  i s  assumed t h a t  th e  second s u r f a c e  has a c l e a r  a p e r t u r e  
equa l  to  i t s  r a d i u s .  The ra y  p a s s in g  th rough  th e  c e n t r e  of th e  diaphragm  
and w ith  th e  maximum p o s s i b le  f i e l d  an g le  c o n s i s t e n t  w i th  th e  g iven  
system  d a ta  th e n  makes an an g le  \|f w ith  th e  o p t i c a l  a x i s  i n  th e  a i r  
space between th e  second and t h i r d  components, where
Vd = ta n  \|r3 = [c2 (d^ *4-dd> - 1 ] 1 = 1.184 . (6 9 .1 )
T h is  co rresponds  to  a f u l l  f i e l d  o f  abou t 192° ( s e e  T ab le  7 1 /1 ) ,  somewhat 
l e s s  th a n  th e  p r e s c r ib e d  200°. The maximum f i e l d  a n g le  may be in c re a s e d
1
2
H avlic6k  (1951). 
F lügge (1955) p .318
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by either moving the diaphragm (D,fig,l) nearer the front element (C) of 
(K) or by making the active surface of (F^  somewhat more than a hemisphere 
(see §70,71). The path of the extreme ray through the system is shown 
as ray (d) in fig.1.
The front element (C) of (K) acts as a field compressor, 
reducing the field from 200° down to 100°, and produces a virtual image 
of the hemisphere. The second member (V) is a positive element and 
produces on the photographic plate (P) a real image of the compressed 
field.
TABLE 69/1____ Constructional Details of the Sky-Lens
j 1 2 3 4 k
c . J 0.41189 2.5054 -0.61003 -2.5054
—
1 1.5230 1 1.5230 1
d.J
— 0.19422 0.88372 0.11653 —
The diaphragm is situated before the third surface: d^ = -0.14761 • At
an aperture of f/10» the radius of the diaphragm is = 0.08760 •
70. The Axial Coefficients of the Sky-Lens
(a) For systems such as the above the object is assumed to be at
infinity, in which case there is no difference between OT and OE coordinates 
(M§13,38a). Assume for the moment that p = 0, that is, canonical 
coordinates are being used. The corresponding paraxial and primary ja-
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coefficients are presented in Tables 70/1,2 and, incidentally, were computed 
using the same computer programme as that used to obtain basal coefficients 
(see §60). In order to eliminate primary coma, p may be chosen such that 
A 1 =0. From M(34.41) this requires
3.K.
P = -Äak7 V  " °-5606 ’
for which the corresponding position of the diaphragm is
dd = •(yb3’ya3p)/(Vb3'Va3p) = *°*1555 ’
and differs slightly from the value -0.1476 obtained from Flügge. With
d , = -0. 1555, (69. 1) gives = 1.213 and a total field of 196°. d d
Corresponding to d^ = -0.1476, p = 0.5632. Using this value of p and OT 
coordinates, the paraxial, primary, secondary and tertiary coefficients 
of (K) are given in Tables 70/3,4. (Note: The sign conventions relevant
to these coefficients are those of this thesis.)
(b) Inspection of Table 70/4 reveals the following features.
Spherical aberration is governed principally by the last surface with 
small amounts of the opposite sign contributed by the second surface.
In fact, these two surfaces, the steepest, govern virtually all the 
coefficients. The exception is distortion which is governed weakly by 
the first and third surfaces. The higher the power of p <|:he aperture), 
associated with a certain coefficient, the stronger is the control of the 
second and last surfaces, with the last dominating. There is no evidence 
at all from Table 70/4 that any attempt was made during the design of 
the system to balance the aberrations of one surface with those of 
another. The interesting feature is that the angles of incidence and 
refraction of principal rays are always small at the second and last 
surfaces, of the order of 3°, whereas at the others they are large (see
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Table 71/2). Moreover, for rays of a given inclination in the object 
space, the angles of incidence and refraction remain virtually constant 
at the first surface, whereas they differ widely at the last (cf. Tables 
71/2,3). Fig. 2 compares the spot diagram for =0.5 and 0.75 obtained 
using the primary, secondary and tertiary coefficients of (K) with the 
corresponding diagrams obtained by ray tracing. It is seen that the 
axial predictions break down before V.j = 0.75 01^ = 37°) but are very 
good at V.j =0.5 = 27°).
(c) Although it is not intended to use this system with values
of p other than 0.5632, it is of interest to investigate the consequences
of the choice of some other value for p, for instance 0.5606, such that
A 1 = 0. A glance at Table 70/4 shows that primary and secondary linear ak
coma are both of the same sign. However, by taking p < 0.5606, primary 
coma is negative and could be used to balance secondary coma. (Note 
that such a value of p would further increase the field angle.) Distortion 
is quite insensitive to the changes of p contemplated (of the order of
0.005) and astigmatism changes by a very small amount, viz. the coefficient
B 1 governing the astigmatic difference has its maximum value of “0.0051 ak
when A k' 0 as compared to the value -0.0058 in Table 70/4. Finally, 
spherical aberration, which is independent of p, is so large that it will 
mask other types of aberration for pencils near the axis of the system, 
though not necessarily in the outer regions of the field (§72). Thus 
the only apparent consequence of small changes of p is to alter the total 
field angle of ® . However, since the focal length is short, it is 
doubtful whether manufacturing tolerances would allow a distinction between 
values of p such as 0.5606 and 0.5632, say.
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TABLE 70/1 Paraxial Coefficients for Canonical Coordinates
1 2 3 4 final
ya 1.0000 0.97253 1.9083 2.0359 2.0359
yb 0.0000 0.12753 1.1589 1.2765 1.2765
V a 0.0000 -0.14144 1.0589 1.0951 -1.0000
vb 1.0000 0.65660 1.1671 1.0091 -0.13582
TABLE 70/2 Primary Coefficients for Canonical Coordinates
Ak' = -58.300 A^ ' = -32.687
B, ' = -65.373 k B ' = -36.657 k
C, ' = -18.295 k C ' = -10.598 k
TABLE 70/3 Paraxial Coefficients for the Case p = 0.56315
1 2 3 4 final
ya 1.0000 0.97253 1.9083 2.0359 2.0359
yb -0.56315 -0.42015 0.08425 0.12998 0.12998
V a 0.00000 -0.14144 1.0589 1.0951 -1.0000
vb 1.0000 0.73625 0.57077 0.39242 0.42733
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TABLE 70 /4  Prim ary, Secondary and T e r t i a r y  A b e r ra t io n  C o e f f i c i e n t s
1 2 3 4 f i n a l
A -0 .00788 6.8433 -0 .00359 -65 .132 -58 .300
A -0 .01469 -0 .94342 0.01772 1.0854 0.14498
B -0 .02938 -1 .88684 0.03545 2.1708 0.28996
B -0 .05478 0.26012 -0 .17498 -0.03617 -0 .00582
C -0.09811 0.56024 0.01725 -0 .44827 0.03111
C -0 .18295 -0 .07724 -0.08517 0.00747 -0 .33789
sj
s'
-0 .00078 48.127 0.34997 -1516 .2 -1467 .8
-0 .00145 -6 .2815 -1 .1729 39.927 32.471
-0 .00468 -19 .348 -1 .0053 145.68 125.32
s* -0 .00872 1.9491 -0.68447 6.7636 8.0195
S3 -0 .00797 2.0171 -0.57906 8.2931 9.7232
S3 -0 .01486 -0 .69439 0.23015 4.7600 4.2809
S4 0.00124 -2 .9137 0.28072 29.572 26.9410.00230 0.57286 0.29784 -0.81541 0.05759
S 0.01354 0.00905 0.07507 8.3720 8.4696
s f 0.02525 0.07068 0.07897 -0 .23278 -0 .05787
S6 0.04541 -0 .19888 -0.05511 0.19161 -0 .01697
S6 0.08467 -0.00903 0.09193 0.02983 0.19740
J l -0 .00009 397.70 -4.0367 -39,971 -39 ,5 7 8
Tl -0 .00017 -52 .312 -12 .383 1084.8 1020.1
*2 -0 .00082 -240 .35 -11.623 6582.3 6330.4
t2 -0 .00152 27.904 1.8718 56.722 86.496
T3 -0 .00107 15.916 -3 .5809 371.83 384.16
T3 - 0.00200 -5 .1303 1.5908 101.61 98.065
t 4 -0 .00097 -16 .122 6.4668 1170.8 1161.1
T4 -0.00181 3.5569 2.8067 -54 .397 -48 .0 3 5
I 5 -0 .00074 -5 .8887 0.89597 349.23 344.24
t 5 -0 .00138 1.8625 0.27801 -24 .432 -22 .293
16 0.00323 -0 .08645 0.36218 -14.861 -14 .582
t 6 0.00603 0.15901 -0.04508 -3 .2909 -3 .1709
l l 0.00200 10.097 -0.25541 -69 .5 7 0 -59 .726
t 7 0.00372 -1 .0639 0.24339 -2 .9902 -3 .8 0 7 0
?8 0.00608 3.2135 0.32296 -43 .5 9 4 -40 .052
tb 0.01134 -0 .26964 -0.44252 -2 .5 9 0 4 -3 .2912
19 -0 .00146 -0 .07914 -0 .07938 -8 .8972 -9 .0 5 7 2
T9 -0 .00272 -0 .05026 -0.10633 -0 .43356 -0 .59287
I 10 -0 .02580 0.13849 0.05831 -0 .49064 -0 .31965
T10 -0.04811 0.016881 -0 .07718 -0 .02567 -0 .13408
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71. The Projection of the Hemisphere. Principal Rays.
(a) The principal uses of sky lenses seem to be for cloud surveys,
aerial mapping and the tracking of rockets. As such the lens has to 
produce a mapping of the hemisphere, or at least a large part of it, onto 
some other surface which, in the case of the system under consideration, 
is a plane. According to Hill^ the most satisfactory projection of the 
hemisphere onto a plane is either the stereographic projection, for which 
the ratio tan ^Jr^/tan is constant, or the equidistant projection, for 
which the ratio \|r /tan \jr r is constant. \Jr. is the angle a ray makes
I K .  2.
with the optical axis before refraction at the _ith surface. In view of 
the fact that the diaphragm is not in the image space of this system it 
seems pertinent to replace tan above ratios by H^1» t*ie i-ma§e
height of the principal ray corresponding to inclination \|r^ in the object 
space. Proper principal rays were traced through the system and some 
details obtained from these traces are presented in Table 71/1. Values 
of V^' ( = tan and were plotted against (see fig.3). The plot
of V^' against \|r , shown a s ---- , departs to a greater extent from a
linear relation than does the plot of H 1 , shown a s ----- . It is evidentK
from the plot of H^' that the projection of a hemisphere afforded by the 
system is equidistant up to 75° half-field and over the remainder of the 
half-field up to 92° it is a good approximation to an equidistant projection.
Also given in Table 71/1 are V , the direction tangent of the 
principal ray at the diaphragm; and T , the axial SPC of the principal
ray; and P, the abscisse, in the object space, of the point to which the 
principal ray appears to be aimed. For rays in the paraxial region P = p.
1 Hill (1924).
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Rays f o r  which > 1.184 (§69) a r e  v i g n e t t e d  by t h e  second s u r f a c e  u n l e s s
i t s  a c t i v e  s u r f a c e  i s  more th a n  a hemisphere ,  i n  which case  th e  l i m i t i n g
o
ra y  i s  t a n g e n t  to  th e  f i r s t  s u r f a c e  w i th  a f i e l d  ang le  of  over 120 . The 
SPC o f  p r i n c i p a l  r a y s  a r e  p l o t t e d  in  f i g . 4. For smal l  T^ ( c f .  M(33.6))
3
S « T
y y
However, f o r  l a r g e  
to t h e  l i n e
the  r e l a t i o n s h i p  becomes l i n e a r  and i s  a sym pto t ic
S = 0.339T - 0.611
y y
(71 .1 )
shown as ------------  i n  f i g . 4.  The lower l e f t  hand q uad ran t  o f  f i g . 4 co r responds
to  v a l u e s  of  g r e a t e r  than  90°.  The v a r i a t i o n  i n  P and i n  S c l e a r l y
1 y
i l l u s t r a t e s  th e  need fo r  d i s t i n g u i s h i n g  between p roper  and improper 
p r i n c i p a l  r a y s  (§62).  The d i f f e r e n c e  between t h e  curves  of  H 1 and V ’ 
a g a i n s t  \jr^  ( f i g . 3) i s  due to  th e  f a c t  t h a t  i n  the  image space  of  (K) th e  
p o i n t  o f  i n t e r s e c t i o n  of  p r i n c i p a l  rays  w i th  t h e  a x i s  a l s o  v a r i e s  s l i g h t l y  
w i th  .
(b)  From t h e  c o n f i g u r a t i o n  of  th e  system ( f i g . l ) ,  i t  i s  c l e a r  t h a t
improper p r i n c i p a l  r a y s  of  a s u f f i c i e n t l y  l a r g e  f i e l d  a n g le  w i l l  miss 
t h e  second s u r f a c e  a l t o g e t h e r .  In  f a c t ,  n e g l e c t i n g  v i g n e t t i n g ,  t o t a l  
i n t e r n a l  r e f l e c t i o n  l i m i t s  t h e  h a l f - f i e l d  of  improper p r i n c i p a l  r ay s  
to  a l i t t l e  over 62°.  However, in  t h i s  ca se  v i g n e t t i n g  by th e  diaphragm 
s e t s  i n  a t  about  45° .  Three proper  p r i n c i p a l  r a y s  a r e  shown in f i g . l  
as t h e  r a y s  ( a ) ,  (b) and ( c ) .  The improper p r i n c i p a l  r a y  ( a 1), c o r r e s ­
ponding t o  (a) ,  i s  v i g n e t t e d  by the  diaphragm and ( b 1) ,  co r re sp o n d in g  to 
( b ) ,  s u f f e r s  t o t a l  i n t e r n a l  r e f l e c t i o n  a t  t h e  f o u r t h  s u r f a c e .  The 
improper p r i n c i p a l  r a y  co r re s p o n d in g  to  (c)  i s  n o t  shown bu t  i s  t o t a l l y  
i n t e r n a l l y  r e f l e c t e d  a t  t h e  second s u r f a c e .  D ata  r e l a t i n g  t o  t h e s e  r ay s  
and o b ta in e d  from r a y  t r a c e s  i s  g iven i n  Tab les  7 1 /2 , 3 .  The v a r io u s
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columns are respectively: the surface indicator, the inclination of the 
ray to the axis, the inclination to the axis of the normal to the 
surface at the point of incidence of the ray, the angles of incidence 
and refraction and the coordinates of the point of intersection of the 
ray with the surface.
TABLE 71/1 Details Relating to Proper Principal Rays
vd +, T aAy SAy P V V
0.1 10.02 0.17661 0.00044 0.56064 0.07467 0.17478
0.2 19.90 0.36200 0.00365 0.55306 0.14818 0.34710
0.3 29.53 0.56665 0.01298 0.54023 0.21945 0.51466
0.4 38.83 0.80467 0.03319 0.52190 0.28754 0.67546
0.5 47.60 1.0989 0.07192 0.49772 0.35171 0.82794
0.6 56.12 1.4893 0.14274 0.46730 0.41146 0.97097
0.7 64.08 2.0570 0.27340 0.43024 0.46650 1,1039
0.8 71.57 2.9991 0.53105 0.38608 0.51674 1,2265
0.86 75.83 3.9620 0.82082 0.35598 0.54460 1,2952
0.9 78.60 4.9582 1.1345 0.33434 0.56225 1.3389
0.95 81.95 7.0758 1.8234 0.30546 0.58329 1.3914
1,0 85,22 11.943 3.4478 0.27446 0.60323 1.4415
1.1 91,45 -39.547 -14.136 0.20570 0.63998 1.5349
1,2 97.35 -7.7499 -3,3803 0.12698 0.67283 1.6196
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TABLE 71 /2  The T r a c e  o f  Some P r i n c i p a l  Rays
Ray ( a ) : -
S A = 0 . 0 7 1 9 ,  T a = 1 .0958 
Ay Ay
1 ♦ i
0 .
l
I .
l
I . '
l
x . • Ai y M
1 4 7 .7 11.7 3 6 .0 22 .7 0.05031 - 0 .4 9 1 6 6
2 3 4 . 4 48 .7 - 1 4 . 4 - 2 2 . 2 0 .13595 -0 .3 0 0 0 7
3 2 6 .6 2 .6 2 4 .0 15 .5 -0 .0 0 1 6 3 0 .07300
4 18 .0 15 .5 2 . 5 3 . 9 - 0 .0 1 4 5 5 0.10676
\lr • 
^Ak = 1 9 .4 * V = 0 .82793 • Yd < 10"5
Ray ( b ) : -
SAy
= 0 .2 7 3 4 ,  T.Ay = 2 .0570
i
* t e i x i V XAi yAi
1 64 .1 16.3 47 .7 29.1 0.09811 - 0 .6 8 3 1 9
2 4 5 . 4 6 3 . 9 - 1 8 . 5 - 2 9 . 0 0 .2 2384 - 0 .3 5 8 5 8
3 3 5 . 0 3 . 5 3 1 .5 2 0 . 0 -0 .0 0 3 1 3 0 .10115
4 2 3 .6 2 0 . 8 2 .7 4 . 2 -0 .02611 0 .14197
^ Ak = 2 5 . 0 , ha 'Ak =  1.1039 • Yd <
i o ” 5
Ray ( c )
S AAy =  1 .1 3 4 5 ,  TBy =  4 .9582
i 0 .
l
I . '
l X A*Ai yAi
1 7 8 .6 2 0 . 9 57 .7 33 .7 0 .15969 - 0 .8 6 5 9 2
2 5 4 .6 7 6 . 4 - 2 1 . 8 - 3 4 . 4 0 .30510 - 0 .3 8 7 9 0
3 4 2 . 0 4 . 5 3 7 .5 2 3 .6 - 0 .0 0 5 0 3 0 .1 2835
4 2 8 . 0 2 5 .6 2 . 5 3 . 8 - 0 .0 3 9 1 0 0 .17229
\|r 1 
wAk = 29 .3 • V = 1.3389 • Yd - 2.8210**“*
TABLE 71/3 The Trace of Some Improper Principal Rays
Ray (a*):-
SAy « 0. o H § II .0989
9 .i I.l I.'l XAi YAi
1 47.7 13.1 34.6 21.9 0.06303 -0.54958
2 35.0 56.5 -21.5 -33.9 0.17869 -0.33273
3 22.6 -1.4 24.0 15.5 -0.00049 -0.04010
4 14.1 -1.6 15.6 24.2 -0.00015 -0.01082
*Ak ' = 22.6
iiJ* 0.83874 , Yd = -0.10120
Ray is vignetted by the diaphragm.
Ray <b') :-
SAy = 0 .
CNIISs<
HO .0570
i 9 .l I.l 1/l X a -Ai yAi
1 64.1 20.4 43.7 27.0 0.15204 -0.84565
2 47.4 85.8 -38.5 -71.3 0.37003 -0.3 9807
3 14.5 -9.5 24.0 15.3 -0.02257 -0.27106
Yd = -0.30339
Ray is vignetted by the diaphragm and totally internally reflected
at the fourth surface.
Ray (c’>
3 Ay = 0 .
ii<H**O 4.9582
+i 9 .l I.l 1/l X AAi yAi
1 78.6 29.8 48.8 29.6 0.32012 -1.2050
Ray is totally internally reflected at the second surface.
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72. The B a s a l  G-c o e f f i c i e n t s  o f  t h e  Sky Lens
(a ) T h re e  b a s e - r a y s  w ere  c h o sen  f o r  i l l u s t r a t i n g  th e  b a s a l
c o e f f i c i e n t s  o f  t h e  sy s tem . They a r e  d e s i g n a t e d  ( a ) ,  (b) and (c )  and
TABLE 72/ 1_____A x ia l  SPC o f  t h e  B a se -R a y s ,  Augm enting
F a c t o r s  and A s t ig m a t i c  D i s t a n c e s
SBy
T
By Hy XM xs
(a ) 0 .0 7 1 9 1.0989 0 .68059 0 .8 8 0 3 4 0 .02352 0 .03469
(b) 0 .2 7 3 4 2 .0 5 7 0 0 .45286 0 .78876 0 .04303 0 .0 7  78 6
(c ) 1 .1345 4 .9582 0 .21469 0 .69276 0 .05103 0 .13529
These  a r e  i n  f a c t  t h e  t h r e e  p ro p e r  p r i n c i p a l  r a y s  shown in  f i g . 1 as  ( a ) ,  
(b )  and ( c )  r e s p e c t i v e l y ,  d e t a i l s  o f  w hich a p p e a r  i n  T a b le  7 1 /2 .
These  b a s e - r a y s  w ere  c h o sen  so a s ,  t o g e t h e r  w i th  t h e  a x i a l  c o e f f i c i e n t s ,  
t o  c o v e r  a w id e  r a n g e  o f  f i e l d  a n g l e s ,  i n  t h i s  c a s e  up t o  a b o u t  80° 
h a l f - f i e l d .  M o reover ,  b a s e - r a y s  ( a )  and (c )  r e s p e c t i v e l y  l i e  i n  r e g i o n s  
o f  t h e  f i e l d  w here  t h e  dom inan t a b e r r a t i o n s  a r e  s p h e r i c a l  a b e r r a t i o n  on 
th e  one hand and coma and a s t i g m a t i s m  on t h e  o t h e r  ( s e e  § 7 4 a ,8 0 c ) .  For 
r a y s  w i t h  h a l f - f i e l d  a n g le s  a p p ro a c h in g  9 0 ° ,  l a r g e  c hanges  i n  T^ c o r r e s  
pond t o  q u i t e  s m a l l  c hanges  i n  t h e  f i e l d  a n g l e .  T h is  i s  a  h a n d ic a p  to  
e c o n o m ic a l ly  c o v e r i n g  th e  r e g i o n  o f  t h e  h a l f - f i e l d  be tw een  80° and 90° .  
However, i t  i s  n o t  e x p e c te d  t h a t  sy s tem s  p r i m a r i l y  d e s ig n e d  to  c o v e r  
such l a r g e  f i e l d s  w ould  e x h i b i t  any sudden  changes  i n  b e h a v io u r  o v e r  a 
s m a l l  r a n g e  o f  f i e l d  a n g l e s .  I n  t h e  c a s e  o f  t h e  sy s tem  u n d e r  c o n s i d e r ­
a t i o n ,  i t  i s  f e l t  t h a t  an a d d i t i o n a l  b a s e - r a y  a t  a h a l f - f i e l d  a n g le  o f
t h e i r  a x i a l  SPC S
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over 90° would have been desirable, making it possible to investigate 
regions of the field corresponding to half-fields beyond 90°.
In the case of the base-ray (c) the maximum values of the
angles of incidence I. and of the inclination to the axis \Jr. are 57.7°i l
and 78.6° respectively (Table 71/2). It is known^ that if these angles 
are large then predictions based on the axial coefficients cannot be 
relied upon. However, in the case of the basal theory, the base-ray, 
which itself may have large values for these angles, is traced through 
the system. Neighbouring rays will have I, V , etc., differing by some 
amount from the corresponding values for the base-ray. It is reasonable 
to expect that it is these differences that will primarily govern the 
quality of the predictions based on the basal coefficients, and not the 
angles themselves. The point is this : although the angles of incidence, 
etc., may become large for some rays, judicious choice of a base-ray 
(such that for it these very angles are large) should enable reliable 
predictions to be made.
Table 72/1 also gives the positions (x^ and x^) of the meridional 
and sagittal foci F^ and and the two augmenting factors p. The positions 
of F^ and F^ are shown in fig.1. Note that they always lie behind the ideal 
image plane. However, it does not follow that the surface of best overall 
focus also lies behind the ideal image plane; for instance, this would not 
be the case if longitudinal spherical aberration was large and negative.
(b) Appendix G consists of tables of the surface contributions to
the final jg^ -, G^- and h-coefficients for base-ray (a). In each case
1 Ford (1962) §14.
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the contribution by the _Lth surface is given in the j.th column. In these 
tables the coefficients s ^,...,t are written sgy l,«*.,tgz20. The 
SPC used were OT coordinates which, since the system is symmetric, are 
obtained from (55.6,7) provided the values of cr , t , v and T appropriate
A
to axial OT-coordinates are substituted into (55.7).
Consider first the G -coefficients and bear in mind thea
observations of §70 on the axial coefficients and their surface contri­
butions. It is noted that there is no evidence of any balance between 
the contributions of the various surfaces. Certainly, if the system had 
exhibited a strong degree of balance between the primary coefficients and 
their surface contributions, it would be expected that this would carry 
over in some degree to the third order basal coefficients. In fact, it 
is expected that the coefficients of odd orders would almost certainly 
reflect the balance of the corresponding basal coefficients and that 
this would diminish in the outer regions of the field. It is also expected 
that to a lesser extent the coefficients of even orders would reflect the 
balance of the axial coefficients of the corresponding aberration-type.
In contrast to the axial and third order basal coefficients, 
the second order basal coefficients are not dominated by the fourth 
surface. In fact they are always of the same sign as the contribution 
by the second surface and opposite in sign to that of the fourth surface. 
With a few exceptions the third order coefficients are governed by the 
fourth surface, the contributions from which are large but balanced to 
a small extent by contributions of the opposite sign from the second 
surface. The exceptions are the distortion coefficients for which no 
obvious trends exist. The second order G -coefficients also exhibit no 
obvious trends and in some cases are even larger than the corresponding 
(^-coefficients. The third order G^-coefficients are generally an order
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of magnitude smaller than the corresponding G -coefficients and exhibit
cl
the same general characteristics as the (^-coefficients. The final jg^ -
and .g -coefficients given in Appendix G satisfy each of the identities b
given in Tables 47/1,2 and 59/2.
Inspection of the coefficients for base-rays (b) and (c) 
reveals the following trends. The second order coefficients increase 
slightly and then decrease with increasing field angle. The third order 
coefficients decrease with the exception of those for which |_i-v is 2 
or 3 (i.e., those coefficients which multiply terms depending on 
through its second or third power). All G^-coefficients become opposite 
in sign to the corresponding ^ -coefficients.
73. The h-coefficients of the Sky-Lens
(a) The final h- and v-coefficients for the three base-rays (a),
(b) and (c) are given in Tables 73/1,2. The outstanding features of the 
ji-coefficients are (i) the smallness of the coefficients of linear 
astigmatism, (ii) the increase in magnitude of the second order 
coefficients and decrease in magnitude of the third order coefficients 
as Tßy is increased, (iii) the relatively great magnitude of the 
coefficients of third order third degree astigmatism and, in particular,
the fact that the coefficients of terms depending on through thez
2 3powers S and S do not share the general decrease of the h-coefficients z z
as observed in (ii), and (iv) the apparent independence of the ratios 
of corresponding li- and v-coefficients on the coefficients concerned 
(with a few exceptions) and on the base-ray.
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(b )  The s m a l ln e s s  o f  th e  c o e f f i c i e n t s  o f  l i n e a r  a s t i g m a t i s m  i s  o f
c o u r s e  due to  t h e  f a c t  t h a t  im agery  i s  a lm o s t  s t i g m a t i c  i n  t h e  ch o sen  
image p l a n e  ( i n  t h i s  c a s e  t h e  p a r a x i a l  i d e a l  image p l a n e ) ,
h = y +  i v  
ya  a a va( i - y = - v  x a  M >
and s i n c e  v  i s  o f  t h e  o r d e r  o f  - 1 ,  h w i l l  be  o f  t h e  o r d e r  o f  t h e  a ya
d i s p l a c e m e n t  o f  t h e  m e r i d io n a l  fo c u s  from  th e  image p l a n e .  I f  p a r a b a s a l
im agery  i s  n e a r l y  s t i g m a t i c ,  t h i s  i s  s m a l l .  The a n a l y s i s  o f  h p ro c e e d s
za
i n  an  a n a lo g o u s  m anner. The second  o r d e r  c o e f f i c i e n t s  v a n i s h  i f  t h e  
sy s te m  i s  sy m m e tr ic ,  h e n c e  t h e i r  p r e s e n c e  i n d i c a t e s  a  d e p a r t u r e  from 
r o t a t i o n a l  symmetry.^ For t h i s  r e a s o n  i t  c o u ld  be  e x p e c te d  t h a t  th e  
second  o r d e r  te rm s  w ould i n c r e a s e  i n  m ag n i tu d e  a s  th e  b a s e - r a y  i s  t a k e n  
more and more i n t o  th e  o u t e r  r e g i o n s  o f  t h e  f i e l d .  I t  h a s  been  se en  (§60) 
t h a t  t h e  t h i r d  o r d e r  c o e f f i c i e n t s  a r e  f o r m a l l y  t h e  sum o f  t h e  c o r r e s p o n d in g  
a x i a l  c o e f f i c i e n t s  ( a c c o r d in g  t o  T a b le  6 0 /1 )  and te rm s  w hich  v a n i s h  when 
th e  b a s e - r a y  i s  a lo n g  th e  o p t i c a l  a x i s .  I n  v iew  o f  t h e  f a c t  t h a t  th e  
t h i r d  o r d e r  b a s a l  c o e f f i c i e n t s  d e c r e a s e  i n  m ag n i tu d e  as  t h e  f i e l d  a n g le  
i s  i n c r e a s e d ,  i t  i s  p r o b a b le  t h a t  t h e s e  te rm s  a r e  o f  t h e  o p p o s i t e  s ig n  
t o  t h e  c o r r e s p o n d in g  a x i a l  c o e f f i c i e n t s  and i n c r e a s e  i n  m ag n i tu d e  a s  t h e  
f i e l d  a n g le  i s  i n c r e a s e d .
S t r i c t l y  i t  i s  s u f f i c i e n t  f o r  a sy s te m  to  have  two p l a n e s  o f  symmetry 
and f o r  t h e  b a s e - r a y  to  l i e  a lo n g  th e  common s e c t i o n  o f  t h e s e  two 
p l a n e s  i n  o r d e r  t h a t  t h e  second  o r d e r  c o e f f i c i e n t s  v a n i s h .  The 
p r e s e n c e  o f  second  o r d e r  c o e f f i c i e n t s  t h e r e f o r e  i n d i c a t e s  e i t h e r  
t h a t  t h e  b a s e - r a y  does  n o t  l i e  a lo n g  t h i s  s e c t i o n  o r  t h a t  t h e  sy s tem  
i s  n o t  doub ly  sy m m e tr ic .  S in c e  a d o u b ly  sym m etr ic  sy s tem  of  s p h e r i c a l  
s u r f a c e s  i s  s y m m e tr ic ,  t h i s  d i s t i n c t i o n  need  be o f  no c o n c e rn  a t  
p r e s e n t .
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Be that as it may, the relative change in the magnitudes of the
coefficients naturally has some effect on the general nature of the
aberrations at any particular field angle. It will be seen, for instance
in §74, that the aberration is predominantly spherical for half-field
angles less than about 55°, whereupon a gradual transition to coma and
astigmatism takes place. It might be expected that in the outer regions
of the field the large values of the coefficients t, and t, . 0 in Hhzl7 hzlo z
would produce an image patch that was greatly extended in the direction
normal to (M). This appearance of a "meridional focal line" would be
somewhat offset by the coefficient t, 0 in H , However, the entrancehy8 y
pupil is highly elliptical for large field angles. The permissible 
range of values for is roughly three times that for and this should 
greatly reduce any appearance of "meridional astigmatism". (See also §80.)
(3) (3)(c) It was noticed that the ratio r = ll^ VT /-^vt was virtually
independent of p, V and t and of the base-ray. Moreover, there was no 
noticeable distinction between the values of r obtained from h - andy
v-coefficients on the one hand, or h -and w-coefficients on the other.z
The ratio was usually between 2.25 and 2.35. Consider for the moment
the quantity i = for a meridional ray (R) . This, it is readily
seen, is the distance from the image plane of the point of intersection
of (§) and (R^ . Furthermore, the base-ray will intersect the optical
axis at a point whose distance from the image plane is h , whereB
0 = H '/V 'ü Byk ' Bk
From Table 71/1 it is found that the values of J for the three base-B
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2rays (a), (b) and (c) are 2.354, 2.366 and 2.381 respectively. The 
constancy of both I and the ratio r and the fact that their respective 
values are quite close strongly suggests that they are somehow or other 
related. However, this cannot be the case. In the context of the axial 
theory, aid for axial rays, Z = The ratios r were investigated for
primary and secondary spherical aberration and found to be 2.31 and 2.37 
respectively. However, for axial rays, Z is longitudinal spherical 
aberration, which is certainly nowhere near 2.3 .
Consider the ratio r for the third order coefficients of H
and V. From (24.11)
r = t /1 = T /p ('T |v) - xhya va gyaa ya gya M
~ ( y 'V)Tgyaa/Va(TgyaaVb TgyabVa  ^ XM
In order that this be independent of the third order coefficients, the 
denominator of the first term must be proportional to T . This will 
be the case if the coefficient Tgyab
gyaa
is negligible. Then
yb ^---------y: - Z +  —v, v M v,b a b
(73.1)
by (22.2). Note that the analysis above holds for all orders of coefficients.
This is also exactly the ratio of the first order coefficients h^b and
v and is the distance from the image plane of the meridional focus of b
the basal point of the entrance pupil. Similarly, the ratio r has the 
desired properties for the coefficients of H^ and W provided the 
coefficients are small. It was checked numerically that those coefficients
For paraxial rays Z~ - 2.34. The small variation in Z „ is character-iJ x>
istic of the fact that the aberrations associated with the diaphragm 
and the exit pupil are small.
§73,74 205.
whose b-coraponents were not small did not produce a constant value of r. 
Further, the isolated coefficients for which the b-components were very 
small gave as the value for r that obtained from (73.1). This affords 
a partial explanation of the constancy of the ratio r.
(d) If it is accepted that the ratio r is known, some estimate
may be made of the effect of the out-of-focus terms -x^V and -XgW. 
From (24.11) it follows that
Thus
t, = rt = T /  [x hya va gyaa y x_.t M va
and hence
t = T J[x (r+x ) va gyaa y M
t, = T [1-x /(r+ac) ]/u hya gyaa M M y (73.2)
If «  r the difference between this and the value Tgyaa/^y which
t would have if parabasal imagery was stigmatic is truly negligible, hya
A similar analysis can be carried out for the coefficients of H^. It 
should be obvious that (73.2) can be immediately generalized to coefficients 
of any order.
74. Preliminary Comments on the Aberrations and Their Determination
(a) An experienced optical designer can make a good assessment of
the aberrations of a system from the relative and absolute magnitudes 
of the aberration coefficients, without resorting to the production of 
spot diagrams and the like. Lacking such experience, a preliminary analysis 
of the (meridional) aberrations of the system will be attempted on the 
following premises. Firstly, let jes and be the sum of all astigmatic 
and all comatic aberrations respectively for a member of some pencil of
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r a y s .  Then t h e  t o t a l  a b e r r a t i o n  i s
£  = Üg +  Ü.Q
I f  |e  I »  \ e ,  I t h r o u g h o u t  a l l  b u t  p o s s i b l y  a s m a l l  r e g i o n  o f  t h e  a p e r t u r e ,
u  o
t h e  image w i l l  be c h a r a c t e r i s t i c  o f  an  a s t i g m a t i c  a b e r r a t i o n  t y p e .  I f  
|€ I »  |je I under  s i m i l a r  c o n d i t i o n s ,  t h e  image w i l l  be  h i g h l y  c o m a t i c .  
S e c o n d ly ,  i f  t h e  m e r i d i o n a l  and s a g i t t a l  a s y m m e t r i e s  a r e  s m a l l  by 
c o m p a r i s o n  w i t h  t h e  t o t a l  a b e r r a t i o n ,  asymmetry w i l l  be o f  no im p o r t a n c e  
even  i f  t h e  image i t s e l f  i s  s u b s t a n t i a l l y  comat ic .
Only t h e  m e r i d i o n a l  f a n s  o f  p e n c i l s  a b o u t  each  b a s e - r a y  w i l l
be c o n s i d e r e d .  Then S = T = T = 0  andz y z
e _ = s, ,SCy hyl  y h S +  t .  -S ' ya  y hyl  y
By c o n s i d e r i n g  t h e  r e l a t i v e  m a g n i tu d e  o f  je and e f o r  t h e  m e r i d i o n a l
u  L»
f a n  a b o u t  b a s e - r a y  ( a )  i t  i s  found t h a t  t h e  a b e r r a t i o n  i s  a s t i g m a t i c
e x c e p t  f o r  a narrow r a n g e  o f  v a l u e s  o f  a b o u t  0 .026  w here  t h e  c o m a t ic
—4a b e r r a t i o n  i s  o f  t h e  o r d e r  o f  10 . Due t o  v i g n e t t i n g  (§77)  t h e  r a n g e
o f  p e r m i s s i b l e  v a l u e s  o f  S i s  - 0 . 0 6  <  S < 0 . 0 6 .  The maximum asymmetry
- 4i s  6 X 10 , a bou t  a  t e n t h  o f  t h e  a b e r r a t i o n  a t  f u l l  a p e r t u r e .  For
b a s e - r a y  (b)  t h e  r a n g e  o f  S i s  - 0 . 0 8  <  S < 0 . 0 8  and f o r  a m e r i d i o n a l
y y
f a n  a bou t  t h e  b a s e - r a y ,  a s t i g m a t i c  a b e r r a t i o n s  dom ina te  i f  | s ^ |  <  0 .03
and i n  t h e  ex t rem e  o u t e r  r e g i o n s  o f  t h e  a p e r t u r e .  When € = 0 , t h e
- 4
c o m a t ic  a b e r r a t i o n  i s  8 X 10 . At f u l l  a p e r t u r e  t h e  asymmetry i s
-3
2 . 5  X 10 o r  a bou t  h a l f  t h e  a b e r r a t i o n .  For  a q u a r t e r  o f  t h e  f u l l
- 4
a p e r t u r e ,  t h e  asymmetry i s  a b o u t  1 .6  X 10 o r  a b o u t  an e i g h t h  o f  t h e  
a b e r r a t i o n .  F i n a l l y ,  f o r  b a s e - r a y  ( c ) ,  - 0 . 1 5  <  <  0 .1 5  and t h e
a b e r r a t i o n  i s  c o m a t i c  f o r  | s ^ |  >  0 .0 8  and a s t i g m a t i c  f o r  | s ^ |  <  0 .0 3 ,
The l a s t  r e g i o n  r e p r e s e n t s  o n l y  a s m a l l  f r a c t i o n  o f  t h e  i n c i d e n t  p e n c i l .
§74 207.
»3When € = 0, the comatic aberration is of the order of 2 X 10 . The
asymmetry is large throughout the aperture.
In summary, the aberrations of the meridional fan about base- 
ray (a) are astigmatic, the fan about the base-ray (b) is astigmatic 
except for the outer regions of the aperture and the fan about base-ray 
(c) is highly comatic. These considerations can be extended to pencils 
inclined to the base-ray. It is then possible to find values of £ such 
that the aberration undergoes a definite transformation in its nature - 
for example, from an astigmatic to a comatic aberration. In the present 
case the values of £ found such that this occurs are so large that it is 
most unlikely that they are in the region of convergence of the basal 
series for H.
(b) When producing spot diagrams it is usual to select from a pencil
of rays only those members which pass through the grid points of a grid
placed in the plane of the entrance pupil. However, it has already been
seen that it is the cross-sectional area of the pencil which is important
in determining the illumination of the image. It therefore seems appropriate
to place the grid normal to the principal ray of the pencil. Suppose the
SPC of the principal ray have been determined by some means (for instance,
from the basal coefficients) and that its value of £  is £  . Further,A P
let its coordinate V be V . Let the grid be placed normal to theü  I Jl
principal ray and through the point of intersection of the latter with 
(e) (i.e., through the centre of the entrance pupil for the pencil). With 
this point as origin, set up in the grid a coordinate system whose y-axis 
lies in (M). If the grid mesh is 5, only those rays which intersect the 
grid in the points (nÖ, mb), where n and m are integers, will be selected 
when constructing the spot diagram. The axial SPC £  of these rays can
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be determined from
SAy = SPy + n8(,+W i ’ SAz = Spz + E &  *
If the pencil is meridional - its principal ray is a meridional ray - 
(74.1) is exact. If the pencil is not meridional, (74.1) is a good 
approximation since, in the region of convergence of the basal series for 
Ü, Wp will be small compared to Vp, especially if the field angle of the 
base-ray is large.
When the aberrations of the members of a pencil were determined 
the following procedure was used. Initially the pencil was specified by 
the of the object. Using the basal coefficients relative to a suitable 
base-ray, the axial SPC of the principal ray of the pencil were computed 
(see §75). The computer programmes employed for the determination of 
the aberrations of a pencil of rays were designed to accept the axial SPC 
of the principal ray of the pencil and use (74.1) to determine the axial 
SPC of the required rays of the pencil. If the aberrations were to be 
predicted, the axial SPC of the rays were converted to the corresponding 
basal SPC and the image heights of the rays determined from the basal 
series for H. If the rays were to be traced, the ray trace scheme of 
Ford^ was used to determine the image height of the rays. In both cases, 
subtraction of the image height of the principal ray gave the required 
aberrations. If a meridional (or sagittal) fan was required instead of 
a full pencil, only those rays for which m (or n) was zero, were considered. 
All spot diagrams appearing in this thesis were constructed with 
5 = 5 X 10"3.
1 Ford (1960).
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The computer programmes were coded in Fortran and run initially 
on an IBM 1620 computer and later on an IBM 360/50. The computations 
employed in this thesis were performed by the 360. The coordinates for 
the spot diagrams were punched onto cards and plotted by an IBM 1620 
plotter on-line to the 1620 computer at Mt. Stromlo Observatory.
(c) Note that although the aberrations of a pencil of rays are
referred to the same ray, irrespective of whether the aberrations are 
traced or predicted, the point in the image plane which is the origin 
for the aberrations may be different in the two cases. This is because 
in general the predicted and traced aberrations of the principal ray do 
not agree. The differing origins do not matter when considering traced 
and predicted spot diagrams. However, for the meridional fans (§76) 
and the annular curves (§78) this corresponds to a translation of the 
predicted curve with respect to the traced curve. This effect is 
usually quite small and does not substantially alter the quality of
the predictions
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X II.  APPLICATIONS OF THE BASAL THEORY AND A COMPARISON OF ITS PREDICTIONS
WITH THOSE OF RAY TRACING
system s (o f  which th e  one a t  hand i s  a member) i t  i s  d e s i r a b l e  to  r e f e r  
t h e  a b e r r a t i o n s  o f  th e  members o f  a p e n c i l  o f  r a y s  to  th e  p r i n c i p a l  ra y  
o f  th e  p e n c i l .  (§ 7 ,5 6 ,6 6 ) .  When t h i s  i s  done in  th e  b a s a l  th e o ry  i t  i s  
obv ious t h a t  th e  b a s a l  c o e f f i c i e n t s  w i l l  have to  be used  to  o b ta in  th e  
c o o r d in a te s  and image h e ig h t s  o f  p r i n c i p a l  r a y s .  I t  i s  p e r t i n e n t  to  
i n v e s t i g a t e  th e  p r e d i c t i o n s  o f  th e s e  q u a n t i t i e s .
ra y s  were deve loped  in  §64a,65. S ince th e  b a s e - r a y s  a r e  p r i n c i p a l  r a y s ,  
th e  c o e f f i c i e n t s  i n  (6 5 .2 )  a r e  o b ta in e d  from T ab le  6 4 /1 .  In  o rd e r  to  
compute th e s e  i t  i s  f i r s t  n e c e s s a ry  to  compute th e  diaphragm c o e f f i c i e n t s  
from ( 6 3 .3 ) .  The second o rd e r  e n t ra n c e  p u p i l  c o e f f i c i e n t s  as w e l l  as th e
ponding to  v a r io u s  v a lu e s  of T^ were computed fo r  each o f  th e  th r e e  b a s e -  
ra y s  ( a ) ,  (b) and (c)  by u s in g  (6 5 .2 )  and th e  v a lu e s  o f  th e  c o e f f i c i e n t s  
g iven  in  T ab le  7 5 /1 .  The r e s u l t s  of th e se  com puta tions  a r e  p re s e n te d  in  
T ab le  75/2  fo r  d i r e c t  com parison w ith  th e  c o r re sp o n d in g  e n t r i e s  in  T ab le  
7 1 /1 .  F i g . 5 g r a p h i c a l l y  r e p r e s e n t s  th e  p r e d i c t i o n s  o f  th e  two b a s e - ra y s  
(a) and (b) and o f  th e  a x i a l  th e o ry .  The p r e d ic t i o n s  o f  th e  a x i a l  th e o ry  
were o b ta in e d  by means of K (3 3 .6 ) .  The r e q u i r e d  a x i a l  b - c o e f f i c i e n t s  a r e
75 A n a ly s is  o f  P r in c i p a l  Rays Using th e  B asa l C o e f f i c i e n t s
(a) I t  has  a l re a d y  been m entioned t h a t  f o r  c e r t a i n  c l a s s e s  of
The e q u a t io n s  r e q u i r e d  to  o b ta in  th e  c o o rd in a te s  o f  p r i n c i p a l
C, = 0.0769 b Cu = 0.0815 , S ,u = -0 .0599b ob
so t h a t ,  f o r  p r i n c i p a l  r a y s  in  th e  neighbourhood o f  the  a x i s ,
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S = 0 .0 8 1 5  T 3 -  0 .0371 T. 5 + 0 (7 )  . ( 7 5 .1 )
Ay Ay Ay
From f i g . 5 i t  i s  e v id en t  th a t  th e  a x i a l  p r e d ic t io n s  break down a t  about  
35° to  40° h a l f - f i e l d  and th a t  the  b a se -r a y s  (a) and (b) g iv e  q u i t e  good 
p r e d ic t io n s  over h a l f - f i e l d  a n g le s  between 25 to  65 and 55 to  72 
r e s p e c t i v e l y .  The p r e d ic t io n s  o f  b a se -r a y  (c )  are  not shown, however i t  
i s  to  be noted  th a t  the second and h igh er  order c o e f f i c i e n t s  in  ( 6 5 .2 )  
are  sm all  fo r  t h i s  b a se -r a y  and th a t  th e  c o e f f i c i e n t  pgy2 i s  q u i t e  c l o s e  
to  the  a sym p to tic  v a lu e  o f  0 .339  ( s e e  §71, in  p a r t ic u la r  ( 7 1 . 1 ) ) .
As a fu r th e r  t e s t  o f  the  q u a l i t y  o f  th e  p r e d ic t io n s  o f  SAy
th e  p o in t s  o f  i n t e r s e c t i o n  w ith  th e  diaphragm were determ ined by ray
t r a c in g  for  s e t s  o f  rays  which had been p r e d ic te d  to  be p r i n c ip a l .  I f
P = (Y. , .Y . J 2 , th e  sm a ller  th e  v a lu e  o f  p /  p , th e  b e t t e r  i s  th e  
t r  Ad ~Ad t r  a
p r e d ic t io n  o f  S . The v a lu e s  o f  t h i s  r a t i o  are  t a b u la te d  i n  Table 77/1  
Ay
for  v a r io u s  p r in c ip a l  r a y s  and th e  sm a lln e ss  o f  th e  v a lu e s  i s  i n d i c a t i v e  
o f  the  g e n e r a l ly  s a t i s f a c t o r y  n ature  o f  the  p r e d i c t i o n s .
(b) The image h e ig h t  o f  a p r in c ip a l  ray i s  g iv e n  by the  s e r i e s
( 6 6 . 1 ) .  The i i p - c o e f f i c i e n t s  appear in  Table 66/1  and may be computed for  
each o f  the b a s e -r a y s  ( a ) ,  (b) and (c )  by u s in g  th e  a p p r o p r ia te  &- and 
en tran ce  p u p il  c o e f f i c i e n t s  from Tables  73/1 and 7 5 /1 .  The r e s u l t s  o f  
t h e s e  com putations are  shown in  Table 7 5 /3 .  The image h e ig h t s  o f  the  
v a r io u s  p r in c ip a l  ra y s  o f  Table 75 /2  were computed u s in g  ( 6 6 .1 )  and th e  
ap p ro p r ia te  b a s e -r a y s  and appear as th e  l a s t  column o f  Table 7 5 /2 .  These  
p r e d ic te d  v a lu e s  may be compared w ith  the  co rresp on d in g  tr a c e d  v a lu e s  in  
Table  7 1 / 1 .  A l t e r n a t i v e l y ,  f i g . 6 compares g r a p h ic a l ly  th e  p r e d ic te d
For a b a s e -r a y  w ith  T — 12, p 0 ~ 0 .337  and th e  o th er  c o e f f i c i e n t s
By sy2
are  o f  th e  order o f  0 .0001 to  0 .0 0001 .
TABLE 7fi/ 1_____E n t r a n c e  P u p i l  C o e f f i c i e n t s
Base-Ray (a) (b) (c )
Psy l 0 .70392 0.93857 1.74471C 0.15517 0 .25124 0 .31949
Ssy  1 -0 .1 0 4 0 7 -0 .2 2 4 0 8 -0 .63091
Ssy2
0 .20810 0 .26068 0.28807
Ssy5 0.07487 0 .03078 0 .00380
Ssy8 0.05671 0.10077 0 .21044
Ssy9 0.09032 0.14387 0 .21424
Ss y l  0 0 .04083 0 .02876 0 .00914
t sy l  1 -0 .0 1 9 3 9 -0 .0 0 9 6 1 -0 .0 0 0 6 9
^ s y lö -0 .0 0 6 1 9 - 0 .0 1 3 0 0 -0 .0 0 2 9 2
Psz3 0.60466 0.63763 0.68243
Psz4 0.06543 0.13291 0.22881
Ssz3 -0 .1 2 2 1 7 -0 .1 8 0 2 5 -0 .2 4 5 4 2
Ssz4 0.09033 0.14387 0 .2 1424
Ssz6 0.04092 0 .02750 0.00837
Ssz7 0.08167 0 .05753 0 .01829
^ s z l ß -0 .0 0 6 1 9 - 0 .0 1 3 0 0 -0 .0 0 2 9 2
t sz2 0 0.03716 0 .01398 0 .00184
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TABLE 75/2 P r e d i c t e d  Values o f  and H ^ '  f o r  P r i n c i p a l  Rays
Base- ray t aAy SAy H Jyk
0.1766 0.0072 0.1586
0.3620 0.0057 0.3435
0.5660 0.0132 0.5146
0.8047 0.0300 0.6756
S„ = 0 .0719,  T = 1.0989 1.0989 0.0719 0.8279By By 1.4893 0.1428 0.9711
2.0570 0.2732 1.1171
2.9991 0.5049 1.4228
0.8047 0.0251 0.7068
1.0989 0.0659 0.8382
1.4893 0.1384 0.9722
S„ = 0 .2734,  T = 2.0570 2.0570 0.2734 1.1039
By By 2.9991 0.5253 1.2322
3.9620 0.7941 1.3721
4.9582 1.0272 1.6850
2.0570 0.2216 1.1435
2.9991 0.5173 1.2325
S0 = 1.1345,  T = 4.9582 By By
3.9620 0.8203 1.2956
4.9582 1.1345 1.3389
7.0758 1.8221 1.3955
11.943 3.3196 1.7107
TABLE 75 /3  h ^ -  and v ^ - c o e f f i c i e n t s
B a se -ra y (a) (b) (c )
^Pyb
h Pzb
0 .44358 0 .1 8134 0.03527
0.75342 0 .53665 0 .27004
SPhy5 
S Phy10
-0 .2 2 8 4 7 -0 .0 7 3 9 3 -0 .00701
-0 .1 4 3 0 5 -0 .0 9 4 4 7 -0 .0 3 1 7 5
SPhz7 -0 .2 8 1 9 5 -0 .1 7 2 7 3 -0 .0 4 7 3 5
t P h y l1 
t Phyl6
0 .08414 0 .02756 0.00137
0.04867 0.04803 0 .0 0814
t Phzl3
0.04867 0.04803 0 .00814
t Phz20 -0 .1 2 8 2 9
-0 .0 4 1 9 9 -0 .0 0 4 7 8
VPb
0.18576 0 ,0 7444 0 .01409
WPb
0 .31964 0 .22619 0 .11290
SPv5
-0 .0 9 7 8 0 -0 .0 3 0 9 2 -0 .0 0 2 8 3
SPvl 0
-0 .0 4 9 6 3 -0 .0 2 0 3 3 -0 .0 0 1 4 7
SPw7 -0 .1 2 1 8 2
-0 .0 7 3 7 6 -0 .0 1 9 9 3
t Pv11
0.02816 0.00807 -0 .0 0 0 0 9
t Pvl6 0 .01972
0 .01530 0 .0 0094
t Pwl3 0.02186
0.02083 0 .00345
t Pw20 -0 .0 5 5 4 5
-0 .0 1 7 9 3 -0 .00201
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image heights with the corresponding traced heights. In addition to the 
predictions made with base-rays (a) and (b) fig.6 shows the secondary 
axial predictions. If the tertiary terms are included in the axial 
predictions the general appearance of the curve is unaltered although 
the agreement is good up to about = 0,8. The range of field angles 
over which the predictions are satisfactory is in all cases much the same 
as that for the predictions of the corresponding coordinates (fig.5), 
perhaps a little shorter.
(c) It is possible to predetermine what the jip-coef f icients should
be for any base-ray in order that the mapping of the hemisphere onto a 
plane be equidistant. For an equidistant mapping K  where i3^
is the radian measure of the angle \|r . For a system of unit focal length 
with the object at infinity paraxial optics demands that the constant of 
proportionality be unity. Thus, the equidistant mapping is
V ■ (75.2)
Furthermore, if OT coordinates are used, -dA _ = atan T , . If atan T 4A1 Ay Ay
is expanded as a Taylor series in T^ ,  (75.2) gives
^Ayk "AyV - *TAy3 + 1 TAy5 ’ 7 TAv? + °<»> * (75-3)
Thus, if distortion is the only aberration present, the coefficients of 
distortion must be
C . * = -0.33333 , S, 'ak 6ak 0.20000 , T . 11 Oak -0.14286
which are in fair agreement with the actual coefficients in Table 70/4, 
However, since there are other aberrations present the location of the 
centre of the core (§79a) of the spot diagram corresponding to the 
pencil JE must be given by (75.3). Granted that comatic aberrations
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are small, the centre of the core is the point of intersection of the
principal ray with the image plane. If is eliminated from the series
for H by substituting the series M(33.6) in place of S (cf. §66) it A Ay
is found that the image height of principal rays is given by
H ' = T - 0.3379 T 3 + 0.1994 T 5 - 0.1411 T 7 , (75.4)Ayk Ay Ay Ay Ay
and the agreement with (75.3) is improved. It is evident that to a good 
approximation the projection of the hemisphere is equidistant in the 
neighbourhood of the axis of the system.
Now expand atan T A about T . It is found that Ay By
V  = *B1 + a Bl2Tyt,-VBlaBl2Ty+iaB14(3VBl2-1>Ty2+0(3)] * <75’5>
The values of the coefficients appearing in (75.5) were computed for each
of the three base-rays (a), (b) and (c) and are given in Table 75/4.
These values are to be compared with the corresponding values of the
computed image height coefficients (Table 75/3). If the projection is
exactly equidistant, i3_. = H * From Tables 71/1 and 75/4 it is evidentB1 Byk
that this is not the case, although the differences are small. For base- 
ray (a) the difference is of aberration magnitude and for base-ray (c),
3$> of the focal length. The actual first order coefficients are in all 
cases somewhat smaller than those in Table 75/4, indicating that in the 
outer regions of the field the constant of proportionality in (75.2) is 
somewhat less than unity. For the purpose for which the system was 
designed (cloud surveys) the mapping is no doubt equidistant to a 
sufficiently good approximation. For any purpose where precision is 
important, aerial mapping for instance, a knowledge of the basal 
coefficients would enable the necessary corrections to be made when the 
photographic plates are analysed.
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TABLE 75/4 The hp^-coefficients for the Equidistant Projection
Base-ray (a) (b) (c)
% 0.83249 1.1183 1.3717
hPhyb 0.45298 0.19116 0.03909
SPhy5 -0.22549 -0.07517 -0.00758
0.08126 0.02723 0.00145Phyl 1
(d) It is of interest to note that the hp-coefficients are almost
equal to the corresponding Jri-coefficients, especially those of low order 
and for base-ray (a). In this case the principal ray of any pencil and 
the ray through the basal point of the entrance pupil have, to a close 
approximation, the same image height. This does not imply that the 
principal rays in the neighbourhood of the base-ray may be represented 
by rays through the basal point of the entrance pupil. This is so since 
the j^p-coefficients are in some instances quite different to the corres­
ponding v-coefficients. The ratio of any h-coefficient and the corres­
ponding v-coefficient (§73) is approximately independent of the base-ray 
and of the particular coefficient. However, this is not the case with 
the hp- and Vp-coefficients.
76. Meridional and Sagittal Fans
(a) From the definitions of §3 it is evident that meridional and
sagittal fans are two-parameter families of rays. For the meridional fan
the parameters are S and T (or the axial coordinates S A and T ) and r y y Ay Ay
for sagittal fans the parameters are S^_ and T^. In each case the
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remaining two SPC are zero. The definition of sagittal fan will be 
generalised as follows: a fan of rays from a point object is said to
be a sagittal fan if, in the object space of (K), each member of the 
fan lies in the plane normal to (M) and containing the principal ray from 
the object. In this case S and T are not zero but are constant fory y
the fan. It is often possible to obtain useful quantitative information 
about the aberrations of a system from a consideration of meridional and 
sagittal fans alone.
Fig.7,8 and 9 compare the traced aberrations of several 
meridional fans with the second and third order basal predictions obtained 
by using base-rays (a), (b) and (c) respectively. The scale along both 
axes is 0.01 focal lengths, is the aberration referred to the principal
ray and p is the n& of §74b, in particular (74.1). The following general 
features of the traced curves (and to a lesser extent of the third order 
predictions) may be noted: for low field angles the traced curves are
virtually symmetric with respect to rotations through 180° about the 
origin and there is a fairly wide range of values of p for which is 
quite small. These features are characteristic of the symmetric nature 
of the aberrations of pencils at low field angles and of the well defined 
core in the spot diagrams for these pencils (§79). As the field angle 
is increased this symmetry about the origin vanishes and there is no 
longer any extended region where e^ is predominantly small. This is due 
to the increased effects of comatic aberrations.
These basic features are reproduced by the third order 
predictions for pencils about the base-ray or inclined slightly to 
the base-ray. However, it is a general feature that the asymmetry is 
overestimated. The actual aberration curves are clearly cubic or of 
higher order in S (or in p). It is therefore little wonder that the
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second o rd e r  p r e d ic t io n s  a r e  so poor, and g r a t i f y i n g  t h a t  th e  agreem ent
fo r  th e  t h i r d  o rd e r  p r e d ic t io n s  i s  as  good as i t  i s .  The i n c l u s i o n  o f
th e  f o u r t h  and h ig h e r  o rd e rs  w i l l  i n t ro d u c e  g e n e r a l ly  sm all  c o r r e c t i o n s
to  th e  b a s i c  cub ic  curve. I f  th e  v a lu e  o f  fo r  th e  p e n c i l  i s  l e s s
than  Tgy, t h a t  p o r t io n  o f  th e  p r e d ic te d  curve c o r re sp o n d in g  to  p o s i t i v e
v a lu e s  o f  p g e n e r a l ly  ag ree s  b e t t e r  w ith  th e  t r a c e d  curve th a n  does t h e
p a r t  o f  th e  cu rve  fo r  n e g a t iv e  p . The r e v e r s e  i s  t r u e  i f  T > T .
This  may be e x p la in ed  as fo l lo w s .  For p r i n c i p a l  r a y s  S i s  an i n c r e a s in g
f u n c t io n  o f  T. . I f ,  f o r  a g iven  p e n c i l  and b a s e - r a y ,  T < T , th eAy Ay by
c o o r d in a te  o f  th e  p r i n c i p a l  ra y  o f  th e  fan  i s  l e s s  than  S ^ .  From (7 4 .1 )  
i t  i s  c l e a r  t h a t  th e  b a s a l  c o o rd in a te s  co r re sp o n d in g  to  p o s i t i v e  p 
w i l l  be sm a l le r  th a n  the  v a lu e s  co rre sp o n d in g  to  n e g a t iv e  p. C onsequen tly  
th e  b a s a l  p r e d i c t i o n s  a r e  l i k e l y  to  be more r e l i a b l e  f o r  p o s i t i v e  p th a n  
fo r  n e g a t iv e  p. The case  T > Tß^ subm its  to  a s i m i l a r  e x p la n a t io n  -
f o r  p <  0, S i s  sm a l le r  th a n  f o r  p > 0 and c o n seq u en t ly  th e  p r e d i c t i o n s  
w i l l  be more r e l i a b l e  fo r  n e g a t iv e  p.
(b) V arious  s a g i t t a l  fans  were a l s o  c o n s id e re d  fo r  each b a s e - r a y .
F i g . 10 g iv e s  th e  curves  fo r  a g a i n s t  f o r  th e  s a g i t t a l  fa n s  o f  h a l f ­
f i e l d  a n g le s  o f  45° and 64° and f i g . 11 fo r  s a g i t t a l  fans  in  th e  n e ig h b o u r­
hood of b a s e - r a y  ( c ) .  (N ote ; The s c a l e  a long  th e  e ^ - a x i s  f o r  th e  45° 
fan  i s  one t e n th  o f  t h a t  a long  th e  e ^ - a x i s  b u t  f o r  a l l  o th e r  cu rv es  th e  
two s c a le s  a r e  th e  same.) The b a s a l  p r e d i c t i o n  fo r  the  45° p e n c i l  was 
made w ith  b a s e - r a y  (a) and fo r  th e  64° p e n c i l  w ith  b a s e - r a y  ( b ) .  The 
p r e d ic t i o n s  f o r  f i g . 11 were made w ith  b a s e - r a y  ( c ) .  In  th e  45° and 64° 
fan  T i s  q u i t e  sm all  whereas fo r  th e  fans  o f  f i g . 11 i t  i s  a t  t im es  l a r g e .
y
G e n e ra l ly ,  th e  agreement i s  r a t h e r  poor.  T h is  a p p a re n t ly  a r i s e s  from 
a f a i l u r e  o f  th e  b a s a l  s e r i e s  f o r  € to  approximate th e  c o r r e c t  v a lu e s  o f
y
€ fo r  s a g i t t a l  f a n s .  The p r e d ic te d  v a lu e s  o f  € ag ree  q u i t e  w e l l  w i th  v z
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those obtained from ray traces. The predictions of g^ for large field 
angles is much better than for low field angles and, due to increased 
comatic aberrations, the overall magnitude of € is larger for large 
field angles. When considering the poor agreement of the predicted 
sagittal curves for low field angles the fact that g^ is very small 
should be borne in mind.
Consider a sagittal fan such that S = T = T =0. Theny y z
e = s s 2 + 0(4) , e » h S + t S 3 + 0(4) . (76.1)y nyo z z za z nzI/ z
When Gy is predicted to the third order there is only a single term in
the series for g . Similarly, when predicting to the second order
there is again only a single term in the corresponding series. It has
already been seen that the third order predictions of g^ are in poor
agreement with the traced values. In addition, the second order predictions
of e are also in poor agreement with the traced values of e • This can z z
be seen from fig.10where the bars on the curves correspond to equal
values of S . It is now seen that in each of these cases the respective z
series in S contains only a single term. If S and T are non-zero the z y y
2situation is unchanged, can depend on only through the term ,
and g (to the second order) must be linear in S . Evidently the dominant z z
terms in the series for g. represent the aberration over only a very small 
neighbourhood of the base-ray.
77. Vignetting
(a) When the spot diagrams, meridional and sagittal fans and annular
curves appearing in this thesis were computed, each ray was examined for 
vignetting. Although it is assumed that vignetting by the surfaces is
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n o t  i m p o r t a n t ,  t h e  p o s s i b i l i t y  t h a t  t h i s  m ig h t  o c c u r  was no t  l o s t  s i g h t  
o f  d u r i n g  r a y  t r a c i n g .  However, f o r  t h e  p e n c i l s  c o n s i d e r e d ,  v i g n e t t i n g  
was e n t i r e l y  by t h e  d iaphragm. When t h e  b a s a l  c o e f f i c i e n t s  w ere  a p p l i e d ,  
v i g n e t t i n g  was d e t e r m i n e d  a c c o r d i n g  t o  t h e  p r i n c i p l e s  o f  §63. The p o i n t  
o f  i n t e r s e c t i o n  o f  t h e  r a y s  w i t h  (D) was found  by means o f  ( 6 3 . 4 )  and  
examined i n  t h e  u s u a l  manner  by ( 6 3 . 5 ) .  I t  was found t h a t  ( f o r  t h i s  
p a r t i c u l a r  system) i t  i s  q u i t e  s u f f i c i e n t  t o  t a k e  ( 6 3 . 4 )  c o r r e c t  t o  t h e  
s eco n d  o r d e r .  I f  t h e  p e n c i l  was a b o u t  t h e  b a s e - r a y ,  t h e  f i r s t  o r d e r  t e rms  
o f  ( 6 3 . 4 )  a r e  s u f f i c i e n t .
(b)  For  any p e n c i l  t h e  a r e a  A^ o f  t h e  e n t r a n c e  p u p i l  i s  d e t e r m i n e d
from ( 6 4 . 1 0 ) .  Using  t h e  v a l u e s  o f  t h e  e n t r a n c e  p u p i l  c o e f f i c i e n t s  g iv e n  
i n  T a b l e  7 5 / 1 ,  Ag i s  g i v e n  t o  t h e  t h i r d ^  o r d e r  i n  and T by t h e  f o rm u la e
Ae = 2 .4107  X 10~2 (0 .4 2 5 6  +  0 .1545  T )
Aj, = 2 .4107 X 10~2 (0 .  5065 + 0. 1918 T ) ,
Ae = 2 .4107  X 10~2 (1 .  1905 +  0.2111 T ) , ( 7 7 .1 )
f o r  t h e  b a s e - r a y s  ( a ) ,  (b)  and (c)  r e s p e c t i v e l y .  I t  i s  i m m e d i a t e l y  
o b v i o u s  t h a t  A^ i n c r e a s e s  w i t h  i n c r e a s i n g  f i e l d  a n g l e .  I f  v i g n e t t i n g  
i s  d e t e r m i n e d  t o  t h e  f i r s t  o r d e r  o n l y ,  t h e  a r e a  o f  t h e  e n t r a n c e  p u p i l  w i l l  
b e  u n d e r e s t i m a t e d  f o r  p e n c i l s  w i t h  T^ >  0 and o v e r e s t i m a t e d  f o r  p e n c i l s  
w i t h  T < 0 .  The c r o s s - s e c t i o n a l  a r e a  o f  any  p e n c i l  can  be d e t e r m i n e d
y
by u s i n g  t h e  a p p r o p r i a t e  member o f  ( 7 7 . 1 )  w i t h  (64 .  9 ) .  I f  t h e  g r i d
2
mesh ( § 7 4b) i s  6 t h e  c r o s s - s e c t i o n a l  a r e a  a s s o c i a t e d  w i t h  e ach  r a y  i s  & ,
1 Note  t h a t  t h i s  e n t a i l s  o n l y  t h e  second  o r d e r  e n t r a n c e  p u p i l  c o e f f i c i e n t s  
and hence  i s  e q u i v a l e n t  t o  d e t e r m i n i n g  v i g n e t t i n g  t o  t h e  second  o r d e r .
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Thus, i f  v i g n e t t i n g  i s  t a k e n  i n t o  a c c o u n t  and s p o t  d iag ram s  d e te rm in e d  
i n  t h e  manner o f  §75b, t h e  number o f  r a y s  t r a n s m i t t e d  by t h e  sy s tem  and 
c o n s t i t u t i n g  t h e  s p o t  d iag ram  w i l l  be
t a k i n g  5 = 0 .0 0 5 .
M b ' 4 x
410 A
V alu es  o f  A and N w ere  d e te r m in e d  w i th  each  o f  t h e  b a s e - r a y s  
( a ) ,  (b )  and ( c )  f o r  v a r i o u s  p e n c i l s  and t h e  r e s u l t s  a r e  p r e s e n t e d  in  
T a b le  7 7 /1 .  The f i r s t  column s p e c i f i e s  t h e  b a s e - r a y ,  ^  i s  t h e  h a l f ­
f i e l d  a n g le  o f  t h e  p e n c i l ,  T and S t h e  a x i a l  SPC o f  t h e  p r i n c i p a l  r a y  
o f  t h e  p e n c i l  w here  was p r e d i c t e d  u s in g  ( 6 5 . 2 ) ,  A i s  t h e  c r o s s - s e c t i o n a l  
a r e a  o f  th e  p e n c i l  e x p r e s s e d  i n  h u n d r e d th s  o f  a s q u a re  u n i t  and N i s  t h e  
number o f  r a y s  t h a t  a r e  p r e d i c t e d  t o  be  t r a n s m i t t e d  by (K) . N i s  t h e  
number o f  r a y s  t h a t  w ere  a c t u a l l y  t r a n s m i t t e d  when t h e  t r a c e d  s p o t  d iag ram
was c o n s tr u c te d  and p i s  th e  d is ta n c e  from th e  c e n tr e  o f  (5) (a s determ ined
t r
from  t h e  t r a c e d  s p o t  d iag ram ) o f  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  p r e d i c t e d  
p r i n c i p a l  r a y  w i th  (D). p /p ^  i s  t h e  m ea su re  o f  t h e  q u a l i t y  o f  t h e  p r e ­
d i c t i o n  o f  t h e  v a lu e  o f  S employed i n  §75a. The a r e a  A d e c r e a s e s  s lo w ly  
w i t h  t h e  f i e l d  a n g l e .  I n  f a c t  i t  i s  r e a d i l y  v e r i f i e d  t h a t  A i s  to  a 
good a p p ro x im a t io n  g iv e n  by
A = A c o s  \jr^ (7 7 .2 )
w here  \|r^ i s  t h e  a n g le  o f  i n c l i n a t i o n  o f  t h e  p r i n c i p a l  r a y  a t  t h e  d iaphragm  
and Aq i s  a  c o n s t a n t .  F o r  sm a l l  h a l f  f i e l d s  r  ~  1 .1 ,  and d e c r e a s e s  t o  
v a lu e s  a ro u n d  0 .8  f o r  l a r g e  h a l f - f i e l d s .  The r e s u l t  ( 7 7 .2 )  i s  r e m a rk a b le  
s i n c e  i t  i s  e q u i v a l e n t  t o  A b e in g  p r o p o r t i o n a l  to  t h e  c r o s s - s e c t i o n a l  
a r e a  o f  t h e  p e n c i l  a t  t h e  d iaphragm . I t  i s  e v id e n t  from  t h e  c l o s e  
ag reem en t  o f  N and N t h a t  f o r  t h e  p u rp o se  o f  o b t a i n i n g  an  a s se s s m e n t  
o f  t h e  a b e r r a t i o n s  o f  t h i s  sy s tem  i t  i s  s u f f i c i e n t  to  c o n s id e r  v i g n e t t i n g
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TABLE 77/1_____ P r e d ic te d  P r i n c i p a l  Rays and C r o s s - S e c t io n s  o f  V a r io u s  P e n c i l s
T aAy SAy
A N Nt r p t r / p d
30 ° 0 .5774 0 .0139 0 .7 2 4 9 290 295 0.0041
3 5 ° 0 .7002 0 .0 2 3 0 0 .7202 288 290 0 .0009
T = 1 .0989 40° 0.8391 0 .0 3 6 9 0 .7132 285 287 0.0011By
4 5 ° 1.0000 0 .0573 0.7011 280 281 0.0001
S__ = 0 .0719 50° 1 .1918 0 .0869 0 .6832 273 273 0 .0006By
55° 1.4281 0 .1305 0 .6 6 0 5 264 265 0 .0 0 1 4
60° 1.7321 0 .1953 0 .6325 253 257 0 .0020
55 ° 1.4281 0 .1296 0 .6598 264 259 0 .0118
T = 2 .0570 60° 1.7321 0 .1952 0 .6458 258 257 0 .0023By 64° 2 .0503 0 .2 7 1 8 0 .6313 253 252 0.0011
S 0 .2734 67° 2 .3559 0.3511 0 .6 1 7 9 247 248 0.0011
By 70° 2 .7 4 7 5 0 .4586 0 .6033 241 239 0 .0029
74 ° 3 .4 8 7 4 0 .6746 0 .5907 236 239 0 .0 1 0 0
T 4 .9582 76° 4 .0 1 0 8 0 .8355 0 .5 8 1 8 233 233 0 ,0030
By 7 8 .6 ° 4 .9 5 9 4 1 .1348 0 .5722 229 228 0 .0002
S 1.1345 80° 5 .6713 1.3642 0 .5663 227 222 0.0013By
82° 7 .1154 1 .8350 0 .5 5 7 9 223 217 0 .0 0 6 5
TABLE 7 7 /2  P r e d ic t e d  P r i n c i p a l  Rays and C ro s s - S e c t io n s  o f  V a r io u s  P e n c i l s
w h ic h  a re  Skew to  th e  Base-Ray
T aAy T A z SAy
S
Az
A N N
t r P /  P Ht r  Hd
T_ = 2 .0570  By
1.7321
1.7321
0 .2 0
0 .4 0
0 .1 9 6 4
0 .2 0 0 4
0 .0229
0 .0463
0 .6425
0.6331
257
253
254
264
0 .0054
0.0021
S_, = 0 .2734By
2 .0503
2 .0503
0 .2 0
0 .4 0
0 .2 7 2 9
0 .2 7 6 4
0 .0268
0.0541
0 .6307
0 .6237
252
250
250
251
0 .0033
0 .0039
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to the second order.
Table 1112 Is the analogue of Table 77/1 for four skew pencils.
(64. 8 ) cannot differentiate between skew and meridional pencils and for
small values of T only a small variation of A with T is introduced by z
(4)the denominator of (64.11). However, if the terms A are included in
A^, a definite dependence on T^ is introduced into A. Note the large
increase in N as T is increased for the T = 1.7321 skew pencils. It tr z Ay
would be expected that since the field angle is increased by increasing 
T^, would decrease. The cause of this discrepancy is unknown.
78. Aberrations Associated with Annular Apertures
The ability to predetermine the shape of the entrance pupil 
when investigating the performance of a system means greater use can be 
made of analyses of the aberrations associated with annular apertures.
If the diaphragm is replaced by an annular aperture of internal radius p 
and external radius p+dp , where dp is small, only those rays which inter­
sect (D) at a distance p from its centre are actually transmitted by the 
system and the image patch is a closed curve called the aperture curve.
By combining the curves corresponding to various values of p the complete 
image can be built up.^ The dependence of the aberrations on the aperture 
may be studied in detail and information not readily obtained from spot 
diagrams is available along with an overall picture of the complete image.
It will be seen in §79d that if vignetting is determined to the first 
order, a remarkable effect actually improves in appearance the quality 
of the predictions of the aberrations.
Herzberger (1957), part IV.1
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The shape of the entrance pupil is given by the series (64.2) 
and as a first approximation second and higher powers of p, given by (64,3), 
may be neglected. This is certainly the case for pencils of small aperture 
and it appears as though no serious errors are made for the system under 
investigation if this is done. For a meridional pencil
2 2S = p T + s _T + (p ,+s T +t T )p cos Q + 0(3) y sy2 y sy5 y vtsyl sy2 y sy5 y v '
sz “  )p sin e + 0(3) (78.1)
p and 6 are as in (64.3) and 0(3) denotes terms of the third and higher 
degree in T^. Evidently the entrance pupil is to a good approximation an 
ellipse centred on the point of intersection of the principal ray with the
plane of the entrance pupil. When considering off-axis imagery it is
2not sufficient to consider the entrance pupil as a circle. In fact, if 
polar coordinates (p,0) are set up in the entrance pupil and image curves
P = constant are constructed for various values of p, stopping down the 
diaphragm will cause parts of several different curves p = constant to
be vignetted. This is.probably the reason why the aperture curves appear 
to have had little use. For large field angles, the pencil of rays 
determined by p = constant will in actual fact be nothing more than a 
collection of rays in the neighbourhood of the sagittal plane of the true 
pencil and the corresponding image curve will not represent the aberrations 
associated with any particular aperture.
By prescribing values for p, the corresponding aperture curve 
can be obtained by calculating .S according to (78.1) and substituting 
these values into the series for H. The origin of the aberrations is
2 cf. Herzberger (1957) fig.2 •
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again taken to be the point of intersection of the principal ray with the 
image plane. By this means a set of aperture curves of the 40°, 45°, 64° 
and 67° pencils were produced. The predictions were all to the third 
order. For each pencil, annular apertures corresponding to 1/5, 2/5,
3/5, 4/5 full aperture were chosen (i.e., apertures of f/50, f/25, 
f/16.7 nnd f/12.5). As would be expected, some of the rays at full 
aperture were vignetted, due of course to the inadequacies of first order 
vignetting, and the corresponding aperture curves are not shown.
Fig.12 shows the aperture curves of the 40° and 45° pencil 
and the number by the side of each curve indicates the aperture. The 
predicted curves were obtained using base-ray (a). The f/50 curves are 
not shown but because of the presence of longitudinal spherical aberration 
these lie just outside the curves for an aperture of f/25. The f/50 
traced and predicted curves agree very well for the 45° pencil but are 
displaced slightly with respect to one another for the 40° pencil. The 
symmetric appearance of all the curves is due to the strong spherical 
aberration present at low field angles. The predicted curves for the 40° 
pencil show evidence of a uniform displacement in the negative e^-direction 
with respect to the corresponding traced curves. This is in part due to 
the difference between the predicted and traced image heights of the 
principal ray.
Aperture curves of the 64° and 67° pencil (fig.13) were 
predicted using base-ray (b). Again the f/50 curves are not shown but 
exhibit much less asymmetry than the curves for higher apertures and 
their predicted and traced curves agree very well for the 64° pencil.
In the case of the 67° pencil, the two curves are again displaced with 
respect to one another and this is due entirely to the difference between 
the traced and predicted image heights of the principal rays. For each
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of the three apertures shown in fig.13 the curves exhibit asymmetry,
especially the f/16.7 and f/12.5 curves. The agreement for the 64°
pencil is good, but this is not the case for the higher aperture curves 
oof the 67 pencil. It is to be noted that in all cases there are regions 
where the traced and predicted curves are in close agreement and corres­
pondingly there are regions where just the opposite is the case. These 
regions correspond to small and large values for ^  respectively.
79. Spot Diagrams in the Ideal Image Plane
(a) A spot diagram pictorially represents the points of intersection
with the image plane of a pencil of rays whose members intersect a plane 
normal to the principal ray of the pencil in uniformly distributed points. 
Consequently the number of points on the spot diagram contained in a small 
circle centred on a given point in the image plane is proportional to the 
intensity at that point and hence a spot diagram not only represents the 
general shape of the image patch but also the intensity at any point in 
the image. A typical spot diagram consists of two parts: the core and
the flare.^ The core is that part of the diagram where the intensity or 
point density is the highest and the flare is the weakly illuminated 
region surrounding the core. Usually these two regions are readily 
identified, especially in image planes near the plane of best focus.
The core principally determines the resolving power of the lens and the 
flare determines the contrast produced by the lens. In particular, the 
core determines the high-contrast resolving power and the flare determines 
the low contrast resolving power.^ The transfer function can be determined
1 Stavroudis and Sutton (1965) §3.
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2
from th e  c o o r d in a te s  o f  th e  p o in t s  on th e  sp o t  diagram . Spot diagrams 
r e p r e s e n t  th e  q u a l i t y  o f  th e  image and ta k e  no account o f  th e  d i s t o r t i o n .
Thus i t  i s  i r r e l e v a n t  where th e  o r i g i n  fo r  th e  a b e r r a t i o n s  i s  ta k e n  and a 
d i f f e r e n c e  in  o r i g i n  fo r  th e  p r e d ic te d  and t r a c e d  diagrams i s  o f  no 
consequence ( c f .  § 7 5 b ,7 8 ,8 1 b ) .
(b) For v a r io u s  f i e l d  an g les  th e  sp o t  diagrams in  th e  i d e a l  image
p la n e  w ere p r e d ic te d  to  th e  t h i r d  o rd e r  u s in g  th e  t h r e e  b a s e - r a y s  and a r e  
compared in  f i g . 14,15 and 16 w ith  th e  c o r re sp o n d in g  sp o t  d iagram  determ ined  
by r a y  t r a c i n g .  I n  a l l  c a se s  th e  r i g h t  hand diagram  was p r e d ic te d  and the  
c o r re s p o n d in g  l e f t  hand diagram  was t r a c e d .  The g r id  mesh i s  5 = 0.005 
and on th e  d iagram s th e  s c a l e  i s  1cm. = 0.002 f o c a l  l e n g th s .  The e - 
a x i s  i s  v e r t i c a l .
The g e n e ra l  c h a r a c te r  o f  th e  images as deduced from th e  t r a c e d
diagram  i s  as  fo l lo w s :  a t  low f i e l d  an g le s  th e  image i s  symmetric ( s p h e r i c a l
a b e r r a t i o n  ) w i th  a sm all,  w e l l  d e f in e d  co re  and la rg e ,  even ly  i l lu m in a te d
f l a r e .  As th e  f i e l d  an g le  i s  in c re a s e d  th e  co re  grows and th e  f l a r e
s h r in k s .  T h is  i s  due to  changes in  th e  lo n g i tu d in a l  s p h e r i c a l  a b e r r a t i o n .
The image rem ains  symmetric up to  n e a r ly  60° h a l f - f i e l d  where coma is
b a r e ly  v i s i b l e  in  th e  f l a r e .  The f l a r e  i s  asymm etric beyond 60° and
o
becomes h ig h ly  com atic  a t  about 70 h a l f - f i e l d .  I t  s h r in k s ,  though 
rem a in ing  com atic ,  and i s  a lm ost absorbed  i n t o  th e  g r e a t l y  expanded co re  
a t  80° h a l f - f i e l d .  The c o re  i t s e l f  grows and becomes n o t i c e a b l y  com atic  
a t  abou t 67° h a l f - f i e l d .  At low f i e l d  a n g le s  th e  p r i n c i p a l  ra y  i n t e r s e c t s  
th e  image p la n e  in  th e  c e n t r e  o f  th e  c o re ,  whereas a t  l a rg e  f i e l d  a n g le s
2 Kubota and Miyamoto (1963) §3.
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t h e  p o i n t  o f  i n t e r s e c t i o n  i s  a t  t h e  to p  edge o f  th e  s p o t  d ia g ra m  (a s  th e y  
a p p e a r  i n  t h e  f i g u r e s ) .
T ra c e d  and p r e d i c t e d  s p o t  d iagram s f o r  th e  two skew p e n c i l s  
= ( 1 . 7 3 2 1 ,0 .2 )  and = ( 2 .0 5 0 3 ,0 .4 )  a r e  shown i n  f i g . 17 w h ere  th e  
same c o n v e n t io n s  and s c a l e  a p p ly  as  b e f o r e .  A gain  t h e  p r e d i c t i o n s  a r e
3
t h i r d  o r d e r .  S in c e  t h e  sy s tem  i s  sy m m e tr ic ,  a l l  p e n c i l s  a r e  m e r i d io n a l
3
and i n  t h i s  c a s e  t h e i r  m e r i d io n a l  p l a n e s  a r e  i n c l i n e d  t o  ® . The s p o t
d iag ra m s  m ust t h e r e f o r e  be sym m etric  a b o u t  a l i n e  i n  t h e  image p l a n e  b o th
th ro u g h  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  p r i n c i p a l  r a y  and t h e  a x i s  o f
t h e  sy s te m . T h is  i s  t h e  c a s e  f o r  th e  t r a c e d  d ia g ra m s .  The a p p a r e n t
asymmetry i n  t h e  d e t a i l e d  s t r u c t u r e  o f  t h e  d iag ra m s  a r i s e s  from  t h e  manner
i n  w hich  t h e y  w ere  d e te rm in e d  -  th e  s e l e c t e d  r a y s  w ere  n o t  s y m m e t r i c a l ly
3
d i s t r i b u t e d  w i t h  r e s p e c t  to  t h e  r e l e v a n t  m e r i d io n a l  p l a n e .
(c )  G e n e r a l l y ,  t h e  e n t i r e  t h i r d  o r d e r  p r e d i c t e d  s p o t  d ia g ra m  f o r  a
p e n c i l  a b o u t  t h e  b a s e - r a y  i s  i n  e x c e l l e n t  ag reem en t  w i t h  t h e  c o r r e s p o n d in g  
t r a c e d  d ia g ra m . As t h e  m ag n i tu d e  o f  t h e  b a s a l  c o o r d i n a t e  T i s  i n c r e a s e d ,  
t h e  d i s a g r e e m e n t  b e tw e en  t h e  f l a r e s  o f  t h e  p r e d i c t e d  and t r a c e d  s p o t  
d iag ra m s  becomes p ro n o u n ce d .  However, t h e  p r e d i c t e d  and t r a c e d  c o r e s  a r e  
a lm o s t  i n v a r i a b l y  i n  e x c e l l e n t  a g re e m e n t .  I n  p a r t i c u l a r ,  compare t h e  
p r e d i c t e d  and t r a c e d  s p o t  d iag ram s  f o r  t h e  p e n c i l  a t  a  h a l f - f i e l d  o f  
7 0 ° .  M oreover ,  u s u a l l y  o n ly  a p o r t i o n  o f  t h e  f l a r e  i s  i n  poo r  ag reem en t  
and  th e  r a y s  c o n s t i t u t i n g  t h e s e  p o r t i o n s  a r e  a s s o c i a t e d  w i t h  l a r g e  v a lu e s  
o f  £ .
The d e p a r t u r e  from  symmetry a b o u t  some l i n e  i n  t h e  image p la n e
3 T h is  r e f e r s  t o  t h e  u s u a l  s e n s e  o f  " m e r id i o n a l "  i n  t h e  c o n t e x t  o f  t h e  
a x i a l  t h e o r y .
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is pronounced for the predicted spot diagrams of the skew pencils (fig.17). 
This can be due to two factors: first» in the basal theory the image
produced by a skew pencil is intrinsically asymmetric (550a). Second, 
if vignetting is determined to the second order for skew pencils, the 
cross section of the pencil is predicted to be virtually independent of Sz
(577b) and thus rays which are in fact transmitted are predicted to be 
vignetted, or conversely. In the case at hand, the second possibility 
may be discounted and it appears as though the inclusion of the first 
three orders is not sufficient to correct the intrinsic asymmetry of the 
predicted image. At first sight it appears as though the predictions for 
the skew pencils were outstandingly poor. However, the core is reproduced 
satisfactorily, especially with respect to its size and so are some parts 
of the flare. In the predictions the top left hand corner of the flare 
appears to have been displaced into the diagonal regions of the spot 
diagram. These displaced regions can again be correlated with large 
values of S or S .y z
It is instructive to compare fig.12,13 for the aperture curves 
with the corresponding spot diagrams. These show that (i) the flare 
corresponds to apertures greater than about f/20 for low half-fields and 
f/16 for higher half-fields,^ and (ii) the disagreement between the
The result (i) illustrates tx^ o things. First, by stopping the system 
down to about f/16 the intensity of the core is virtually unaltered 
whereas the extent of the flare is greatly reduced. Thus, without 
increasing the exposure required to expose the core correctly, the 
resolution and contrast is increased. Second, although a system may 
be nominally of aperture V, say, its effective aperture, as determined 
from the exposure required to produce a correctly exposed negative, 
may be much less than V.
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predicted and traced aperture curves increases sharply with aperture from 
about f/16, consistent with the observed discrepancies in the flares.
Spot diagrams were also determined for the 45° and 55° pencils with the 
system working at f/14 and are presented in fig.18 which is on the same 
scale as fig.14-17. The core is apparently unaffected but the flare is 
greatly reduced. However, the discrepancy between the predicted and 
traced flares still remains.
(d) It is in general advisable to determine vignetting to the second
order when the basal coefficients are used. However, for this system 
better agreement between the appearances of the predicted and traced spot 
diagrams is paradoxically obtained if vignetting is determined only to 
the first order! For example, fig.19 compares the traced spot diagram 
for the pencil at 55° half-field with the corresponding diagrams predicted 
with the coefficients of base-ray (a) when vignetting is determined (i) to 
the first order (centre diagram) and (ii) to the second order (right hand 
diagram). As a second example (not shown), the prediction of the diagram for 
the pencil at 40° half-field is also improved if vignetting is determined 
only to the first order. These surprising results may be partially explained 
in terms of the entrance pupil coefficients.
A necessary condition for the spot diagram corresponding 
to first order vignetting to be in better agreement with the traced 
diagram than is the diagram corresponding to second order vignetting can 
be determined as follows: if T^ > 0,those rays vignetted to the first
order in excess of those vignetted to the second order must have their 
aberrations poorly predicted, that is, their values of must lie in 
a neighbourhood of the maximum value for consistent with vignetting. 
Similarly, if T^ < 0, the additional rays transmitted when vignetting
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i s  de term ined  on ly  to  th e  f i r s t  o r d e r ,  must have in  a neighbourhood 
of i t s  minimum. Assume t h a t  fo r  th e  m e r id io n a l  p e n c i l  (1 ^ ,0 )  th e  e n t ra n c e  
p u p i l  co rre sp o n d in g  to  a diaphragm of r a d iu s  p i s  g iven  by ( 7 8 .1 ) .  W rite  
th e  second o rder  terras of S as
s
y
( 2 ) s rtpT cos 0 + s 
sy2 y
,T
sy5 y
( 2 )s = s ,.pT s i n  0 z sz6 y
Then th e  r e q u i r e d  c o n d i t io n  i s
(79 .1 )
b o th  fo r  T >  0 w ith  S n ear  i t s  maximum and fo r  T < 0  w ith  S near  i t s
y y y y
( 2 )minimum. (s^ i s  of no concern  and need n o t  be c o n s id e r e d . )  (7 9 .1 )  i s
an i n e q u a l i t y  in  p cos 0 and w ith o u t  lo s s  o f  g e n e r a l i t y  i t  i s  s u f f i c i e n t
to  c o n s id e r  only  m e r id io n a l  r a y s .  Then -p  ^ p ^ p and 0 = 0 .  Sinced d
i n t e r e s t  i s  c e n t r e d  on ra y s  which a r e  on th e  v e rg e  of b e in g  v i g n e t t e d ,
s (1) i s  c e r t a i n l y  th e  n u m e ric a l ly  dominant te rm  o f S . C onsequen tly ,
i f  p , i s  p o s i t i v e  S w i l l  be a maximum fo r  p near  p ,  and a minimum fo r  
syl y d
p near  -p ^ .  O therw ise, i f  p  ^ i s  n e g a t iv e ,  t h e  maximum i s  n ea r  -p^  and 
th e  minimum n ear  p^. The c o n d i t io n  (7 9 .1 )  th en  becomes:
The in e q u a l i t y  s pT + s „T > 0  must be s a t i s f i e d  ------------ ----------sy2 y sy5 y -----------------------------
^  p = P d P s y / ^ s y l 1 M  Ty > ° >  p = ‘ V s y  l7 1 Ps y l 1
I f  Ty < 0 • (7 9 .2 )
Note t h a t  i f  i s  p o s i t i v e  and pg^  and a r e  of the  same s ig n
th e n  th e  above c o n d i t io n  i s  a u to m a t i c a l ly  s a t i s f i e d .  That t h i s  i s  th e  
c a s e  fo r  th e  system  under c o n s id e r a t io n  i s  e v id e n t  from T able  7 5 /1 .  In  
o th e r  cases  the  c o n d i t io n  may or may n o t  be s a t i s f i e d  fo r  a l l  or some 
v a lu e s  o f  T^. The c o n d i t io n  i s  n e c e ssa ry  b u t  no t s u f f i c i e n t  -  i t  may 
w e ll  be t h a t  th e  in c lu d e d  or excluded  ra y s  "over c o r r e c t "  th e  p r e d ic te d  
sp o t  diagram . Thus i t  i s  p a r t l y  f o r t u i t o u s  t h a t  th e  c o r r e c t i o n  i s  so
good in  f i g . 19.
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80. On the Effects of a Translation of the Image Plane
(a) An indication of the use of the basal coefficients for determin­
ing the effects on the image of a longitudinal translation of the image 
plane through a distance x was given in <*51 a. The present section is 
devoted to a numerical consideration of these effects. First of all, 
from the values of the Ji- and ^-coefficients (Tables 73/1,2) it is evident 
that in general the first order coefficients h are sensitive to quite
cl
small translations of the image plane (x 0.01, say) whereas the higher 
order coefficients are unaffected by such changes.
Consider the meridional fan of the pencil about base-ray (a).
(3) . (1) .e dominates e wheny y
28.87 S 3 > 0.019 S , i.e., |s | > 0.025y y y
is negligible (see §74a). In the region where the third order 
aberration dominates, the total aberration is large. Hence it is necessary
to reduce e If the third order coefficients are reduced by performing
a translation, the first order aberration is increased enormously. Rather,
(3)it is necessary to balance the large by introducing first order
aberrations of the opposite sign, h must be increased and since vya a
is negative the image plane must be brought nearer to the lens. The effect 
of this will be to reduce the overall dimensions of the image but also to
increase the aberrations in regions where |e je^3^ (i.e., the
core). To double, say, the range of values of S such that ey y
(1)
numerically greater than e (3) it is necessary to increase h four-foldya
and, from (53.2), x is given by 4h = h + xvya ya a Hence x = -0.071 and 
the second and third order coefficients are changed by negligible amounts. 
These considerations were based on the meridional aberrations alone and
since the aberration is principally spherical aberration, substantially
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the same conclusions are arrived at by considering the sagittal aberrations*
(b) The pencil about base-ray (c) cannot be treated in this simple
manner since the aberration is comatic. An alternative process is dis­
cussed below and illustrated by applications to the pencils with half­
fields of 45° and 78.6° respectively. Since the aberration is referred 
to the principal ray, e is given by (7.8). In the translated image plane 
the image height is H(x) where
K(x) = H + xV
and thus
4 (x) = g + x(A/-Vp) , (80.1)
(cf. (66.2)). For the meridional fan, g^(x ) is zero when
x = -€y/(V»Vp) , (80.2)
and for the sagittal fan, e (x) is zero whenz
x = ~ S /U • (80.3)
(80.2.3) express x as series in J3 and T for the appropriate fan. In the
limit of zero aperture x will be a function of Ty for both the meridional
and sagittal fans and will be the generalisation of to any meridional
principal ray. The zero order terms in these series are x . In bothM
(80.2.3) x behaves as a quadratic in p for finite apertures since the 
dominant term of e becomes cubic and that of V-Vp remains linear.
(Note: p is the p of 576.) If the aberration is symmetric, x is an even
function of p. It is necessary that the values of x determined from
(80.2.3) should be in good agreement with the corresponding values 
determined by ray tracing. That this is the case is shown by fig.20 which 
compares the traced and predicted values of x for the 45° pencil (base-ray 
(a)) and the 78.6° pencil (base-ray (c)). One unit is 0.01 focal lengths 
and the curves labelled M and S correspond to (80.2) and (80.3) respectively.
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As the first example consider the meridional pencil of 45° 
half-field. Since the aberrations are symmetric there is no need to 
consider the sagittal fan. Under the assumption that the core arises 
from rays for which € is a slowly varying function of .S, inspection of 
fig.7 shows that the core^ corresponds to -0D2 < p < 0.018 and has a 
radius of 0.0002. The flare is large and arises from jp| > 0.02 and the 
aberrations in this region must be reduced. From fig.20 the aberration 
for p = 0.032 is reduced to zero by x = -0.06 and this is taken as the 
position of the translated image plane. In this plane the aberration 
of any ray may be determined from the meridional curve and fig.20: let
xQ be the position of the new plane, then (80.1,2) gives
£y(x0) = £y(1‘x0/x) ’ £z(x0} = ez(,_x0/x) <x * 0) , (80.4)
where .e is the aberration in the undisplaced image plane and x is the 
position of the image plane in which the aberration of the ray in question 
is reduced to zero. (Note: x will in general be different for € and e .)y z
The boundary of the flare will still correspond to the extreme 
rays |p| =0.04 and (80.4) gives the aberration of the ray for which 
P =0.04 as -0.0019. The boundary of the core in the translated plane 
corresponds to the rays |p| =0.01, for which (80.4) gives € = 0.0011.y
The radius of the flare is now about twice that of the core. That this 
is indeed close to the mark is evident from fig.21 where the predicted and 
traced spot diagrams in the image planes x = 0.0, -0.04, -0.06 and -0.08 
are compared for the 45° pencil. The highest resolution will evidently 
be obtained near the ideal image plane but the contrast will be poor.
The rim of the core is taken to coincide with the local maximum and 
minimum of e .y
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In the plane x = -0.07 (approx.) the contrast will be a maximum. In 
the previous sub-section x = -0.07 corresponded to the plane in which 
was greater than or of the order of € ^  for all P« Presumably 
this corresponds to the flare being absorbed into the core. For the 
45° pencil this occurs for p between -0.06 and -0.08. The image plane 
in which the flare is just absorbed into the core is a generalisation 
of the plane of least confusion for spherical aberration.
(c) Inspection of the meridional curve of the 78.6° pencil (fig.9)
shows that p > 0.01 corresponds to a weakly illuminated flare. Ttoo
cores corresponding to = 0.0^3 and -0.0023 arise around p = 0.0065
and -0.022 respectively. It is desired to reduce the relative aberration
of these cores. A reduction of the aberrations of a ray will occur
in the translated image plane provided 0 < x^/x < 2 (see (80.4)),
Thus, if Xq > 0 the aberrations in most of the range p < 0.01 will be
reduced and the corresponding meridional curve will be co.nsiderably
flattened over this range. It appears as though x^ = 0.04 would be
a reasonable choice and the aberrations for p < 0.0075 will be reduced
with this choice. The cores are then at p = 0.002, e = 0.0.17 andy 4
p = -0.01, e = -0.0-51  ^ The flare will be extended further into they 3
negative direction but is weakly illuminated.
In order to analyse the sagittal fan it is necessary to 
know e and e as functions of p. Determined with base-ray (c), they z
values of corresponding to various values of p are:
p e2 P ez
0.0 0.0 0.030 0.00226
0.010 0.00104 0.035 0.00223
0.020 0.00187 0.045 0.00158
0.025 0.00213 0.055 -0.0,364
§80 237.
The corresponding values of may be obtained from the sagittal curve 
(fig.11). For sagittal fans, the coefficients of the only non-zero terms 
in V-Vp and are and s g respectively. It is evident from Tables 
73/1,2 that is unaffected by a translation of the image plane since 
Shy8 d°es n0t vary by any sensible amount. If xQ = 0.04, is reduced 
for IpI < 0.043 and has a maximum of 0.0013 at |p| = 0.025. The corres­
ponding value of e remains small, viz. -0.0 5 . For |p| < 0.025, € y 3 z
varies slowly with p but increases more rapidly for |p| > 0.025. The 
intensity is hence greatest in a narrow range of values of € and they
corresponding values of are in the range -0.0013 to 0.0013, or roughly 
an order of magnitude greater than the range for € . Thus there will bey
a bar of light in the direction with local cores at its ends and a 
flare in the negative € direction. Since the cores of the meridional 
fan occur in the same narrow range of values of e , it is likely that the 
complete image has the form of a meridional focal line with a flare in the 
negative e direction.y
In a similar fashion can be reduced to zero and the
behaviour of e examined. Since e is zero at p = 0 and in the outer
y z
regions of the aperture, it is sufficient to select a value of x that
reduces the maximum of A suitable value is x = 0.08, reducing the
aberration for ]pj = 0.034 to zero and increasing the aberrations for
IPI > 0.045. (The last region corresponds to a flare since € variesz
rapidly with p. Consistent with the observations on the 45° pencil,
the flare is increased when the core is reduced.) In the translated
plane the maximum of e is 0.0o58 and corresponds to a strong core.z j
There is a weak flare extending to e = ± 0.003 with € large and negative.Z y
The form of the meridional curve is as follows: for p < -0.026 and
p > 0.003 the aberrations are worse with an overall range from -0.0077
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to  0.0023 and no tu rn in g  p o in t s .  Thus th e  com plete  image i s  p ro b ab ly  
a s t r o n g  s a g i t t a l  f o c a l  l i n e  -with a com atic  f l a r e  in  th e  n e g a t iv e  
d i r e c t i o n .
The co n c lu s io n s  a r r iv e d  a t  above shou ld  be compared w i th  f i g . 22 
where th e  p r e d i c t e d  and t r a c e d  spo t diagram s in  th e  image p la n e s  x = 0 .0 8 ,  
0 .0 4 ,  0 .0 ,  and - 0 .0 4  fo r  th e  7 8 .6°  p e n c i l  a r e  compared. I t  i s  seen  t h a t  
th e  a b e r r a t i o n s  of t h i s  p e n c i l  a re  com atic  w ith  a s t ig m a t is m  in  th e  c o re .
I t  i s  n o t  u n t i l  x i s  n e g a t iv e  t h a t  a p la n e  o f  l e a s t  c o n fu s io n  i s  o b ta in e d .  
At x = - 0 .0 4  th e  f l a r e  i s  absorbed  in t o  th e  co re  b u t  th e  l a t t e r  i s  now 
so l a r g e  t h a t  b o th  r e s o l u t i o n  and c o n t r a s t  w i l l  be s e r i o u s l y  im pa ired .
81. The E f f e c t s  of th e  Wrong Choice o f  Base-Ray
In  §68 re a s o n s  were g iven  as to  why a p r i n c i p a l  r a y  shou ld  be
chosen  as b a s e - r a y .  These a re  now i l l u s t r a t e d  by s p e c i f i c  exam ples.
As an a l t e r n a t i v e  b a s e - r a y  to  (a) ta k e  th e  ra y  ( a 1) whose c o o r d in a te s
a re  S = 0 .0 4 ,  Tß^ = 1.0989 and which i s  n o t  a p r i n c i p a l  r a y .  I t  i s
of i n t e r e s t  to  compare th e  t i - c o e f f i c i e n t s  fo r  b a s e - r a y  (a) w i th  th e
c o r re s p o n d in g  c o e f f i c i e n t s  fo r  b a s e - r a y  ( a ' ) ,  g iven  in  T ab le  8 1 /1 .  The
prom inent f e a t u r e  i s  t h a t  th e  c o e f f i c i e n t s  o f  second o r d e r ,  z e ro th  degree
( 2 )coma a r e  q u i t e  l a r g e  and hence canno t be n e g le c te d  in  s p i t e  of th e
f a c t  t h a t  th e  image i s  known to  be h ig h ly  sym m etric. The r e a s o n  i s  t h a t  
b a s e - r a y  ( a 1) does n o t  go th rough  th e  c e n t r e  o f  th e  e n t ra n c e  p u p i l  and 
hence th e  c o e f f i c i e n t s  may no t be i n t e r p r e t e d  as in  §52>53.
The sp o t  diagram s fo r  th e  45 p e n c i l  p r e d ic te d  w i th  b a s e - r a y s  
(a )  and ( a ' )  a r e  compared w ith  th e  c o r re sp o n d in g  t r a c e d  d iagram  in  f i g . 23. 
S ince  th e  b a s a l  c o o r d in a te  (w ith  r e s p e c t  to  b a s e - r a y  ( a ) )  of b a s e - r a y  
( a ‘ ) i s  n e g a t iv e ,  th e  p r e d i c t i o n  of some p o r t i o n s  o f  th e  45° sp o t  diagram
§81 239.
which correspond to nö < 0 (§74b) will be better for base-ray (a') than 
for base-ray (a). That this is so can be seen only on close examination 
of fig.23 but the overall prediction is far better for base-ray (a). The 
meridional curves for the 35°, 47.7° and 55° pencils are shown in fig.24.
The aberrations are referred to the principal ray, which is taken as 
that ray for which is a minimum. The overall agreement is far superior 
with base-ray (a) than with base-ray (a1). For the 47.7° pencil the effects 
of a bad prediction of the image height of the principal ray may be seen.
In this case T^ = 0 and base-ray (a1) is the ray with p = -0.0214. Its 
aberration is of course predicted exactly with base-ray (a1) and hence, in 
order to correct for the inaccuracies in the prediction of the image height 
of the principal ray, the curve predicted with (a1) must be translated in 
the negative direction so as to agree exactly with the traced curve at 
P = -0.0214.
TABLE 81/1____ The h-coefficients for Base-Ray (a1)
h = -0.06643 h ss 0.00237ya za
h u yb ss 0.45190 h  Uzb ss 0.75353
Shyl s 3.03020 Shz3 ss 2.14741
Shy2 ss -0.79878 Shz4 s= -0.14078
Shy5 ss -0.17149 Shz6 ss -0.24749
Shy8 s 1.39715 Shz7 ss -0.26547
s, ss -0.16433hy9
ss -0.13425hylO
Ühyl = -40.36110 thz3 = -41.06781
thy2
ss 15.07359 thz4 = 2.29819
Chy5 = -2.28246 thz6 = 10.49456
thy8 = -53.63008 thz7 * -0.75556
t, o ss 4.92226 t, ss -0.81579hy9 hz!2
t. ss -0.31421 t. SS 0.11522hylO hzl3
t, .. ss 0.21461 t, ss -54.33189hy 11 hzl7
thyl4 ss 7.32878 t‘hzl8 = 9.15856
t, , r ss -0.88567 t, , _ ss -0.58480hyl 5 hzl 9
t. ss 0.10302 t, Ä _ ss -0.11415hyl 6 hz20
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82. Higher Order Coefficients and the Basal Predictions
(a) This chapter has been in part devoted to an analysis of the quality
of the agreement between the aberrations predicted using the basal 
coefficients on the one hand and determined by ray tracing on the other. 
Predictions were made to the third order in the basal variables with the 
exception of some second order predictions made with meridional and sagittal 
fans. The second order predictions were quite useless. The fact that the 
third order predictions of particular aberrations may not be in good agree­
ment with the traced aberrations does not imply the existence of some 
deficiencies or errors in the basal theory, rather the presence of certain 
higher order aberrations in amounts that cannot be neglected is implied. 
Similarly, good agreement indicates the absence of certain higher order 
aberrations but not necessarily of the individual higher order aberration- 
types since two or more aberration-types may annul each other.
To an experienced designer these discrepancies are a valuable 
pointer to the type and magnitude of the higher order aberrations. Spot 
diagrams provide scarcely more than a qualitative indication of the more 
important of these aberrations, whereas the meridional, sagittal and 
aperture curves can provide some quantitative information. The problem 
of analysing these discrepancies is, for several reasons, considerably 
more complicated in the basal theory than in the axial theory. First, 
the entrance pupil cannot be treated as a fixed circular aperture and the 
range of values of S^ is no longer symmetrical with respect to the origin, 1
It would have been better to have re-expressed H, the aberration, etc., 
in terms of J3 = - J3p and T where S. and X are the basal SPC of a ray
and _Sp is the value of S. for the principal ray of the pencil. The 
image height of the principal ray is then simply the distortion terra 
of H , and £ is symmetrically defined for all pencils.
§82 241
i n  f a c t  Sy may t a k e  e x c l u s i v e l y  p o s i t i v e  o r  n e g a t i v e  v a lu e s  f o r  a  p e n c i l  
s u f f i c i e n t l y  i n c l i n e d  t o  t h e  b a s e - r a y  ( s e e  §82b below)« Second, t h e  
number o f  c o e f f i c i e n t s  and a b e r r a t i o n - t y p e s  i s  g r e a t l y  i n c r e a s e d .
(b) C o n s id e r  t h e  p e n c i l s  a b o u t  th e  b a s e - r a y s ,  i n  p a r t i c u l a r  t h e
p e n c i l  a b o u t  b a s e - r a y  ( a ) .  The d i s c r e p a n c i e s  i n  t h e  m e r i d io n a l  f a n s  a r e
n o t  sym m etric  and m ust t h e r e f o r e  a r i s e  from  a c o m b in a t io n  o f  te rm s  
4 5
p r o p o r t i o n a l  t o  S and S . The c o e f f i c i e n t  o f  t h e  fo rm er  m ust be
y y
p o s i t i v e  and o f  t h e  l a t t e r ,  n e g a t i v e .  F i t t e d  to  t h e  o b s e rv e d  d i s c r e p a n c i e s
f o r  t h e  4 7 .7  p e n c i l  i t  i s  found t h a t  t o  a c l o s e  a p p ro x im a t io n  t h e  h ig h e r
4 5o r d e r  te rm s  a r e  42 5^ -  470 . For t h e  s a g i t t a l  f a n  can  depend
o n ly  on S ^ and to  a c c o u n t  f o r  t h e  d i s c r e p a n c i e s  i n  t h e  4 7 .7 °  f a n  t h e
4
s i n g l e  h i g h e r  o r d e r  te rm  22 p r o v id e s  an e x c e l l e n t  c o r r e c t i o n .
Not much em phasis  can  be p l a c e d  on t h e  n u m e r ic a l  s i z e  o f  th e  
v a r i a b l e s  £  and X  a s  a  g u id e  as  t o  w h e th e r  o r  n o t  a p a r t i c u l a r  te rm  i s  
n e g l i g i b l e .  For i n s t a n c e ,  f o r  t h e  35° p e n c i l  = - 0 . 4  and - 0 .1  <  <  0
w h ereas  f o r  t h e  80° p e n c i l  T = 0 . 7 1  and 0 .0 5  <  S <  0 .37  and y e t  t h e
y y
p r e d i c t i o n s  a r e  as  good i n  each  e a s e l  I f  T had  been  0 .7  o r  S « 0 . 4
y y
f o r  b a s e - r a y  (a )  t h e  p r e d i c t i o n s  would h av e  b een  u s e l e s s .
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APPENDIX A: FIGURES 1-24
243.
Fig.2 Spot diagrams predicted with axial theory
(Traced diagrams on the left of each pair and tertiary predictions on the
right.)
244.
Hk' Vh'
2 0 -|
TO -
H , ' V,k v 1
V.' +.k v 1
Fig.3 The nature of the projection of the hemisphere
Fig.4 SPC of proper principal rays
245.
Sa,
Figo 5 Predicted SPC of principal rays
H k
Fig.6 Predicted image heights of principal rays
In both these figures — is traced, - —  - —  . is secondary axial
prediction, —  —  —  is third order base-ray (a) , and ....... is third
order base-ray (b).
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Fig.7 Meridional fans, base-ray (a)
— -——  traced 
—  second order basal
....... third order basal
247
Fig.8 Meridional fans, base-ray (b)
- traced
second order basal 
.......  third order basal
- 0-3
248
- 0 5
Fis» 9 Meridional fans, base-ray (c)
' traced
—  —  —  second order basal 
.....  third order basal
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F i g .  1 0 S a g i t t a l  f a n s ,
b a s e - r a y s  ( a ) ,  ( b ) «,
—— —  t r a c e d  
_  _  _  s e c o n d  o r d e r  b a s a l  
................  t h i r d  o r d e r  b a s a l
6 4°
F i g . 11
S a g i t t a l  f a n s ,  b a s e - r a y  ( c )
250
-0 3
-0 2
-0-3
i25 00
16 67
Figo 12 Aperture curves, base-ray (a)
Fig.13 Aperture curves, base-ray (b) 
traced, third order basal predictions
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Traced Third order basal
40°
Fig.14(1) Spot diagrams in ideal image plane. Base-ray (a)
T ra c e d T h i rd  o r d e r  b a s a l
55o
F i g . 1 4 (1 1 ) Spo t d ia g ra m s  i n  i d e a l  image p l a n e .  B a s e - r a y  (a )
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Traced Third order basal
60o
m
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• . W •• *
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Fig,15(1) Spot diagrams in ideal image plane. Base-ray (b)
Traced
v'!'* - •.•
Third order basal
•• *.
vrv v
Figo15(ii) Spot diagrams in ideal
image plane. Base-ray (b).
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Fig.16 Spot diagrams in ideal image 
plane. Base-ray (c).
Traced Basal prediction
. ; ; • • * ’ •
T = 1.7321 Ay
T a = 0.2 Az
Ta = 2.0503 Ay
T a = 0.4 Az
Fig.17 Spot diagrams for two skew pencils* Base-ray (b)
•' * •Y#7
.' • X ' 55o
Fig.18 Spot diagrams for aperture of f/14. Base-ray (a).
(Third order basal prediction on the right of each pair.)
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Traced Basal prediction.
• . ’•* t •
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Spot diagrams in displaced image plane. "4^ -+5Fig.21 Base-ray (a).
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Traced Basal prediction
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Fig.22 Spot diagrams in displaced image plane. ^1 = 78.6°. Base-ray (c).
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Fig.24 Comparison of meridional fans predicted with base-rays (a) and (a')
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APPENDIX B: ON THE CHOICE OF COORDINATES
83. Introduction of Hamiltonian and Normal Coordinates
It was not at all obvious at first sight that translated coordin­
ates were the most suitable coordinates for use in the basal theory. For 
instance, the physically meaningful did not vanish for the base-ray.
This made it necessary to introduce the quantity V which had physical 
meaning only through the addition of the zero order quantity (i.e.,
through (5.2)). The presence of this additive constant V (and of otherB
non-zero pseudo-parameters) is essentially the source of the algebraic 
complications inherent in the use of translated coordinates. Clearly, 
to ensure that vanishes for the base-ray, the x-axes of the coordinate 
systems must lie along the base-ray. This is the motivation for the 
introduction and analysis of hamiltonian coordinates. With hamiltonian
and (C^ ' are associated with 
each surface (F). Their common origin is (P^  and their x-axes lie along 
the base-ray in the object and image spaces of (F) respectively. In both
and ^  are the hamiltonian coordinate 
systems associated with the surface (F) . Note that hamiltonian coordinates 
are equivalent to the coordinates usually used in discussions involving 
hamiltonian optics.
Another possible source of complication in the use of translated 
coordinates is that a ray incident along the x-axis is in general refracted 
away from the x-axis. This can be avoided only by the use of normal 
coordinates defined so that a single coordinate system (C^ T is associated 
with each surface and the origin of (C^ is (P^  with the x-axis along 
the normal to the surface at (P^ . As usual, the y-axis is in (M) .
(C^ is the normal coordinate system associated with (F) . The use of
cases the y-axis is in (M). (C^
coordinates two coordinate systems (C^
583,84 262.
normal coordinates is of some advantage in the specification of aspheric 
surfaces in the basal theory (see 593). However, for the purposes of 
this appendix aspherical surfaces will be overlooked. Unless the 
coordinate systems associated with the image space of a surface and the 
object space of the next surface are related by a translation, transfer 
between these two surfaces is a relatively complicated matter (see §85). 
On the other hand, the association of two coordinate systems with each 
surface also introduces complications (see §84). In making the final 
assessment of the relative merits of the various coordinate systems, 
account was taken of both the theoretical and the practical aspects of 
the basal theory.
ian and normal coordinates as in translated coordinates; only the details 
differ. In particular the quasi-invariants are formally identical and 
(25.6) holds between the appropriate canonical and paracanonical variables. 
Consequently the principles of iteration are the same. The differences in 
detail particularly manifest themselves in the quadratic equation for R 
and the equations for AG as functions of Y and V and,in the case of 
normal coordinates, in the transfer equations.
84. Hamiltonian Coordinates
The general structure of the basal theory is the same in hamilton­
and ' are related by a rotation of coordinates about the
z-axis. If y is some vector in
is y" where
?' = T(0)y (84.1)
and
cos sin 4> 0
cos <t> » (84.2)
0 0 1
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w ith
<t> = AI.,b
The co n v en tio n  r e l a t i n g  to  th e  use  o f  " i s  as fo l lo w s :  i f  Q i s  some
q u a n t i t y  d e f in e d  w ith  r e s p e c t  to  (C^ fo r  th e  r a y  ®  b e fo re  r e f r a c t i o n  
a t  ® , th e n  Q" i s  th e  q u a n t i t y  d e f in e d  fo r  th e  same r a y  ®  and in  
th e  same way as Q bu t w ith  r e s p e c t  to  C 1 b e fo re  r e f r a c t i o n .  Q" i s  no t 
to  be confused  w ith  Q1 which i s  the  analogous q u a n t i t y  d e f in e d  a f t e r  
r e f r a c t i o n .  I f  and on ly  i f  Q i s  a component o f  some th r e e - v e c to r  
w i l l  Q" be g iv en  by th e  same component o f  Q" a c c o rd in g  to  ( 8 4 .1 ) .  Rays 
a r e  s p e c i f i e d  by t h e i r  c a n o n ic a l  v a r i a b l e s  Y an<^  d e f in e d  w ith  r e s p e c t  
to  (C^ as fo l lo w s :  Y i s  th e  p o in t  o f  i n t e r s e c t i o n  o f  ®  w i th  th e  x -p la n e
of JC and i f  th e  d i r e c t i o n  c o s in e s  of ®  a r e  a ,  ß and 7 in  (C^ , H is
V = ß / a  . (8 4 .3 )
In  th e  image space o f  ® , Y' and V1 a r e  d e f in e d  an a lo g o u s ly  w i th  r e s p e c t  
t o  (C^1. Note t h a t  V and V* v a n is h  f o r  th e  b a s e - r a y .
In  h a ra i l to n ia n  c o o rd in a te s  th e  law of r e f r a c t i o n  (8 .3 )  i s
ß"' - kß" = R ^ a 'n 1 , (8 4 .4 )
where
n '  = n" = T(<D)n , ßM = T(<D)ß .
Thus, analogous to  ( 9 . 2 , 3 ) ,
V' -  V" = -R I  " , (Ö4.5)
A A
where th e  d e f i n i t i o n s  ( 9 .3 ,5 )  fo r  1 ^ »  a r e  c a r r i e^ over :
I A -  n^V -  ji .
(Thus I  " = n "V" -  n" where V" = j3 '7 au , see  ab o v e .)  R^ w i l l  s a t i s f y  
A x
th e  e q u a t io n  ( 9 .7 ,8 )  p ro v id ed  VA and nx a r e  r e p la c e d  by I A" , £"  
and n " r e s p e c t i v e l y ,  ii" can  be ex p ressed  in  te rm s o f  X" and £ "
X
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(84.5) expresses V' in terms of V" and Y". This has two disadvantages. 
First, V" does not vanish for the base-ray and second, is required in 
terms of Y and V. The first disadvantage may be modified by redefining 
JV" as |"/a" - J3/a. This is in effect associating a single coordinate 
system (C^1 with each surface. Consequently the disadvantages of the 
use of translated coordinates are introduced. Moreover, the (C^1 associated 
with successive surfaces are related by rotations and the disadvantages of 
using normal coordinates are also introduced (see §85). Laying aside 
these facts for the moment, it is evident that JV" and Y" can be expressed 
as a series in terms of Y and Thus R^, Y 1 and V 1 etc. could be first 
expanded in terms of Y" and V" and then these expansions converted to 
expansions in terms of ,Y and V. This clearly will involve a considerable 
amount of additional computation when computing the coefficients.
Both of these features can be removed by expressing the variables 
to which " is attached in terms of Y and V before any expansions are made. 
Since n and £  are the components of the vector n, (84.1) may be applied 
in this case. It was seen in §9a that (-aJ^, "aIAZ* aIAy^ were the 
components of n. X ß. This is still the case in hamiltonian coordinates.
Thus (84.1) is applicable to a l ^  , aIA» If this is done it is found that 
the quadratic equation for R. in terms of the variables Y", V" becomes
t R. 2 + 2<tR a + p = 0 ,A A
where 9
P = (k -1) (1+iV. V)
er = -k2 [I .V cos 4>-(r +WI )sin $ ] + O+V. V) (n sin 4>+n cos 4>) .■~A ~  Ay Ax y x
t = k2 [I 2+(I. cos sin 4>)2] - (1+V.V)(n sin ^  cos <t>)2Ay Az Ax y x
This is considerably more complicated than (9.8) especially when it is 
noted that the first term in cr is cubic in Y and V and the first term in 
T is of the fourth power in Y and V. A similar process applied to (9-2)
§84,85 205.
yields the following equations:
V  = -(R I -V cos <J)+sin <J>)/(cos <t> +Vsin 4>)A Ay
W ‘ = -[R (I cos $-1 sin 4>)—W]/ (cos <J> +Vsin 4>) . (84.5)
These are to be compared with the relatively simple (10.6). The corres­
ponding equations for Y' and Z' are also complicated by comparison with 
(10.7). The consequences of this are that the analogues of (26.1,2) in 
hamiltonian coordinates are considerably more complicated than in translated 
(or normal) coordinates. Note that if <t> is zero the equations of translated
coordinates are recovered (in which case is in reality V ). This completesA
the investigation of hamiltonian coordinates.
85. Normal Coordinates
As far as refraction is concerned, the only difference between 
the treatment based on the use of normal coordinates and that based on the 
use of translated coordinates is that the normal nß lies along the x-axis 
and some of the pseudo-parameters take special values:
nß = (1,0,0) , aß = cos Iß , ßß = sin Iß
If these are substituted into those equations, relevant to refraction, 
which were previously derived using translated coordinates, certain minor 
simplifications occur, especially in the solutions to the equations for 
X and R. However, little advantage accrues over the use of translated 
coordinates.
Now consider the transfer from the image space of (F) to the 
object space of (F^ . The origin of the coordinates (C^ _ is the point 
(d1, d'VB ', 0) in ©  where d' = dß'cos Iß'. In (C^ the direction
983 266.
cosines of the base-ray are
and in (C) ,
ßB ' = (cos Iß‘ , sin Iß ' , 0)
Since in general Iß+ f* Iß‘ , a rotation of coordinates is involved in
transfer. This is where the differences between normal and translated 
coordinates arise and is the source of the added complications associated 
with the use of normal coordinates. The required transfer equations are 
most readily obtained from (5.7,8) by replacing (due to the change in 
origin) Y by Y'-fd'V' and V by V'. Thus:
Y = (cosl '/cosl )x(Y‘+d'V' ) = x[Z'+d'W'+(cosI 7cosI_ ,)b(Z'V'-Y'W* ) ]+ o dt t d dt
V+  = (cosIß 7cosIB+)2xV W = (cosIß7cosIB+)xW (85.1)
X = [l+(cosI_7cosI )bV] B B+
1 (85.2)
In the parabasal region these reduce to
y+ * (cos!ß7cosIß+) (y'+d'v') z , = z'+d'w +
w+ = (cosIß7cosIß+)w‘. (85.3)
The quasi-invariants are given by
»
where
N = N cos Iy „ , N = N cos I.B z B
From (85.1-3) it follows that the transfer increments to the quasi­
invariants are not zero but have the values
VGy = Ny' (cos 1b 7 cos IB+)bxV,(VM ,Y' * V V,)
VG = M '(COS X '/cos I„.)bxW'(w 'Y'-z 'V') z z B B+ S S (85.4)
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Note: In the parabasal region these surface increments are zero.)
(25.1) will no longer hold but must be modified by including the sum over 
the transfer increments. Hence the and 5 will include contributions
due to transfer between surfaces. It is evident that the final aberration 
coefficients will not be simply the sum of the surface contributions but 
will include transfer contributions. These are not optical in nature 
since they arise from geometrical considerations rather than from a 
refraction or reflection. (Compare this with the alteration in the 
aberration coefficients due to a rotation of the image plane. In that case 
the final coefficients could not be expressed as a sum of contributions 
by the individual surfaces. In the present case the surface contributions 
are supplemented by the transfer contributions. In both cases the 
application of the methods of design and correction based on surface 
contributions is not possible.)
86. Principal Reasons for the Choice of Translated Coordinates
that the complications inherent in the use of hamiltonian or normal 
coordinates over and above those already present in the use of translated 
coordinates arise in both cases from the necessity of having to perform 
rotations of coordinates - in the case of hamiltonian coordinates between 
the object and image space of the same surface, in the case of translated 
coordinates between the image space of one surface and the object space 
of the next. As compared to the corresponding computations employing 
translated coordinates, the computation of the surface contributions to 
the paracanonical coefficients of the quasi-invariants is considerably 
more complicated in the case of hamiltonian coordinates and a little 
simpler in the case of normal coordinates. However, with normal
From the results of the preceding two sections it is evident
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Coordinates the transfer increments to these coefficients must also be 
computed. While the expansion of (85.4) in terms of Y* and V' is a simple 
affair, it is necessary to oonvert this into an expansion in terms of 
and (or in terms of the paracanonical coordinates if they are 
defined in this case). This essentially involves the use of pseudo­
expansions and iteration and as such is quite a lengthy process from the 
point of view of computation. From the practical aspect of the computation 
of the jG-coefficients alone, it is apparently simpler to use translated 
coordinates.
If hamiltonian or normal coordinates are used, the directions 
of the x-axes of the coordinate systems in the object and image spaces 
of the system as a whole are determined by the base-ray and in fact will 
be different for different base-rays. This is not the case if translated 
coordinates are used since, although the same in the object and image 
space, the direction of the x-axes can be fixed independently of the 
choice of base-ray. This has implications on the relationship between 
the aberration coefficients and the G-coefficients in each of the three 
coordinates. In the object space it is immaterial whether or not the 
object surface is plane and normal to the x-axis since it is possible to 
use non-linear paracanonical coordinates. However, in the image space 
the aberration or image height, as the case may be, is expressed simply 
in terms of the quasi-invariants only if the image plane is normal to 
the x-axis (see §51b). In general this will not be the case with hamilton­
ian or normal coordinates whilst for translated coordinates it may always 
be arranged to be the case (simply by choosing a pseudo-axis normal to 
the image plane). Thus the power of the surface contribution for the 
design and correction of systems is available only if translated
coordinates are used.
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APPENDIX C: RAY TRACING THROUGH SYSTEMS OF ARBITRARY SURFACES
87. Comments on Ray T ra c in g .  S p e c i f i c a t i o n  o f  S u r f a c e s .
(a) B efo re  th e  b a s a l  c o e f f i c i e n t s  o f  any system  can be computed a
b a s e - r a y  must be a c c u r a te l y  t r a c e d  th ro u g h  th e  system . I f  th e  system  i s  
symmetric and th e  s u r f a c e s  a r e  e x c lu s iv e ly  s p h e r i c a l ,  the  r a y  t r a c e  scheme 
of Ford^ i s  i d e a l l y  s u i t e d  fo r  t h i s  pu rpose  s in c e  many of th e  pseudo­
p a ram e te rs  r e q u i r e d  to  compute th e  b a s a l  c o e f f i c i e n t s  a re  a u t o m a t i c a l ly  
computed in  th e  c o u rse  o f  th e  t r a c e .  However, t h i s  scheme i s  i n a p p l i c a b l e  
to  r a y s  o f  h a l f - f i e l d  g r e a t e r  than  90°  ^ and f o r  d e c e n tre d  s u r f a c e s .  I f
th e  s u r f a c e s  a r e  a s p h e r ic  ( s e e  a l s o  Appendix D) and th e  system  i s  r o t a t i o n -
2
a l l y  symmetric, Ford*s m od if ied  scheme cou ld  be used  w ith  th e  same 
a d v an tag es .
A new scheme i s  p re s e n te d  below f o r  use  w ith  d e c e n t re d  s u r f a c e s  
and a s p h e r i c  s u r f a c e s  which do no t p o sse ss  r o t a t i o n a l  symmetry. The 
e q u a t io n s  o f  §9 a r e  th e  b a s i s  of th e  scheme. The scheme d i f f e r s  from 
th o se  o f  Ford in  t h a t  no use  can be made o f  th e  e x i s t e n c e  of q u a s i ­
i n v a r i a n t s  f o r  th e  system  ( th e s e  p resuppose  a b a s e - r a y ) .  I f  th e  new 
scheme i s  used  fo r  t r a c i n g  th e  b a s e - ra y  th rough  an a r b i t r a r y  system , 
many o f  th e  p seu d o -p a ram ete rs  a r e  a g a in  computed a u to m a t i c a l ly  i n  th e
co u rse  o f  th e  t r a c e .  A lg eb ra ic  schemes do e x i s t  fo r  t r a c i n g  r a y s  th ro u g h
3
a r b i t r a r y  system s o f  r o t a t i o n a l l y  symmetric a s p h e r ic  s u r f a c e s  , b u t  th e s e
Ford (1960 ) .  F o r d 's  b a s ic  scheme can be m od if ied  f o r  r a y s  o f  h a l f - f i e l d  
g r e a t e r  th a n  90°. The m o d i f ic a t io n s  stem from th e  f a c t  t h a t  a t  th e  f i r s t  
s u r f a c e  = - 1 ,  X^ = 2r in  th e  c o r r e c t  p a r a x i a l  l i m i t  fo r  such r a y s ,  no t 
1 and 0 as  i s  th e  u s u a l  c a s e .
Ford (19 6 6 ) .
A lle n  and Snyder (1952).
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are inconvenient for use with the basal theory and the following scheme 
is more general.
(b) The system (K) may be specified as follows. First, each surface
(F) will be given by an equation of the form
x = x(y.z) = ns, y(n) n-p p (87.1)
where x, y, z are the coordinates of points on (F) referred to a local 
coordinate system (C^  whose origin lies on (F) . Naturally the series 
(87.1) must be terminated at some stage. Second, let (C^  be some suitably 
chosen coordinate system and let the origins of the coordinate systems 
(C^  be the points x q j > y^» ZQj '*'n (The x-axis of (C^  would corres­
pond to the pseudo-axis of §1.) If the (C) are not related to (C^  by a 
translation, then the direction cosines of their coordinate axes must also 
be specified. It is anticipated that the (C). will be chosen so that they 
are in fact obtained from (C^  by a translation. If some surfaces are 
spherical or have some special form (e.g., ellipsoids) so that their 
equation may be given in closed form not involving powers higher than the 
second in x, y or z, it is of advantage to specify them in the closed 
form. The abscisse of the point of intersection of a ray with the surface 
can then be determined exactly as the solution of a quadratic equation 
(cf. below). In that case the modifications to the scheme are merely a 
matter of detail. The scheme consists of three stages: determination
of the point of incidence of a ray with the surface, the refraction of 
the ray and finally, transfer to the next surface.
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88. Points of Intersection of Rays with Aspheric Surfaces
Any ray (R) is specified at each surface by its canonical 
variables X and X defined with respect to (C) as in §5a. (Note: TheseA
are not the basal canonical variables. Throughout this appendix, subscripts 
nA" are omitted from many quantities, for example, from V, R and X» Since 
no basal variables are used at all in this appendix, no confusion need 
arise.) Before refraction at (?) , the equation of (§) is
Z = X. + xV (88.1)
The point of intersection (X,y,z) of (R) with (?) is obtained by eliminating
y from (87.1) by means of (88.1) and solving the resulting equation in x
/ n  \
to give X. Suppose all the coefficients x^ are zero for n > 2. Then 
X is the solution of the quadratic equation
P2X +  2P1X + P0 = ° (88.2)
where
(2)t.2 (2),V  'V + *1 w + X2(2V
(2). Iv (2)Xq'~'YV + fX, '(YV+ZW) + X,
(2 )„2
(2)ZW + s CXq ^ ^ + X ^ ^ W - I )
x0 V  + x ,(2)yz + x2(2)z2 + x0(1)Y + X,0 ) z
The relevant solution of (88.2) is that which reduces to zero when X — 0*
/n\
Now suppose that all the x V > are not zero for n > 2. Let X be anM- n
approximate solution for X. If X 4- 5X is an improved solution, then
(87.1), (88.1) yield
X + 5X = x + 5X V.x
where
X = X(Y+X V , Z+X W) , x * (4* » *!*)An n * n ,yn vdy 9 dz' 9
with the derivatives calculated at x * X . Hencen
(X -X V.x )/(1-V.x ) .n n ~  ,yn (88.3)
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From (8 7 .1 )
oo n
|2- = Z, £„ (n-n)xay n=l p=0 p ’ dz E. L w (") ynV , . ( 8 8 . 4 )  n=l p=0 p  ^ 7
For a g e n e ra l  s u r f a c e  th e  p o in t  of i n t e r s e c t i o n  of th e  r a y  Y, £  w i th  (F)
would be de te rm ined  as fo l lo w s :  an approx im ate  s o l u t i o n  fo r  X
i s  o b ta in e d  from (8 8 .2 )  and used as th e  i n i t i a l  v a lu e  o f  an i t e r a t i v e
p ro c e s s  whereby X i s  de te rm ined  to  th e  d e s i r e d  acc u racy .  U sing th e
p re v io u s  approx im ate  v a lu e  fo r  X compute y from (8 8 .1 )  and th e n  x and X
from ( 8 7 .1 ) ,  ( 8 8 .4 ) .  S u b s t i t u t e  th e s e  i n t o  (8 8 .3 )  to  d e te rm in e  th e
improved v a lu e  fo r  X. I f  th e  d i f f e r e n c e  X -  X^ i s  g r e a t e r  th a n  some
p r e s c r ib e d  v a lu e ,  r e p e a t  th e  i t e r a t i o n  u s in g  th e  new v a lu e  o f  X ( i . e .  ,
X , , )  as  th e  i n i t i a l  v a lu e .  When X -  X i s  l e s s  th a n  th e  p r e s c r ib e d  n+1 n+1 n
v a l u e  th e  i t e r a t i o n  i s  te rm in a te d .
89. R e f r a c t io n
The normal to  (F) a t  th e  p o in t  o f  in c id e n c e  (X ,y ,z )  has  the
components
n  = ( 1 ,  - X  > - X  ) / , / l + X  «X v  > ( 8 9 . 1 )
>z » z  »2,
where th e  d e r i v a t i v e s  a r e  e v a lu a te d  fo r  y = Y + XV . Using th e  p r e v io u s ly  
de te rm in ed  v a lu e  o f  X th e  components o f  n can  be found from ( 8 9 .1 ) .  P r io r  
to  c a l c u l a t i n g  th e  r e f r a c t i o n  inc rem en ts  AV and AY , R must be found.
X  i s  de te rm ined  from (9 .3 )  by u s in g  th e  known v a lu e s  of and th e  c a l c u l a t e d  
v a lu e s  o f  £  and n . The c o e f f i c i e n t s  p ,  a  and t can th en  be de te rm in ed
X
from ( 9 . 8 ) ,  and (9 .7 )  so lved  fo r  R. The r e l e v a n t  s o lu t i o n s  of (9 .7 )  a r e
R = [(cr2-|-i.T)-cTj/'r , R = -2 <t/ t , (3 9 .2 )
f o r  l e n s e s  and m i r r o r s  (k  = -1 )  r e s p e c t i v e l y .  ( 9 .2 ,4 )  now y i e l d  th e
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c a n o n ic a l  v a r i a b l e s  a f t e r  r e f r a c t i o n :
V' = V -  RI , Y' = Y + RXI (8 9 .3 )
90. T ra n s fe r
F i n a l l y ,  i t  i s  n e c e s s a ry  to  t r a n s f e r  th e s e  v a r i a b l e s  to  th e  n ex t  
s u r f a c e .  Suppose t h a t  th e  c o o rd in a te  systems ©X a re  r e l a t e d  to  (C^ by
a t r a n s l a t i o n  w ith o u t  r o t a t i o n .  Then
V = V 
•^j+1 " j
(9 0 .1 )
A f te r  r e f r a c t i o n  a t  (F^, ®  i n t e r s e c t s  th e  p la n e  x = x ^  ( c o o r d in a te s  in  
(C^) in  th e  p o in t  ^  = Y * + y ^ .  Thus, in  (C^, th e  e q u a t io n  o f  ®  i s
z “V +^ oj + (x*x0j):V •
X  was d e f in e d  as th e  p o in t  o f  i n t e r s e c t i o n  o f  th e  ra y  w ith  t h e  x - p la n e  o f  
th e  c o o r d in a te  system © ,  r e f e r r e d  to  th e  o r i g i n  o f  © .  I t  fo l lo w s  
t h a t  ©  w i l l  i n t e r s e c t  th e  p la n e  x = x qj+  ^ i-n th e  p o in t  ^ j + -j + ^ Q j+1 * 
Thus, from th e  above e q u a t io n ,
* j+ i = ~j '  + (x o j + r W  + i o j  -  z o j+ i (9 0 .2 )
(9 0 .1 ,2 )  en ab le  th e  c a n o n ic a l  v a r i a b l e s  of ©  to  be de term ined  b e f o r e  
r e f r a c t i o n  a t  ® . + .j • Suppose now t h a t  th e  ©). a r e  r o t a t e d  w i th  r e s p e c t  
to  (C^. Then must be de term ined  from 1 by a r o t a t i o n  o f  c o o r d in a t e s .
The x -p la n e  o f  ©  i s  now not th e  p lane  x = x ^ .  i n  (C^ b u t  i s  i n c l i n e d  to  
th e  x - a x i s .  Y. w i l l  be de term ined  by r e f e r r i n g  th e  p o in t  o f  i n t e r s e c t i o n  
o f  ®  w i th  th e  x -p la n e  o f  t0  th e  p o in t  » y Qj+l * ZQj+l^ and
th e n  perfo rm ing  a r o t a t i o n  of c o o rd in a te s  ( s e e  §5b).
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In this manner the ray is traced through the system. In the
image space of the system as a whole Y 1 and V 1 will be available forK. K.
computing the intersection point of the ray with the image plane. Using 
this scheme image heights are determined rather than aberrations and it is 
not possible to determine the contributions by the individual surfaces 
to the final aberration, however that may be defined. This was possible 
in the two schemes of Ford simply because the optical axis was the actual 
path of a ray and this could be taken as a base-ray, in which case the 
quasi-invariants were known and available for use.
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APPENDIX D: THE PARABASAL COEFFICIENTS FOR ASPHERIC SURFACES
91 • Aspheric Surfaces and the Basal Theory
(a) Throughout the derivation of the equations required to compute
the basal coefficients it was assumed that the surfaces were spherical.
It is highly desirable that these be generalised to surfaces which are 
aspheric and plane symmetric. It is known that aspherical surfaces can 
be used to great advantage in symmetrical systems. Undoubtedly they 
will eventually be incorporated into systems of large field angle in order 
to remove objectionable aberrations, thereby increasing the speed of the 
system, or to adjust distortion to a certain prescribed value (see §75c). 
The generalised basal theory would then be a valuable tool in the design 
and analysis of such systems. Secondly, if a plane symmetric system is 
required for some purpose it is almost certain that the required properties 
could be obtained more economically through the use of aspherical surfaces 
than from the use of a strongly decentred system of spherical surfaces 
since many more degrees of freedom are available with aspherical surfaces. 
It has already been seen (Appendix C) how rays may be traced through 
completely general surfaces and the present appendix will derive the 
equations for computing the parabasal coefficients of plane symmetric 
aspheric surfaces and outline the procedure for computing the higher 
order coefficients of these surfaces.
(b) It is possible for plane symmetric systems to be constructed
from aspheric surfaces so that there exists a straight line normal to all 
the surfaces. This line is analogous to the optical axis of symmetric 
systems since a ray along it will be undeviated by the system. This 
ray would be a logical choice for a base-ray, in which case considerable 
simplifications would ensue since many of the pseudo-parameters would
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take on simple values. It would also be possible (in principle) to derive 
algebraic expressions for the derivatives of the coefficients with respect 
to the proper parameters of the system and for the chromatic aberration 
coefficients. However, such a system is probably academic.
Naturally it would be possible to compute the coefficients for 
anamorphotic systems using base-rays in either plane of symmetry or along 
the common section of the two plar.cs of symmetry. In the latter case it 
would of course be preferable to derive anew the equations for the 
coefficients taking account of the existence of the two planes of symmetry 
and of the fact that the base-ray is undeviated by the system. (Such 
systems have been considered by various authors,^ for example, Smith 
has considered the first order coefficients and Wynne considered the 
primary or third order coefficients for a system of cylindrical surfaces.) 
However, for the present purpose (R^ will be an arbitrary meridional ray 
in an explicitly plane symmetrical system.
(c) When the base-ray is traced through a system of aspheric surfaces
the surfaces are expressed in the form (87.1). For use in the basal theory 
the equation of the surface must be given in the coordinate system whose 
origin is the point of intersection of the base-ray with the surface.
This equation may be obtained from (87.1) as follows. Let the point 
of intersection of (R^ with ©  have the coordinates yß in the coordinate 
system ©  of §87b. Then, provided the coordinate system used in the 
basal theory is related to ©  by a translation, replace y in (87.1) by 
y + y_, and expand in powers of y and ~z. There results an equation of 
the form (87.1) for x (in the basal coordinate system) in terms of y .
1 Smith (1928); Wynne (1954).
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The coefficients in this expansion express themselves as series in . 
Since (87.1) is itself an infinite series these will be infinite series. 
However, if m terms of (87.1) were sufficient for tracing the base-ray, 
it will be assumed that the coefficients in (87.1) for n > m are all zero. 
The basal x . ^ w i l l  then be expressed as finite series of m or less terms
i n -xB  •
Translated coordinates and canonical variables are defined 
as in §5. The analysis of §8,9 was valid for any surface and I and 1^ 
are defined as in the equation following (10.3). Since (10.5,6,7) 
depended only on (9.2,4) and the definitions of V and X, they hold for 
general surfaces and will form the basis of development of the basal 
theory for aspheric surfaces.
92. The Parabasal Coefficients
The abscisse X of the point of incidence of a ray with the
surface will have the formal expansion (31.2). If this is substituted
into the equation n
X = J 1 x/n) [Y+X(V+VB) ^ (E+XW^
(where p. is even since the surface is plane symmetric), and the right 
hand member expanded,it is found that
Thus
x0) = x0(1)(Y+x(1)Vß)
* (1) (1)*0 / < ^ V 0   ^ * Px2
(92.1)
The normal n to the surface is given by (89.1). At the point of inter­
section with (F) of the ray whose canonical variables are Y and V , n 
will have the formal expansions
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n = n + L  g  ft <n)Yn - ^ - v zV-V
x Bx n-1 [iVT xjjlVt
, v  V  ^ (n ) n-u  u- v v- t tn = n + L ,  L n ,, Y V  Z W y By n-1 uvt yuVT(J.VT yiaVT
(r
M-VT ‘zuV T
n -  L  L n  <“>*"-V W  ,z n=l uVt t (9 2 .2 )
where V i s  even in  n and n and odd in  n . Express n as a power s e r ie sx y z
in  y and z . From (8 8 .4 )
X>y = X0 O )  + 2x0 (2 )y + 0(2) , X -  2x2 (2)z + 0 (2 ) .
Hence,
where
(1+vx./= "bx^wV2^ + o(2)
V  ‘  2nBx3,C0 (2 )y  + ° (2) •
'2nBx*2(2)z + °(2) ’ (9 2 .3 )
nBx = O+X0 ° )2 r  . "By -  -X0 (1>“ bx 1 nBz “ 0 > (9 2 - 4>
are th e  components o f  n for the b ase-ray . From the second o f  th ese  i t  
i s  ev id en t th a t p ^  has p r e c is e ly  the v a lu e  i t  does for sp h e r ic a l su r fa ces:
px i = - v V 0 0 5 1- = ' A’ n’'B 1 By
(T his i s  due to  the fa c t  th a t to  the f i r s t  order, X i s  determ ined as i f  
(F) were rep laced  by i t s  tangent plane a t (P^.) Thus, by s u b s t itu t in g  in  
(9 2 .3 )  for  ^ a cco r d in g  to
y = Y + X(V+Vß) ,
th e  f i r s t  order c o e f f i c ie n t s  in  (9 2 .2 ) are found to  be
Pnxl = 2X0 (2 )n BynBx2(1+P x l V  =
Pnyl = ~2X0 Hßx (1+Px l V  = ~2X0 nBx A1 ’ 
Pnz3 = ”2X2 nBx 1
Pnx2 Pny2 Pnz4 0 (9 2 .5 )
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Now
I = I - I = n V + (n - ~ ~A B :-r- N x nBx«B ' + • (92.6)
and the first order ^-coefficients are
Ä -  , v  (2>„ 3Piyl 2X0 Bx ’
AP = ,iy2 B*
- - ,v (2)Piz3 - 2X2 "Bx ’ iz4 Bx (92.7)
The higher order i-coefficients are also readily obtained from (92.6).
(13.2) still holds since p is unchanged and (13.4) are again obtained.
Consider the parabasal terms of I for aspheric surfaces and compare these
with (10.4). The difference between these is the appearance in the
aspheric i of p. , in place of c in i and of p, . in place of c in i .lyl y iz3 z
Consequently, as can be checked by examining the analysis leading to 
(13.9), the same changes are required in (13.9) in order that this set 
of equations be valid for aspheric surfaces. Hence the canonical variables 
of a parabasal ray after refraction are given in terms of those before 
refraction by the equations
y* = (^1/^1,)y , v' = k y(A1'/A1)v - (PiylV V aB,cos IB')y ’
z1 = z , w 1 = k^w - • (92.8)
Since the transfer equations are independent of the nature of the surface, 
the parabasal coefficients can be computed from (92.8) in the usual manner.
93. The Higher Order Coefficients
The modifications required to compute the higher order coefficients 
for aspheric surfaces will be considered in outline only. They centre on 
the fact that for aspheric surfaces I is no longer linear in Y and V.
First, the x-coefficients must be determined, This is a simple matter:
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th e  h ig h e r  o rd e r  analogues o f  (9 2 .1 )  may be i t e r a t i v e l y  o b ta in e d  from 
th e  e q u a t io n  p rece d in g  ( 9 2 .1 ) ,  and th e  & - c o e f f i c i e n t s  a r e  r e a d  o f f  from 
t h e s e .  Next th e  second and h ig h e r  o rd e r  c o e f f i c i e n t s  i n  (9 2 .2 )  must be 
d e te rm in e d .  The g e n e ra l  method i s  a lo n g  th e  l i n e s  o f  th e  d e r i v a t i o n  of 
( 9 2 .3 ,5 )  and i s  te d io u s .  Once th e  c o e f f i c i e n t s  in  (9 2 .2 )  have been 
d e te rm in ed  th e  i - c o e f f i c i e n t s  may be re a d  o f f  ( 9 2 .6 ) .  ( 2 7 .3 ,4 )  depend on
th e  g e n e ra l  e q u a t io n s  ( 9 .7 ,8 )  and th e  d e f i n i t i o n s  o f  X  and and conse­
q u e n t ly  a l s o  a p p l i e  to  a s p h e r ic  s u r f a c e s .  The e q u a t io n s  c o r re s p o n d in g  
t o  th o s e  o f  Tab le  32/1 may be o b ta in e d  by s u b s t i t u t i n g  th e  s e r i e s  fo r  X  and 
n^ i n t o  (2 7 .4 )  and c a r ry in g  ou t th e  n e c e s s a ry  ex p an s io n s .  The r - c o e f f i c i e n t s  
fo l lo w  as b e f o r e .
N e i th e r  th e  p r i n c i p l e s  nor th e  d e t a i l s  o f  i t e r a t i o n  and pseudo­
ex p an s io n s  a r e  a l t e r e d  by th e  g e n e r a l i s a t i o n  to  a s p h e r ic  s u r f a c e s .  
C onsequen tly  th e  r* -  and p * - c o e f f i c i e n t s  and th e  r -  and p - c o e f f i c i e n t s  
may be de te rm in ed  in  th e  same manner as  fo r  s p h e r i c a l  s u r f a c e s .  The X “  
c o e f f i c i e n t s  (as  d i s t i n c t  from th e  ^ - c o e f f i c i e n t s )  must be d e te rm in ed  by 
s u b s t i t u t i n g  th e  s e r i e s  (2 5 .6 )  f o r  X  and V (which rem ain  v a l i d  fo r  a s p h e r i c  
s u r f a c e s )  in t o  th e  s u r f a c e  expansion  o f  X • This  e s s e n t i a l l y  in v o lv e s  th e  
u se  o f  i t e r a t i o n  and p seud o -ex p an s io n s .  However, s in c e  o n ly  th e  second 
o rd e r  j _ - c o e f f i c i e n t s  a r e  r e q u i r e d  i n  o rd e r  to  de te rm ine  th e  t h i r d  o rd e r  g- 
c o e f f i c i e n t s ,  th e  j . - c o e f f i c i e n t s  a r e  in  f a c t  b e s t  o b ta in e d  from t h e  second 
o rd e r  e q u a t io n s  co rre sp o n d in g  to  (3 9 .2 )  f o r  tw o -v e c to r s .  The £ -  and p- 
c o e f f i c i e n t s  a re  a g a in  o b ta in e d  from T ab le  4 0 /1 ,2  and th e  ^ - c o e f f i c i e n t s  
fo l lo w  as u s u a l  from ( 4 1 .1 ) .  A c o n s id e r a b le  amount o f  work rem ains  to  be 
done w i th  r e s p e c t  to  a s p h e r ic  s u r f a c e s ,  e s p e c i a l l y  an i n v e s t i g a t i o n  in to  
th e  most s u i t a b l e  manner i n  which to  s p e c i f y  th e  s u r f a c e .  For exam ple,
i t  may be o f  advan tage  in  some cases  to  s p e c i f y  th e  s u r f a c e  by
2-----  -----
c y .y  -  2 c y .n ß = <Ky,z) ,
where <Ky,z) i s  an odd fu n c t io n  o f  z. In  t h i s  manner 4>(y,z) r e p r e s e n t s  
th e  d e v i a t i o n  o f  th e  s u r f a c e  from a sphere  o f  c u rv a tu r e  c .
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APPENDIX E: THE PRINCIPLE OF DUALITY
94. D ual T ran sfo rm a tio n s  and T ransform s
The p a ra c a n o n ic a l c o o rd in a te s  ^  and X w ere in tro d u c e d  in to  th e  
th e o ry  in  a sym m etrica l fa sh io n  -  th e re  i s  n o th in g  in  (6 .1 )  to  d i s t i n g u i s h  
betw een ü  and T. C o n seq u en tly , fo r  any e q u a tio n  o c c u rr in g  in  th e  th e o ry  
e i t h e r  X  and £  m ust appear sy m m e trica lly  in  th e  e q u a tio n , o r th e r e  m ust 
e x i s t  a second e q u a tio n  c o rre sp o n d in g  to  th e  o r ig i n a l  so t h a t  w here X  
o ccu rs  in  one, X o c c u rs  in  th e  o th e r ,  and v ic e  v e r s a .  T h is  may be 
ex p re ssed  as fo llo w s :
A fo rm al in te rc h a n g e  o f X  and T tra n s fo rm s  any v a l id  
e q u a tio n  in to  a n o th e r  v a l id  e q u a t io n .
(Compare th e  ca se  o f  Y and V w hich do n o t appear sy m m e tric a lly  in  th e  
th e o ry  -  one r e p r e s e n ts  a p o in t  and th e  o th e r  a d i r e c t i o n .  An in te rc h a n g e  
o f  X  and X. does n o t n e c e s s a r i ly  tra n s fo rm  a v a l id  e q u a tio n  in to  a n o th e r  
v a l id  e q u a t io n .  For exam ple, th e  p a i r  o f e q u a tio n s  ( 9 .2 ,4 )  sh o u ld  be 
tran sfo rm e d  in to  each  o th e r  w hereas in  f a c t  th e y  a re  n o t . )  A fo rm al 
in te rc h a n g e  of and X w i l l  be c a l le d  a d u a l tr a n s fo rm a tio n  and under a 
d u a l tr a n s fo rm a tio n  any q u a n t i ty  Q ( th i s  in c lu d e s  v e c to r  and s c a la r  
q u a n t i t i e s  and c o e f f i c i e n t s  b u t n o t th e  p a ra m e te rs  o f th e  system ) i s  
tran sfo rm e d  in to  i t s  d u a l ( tr a n s fo rm ") Q .  I f  two s u c c e s s iv e  d u a l t r a n s ­
fo rm a tio n s  a re  made th e r e  w i l l  in  e f f e c t  have been no change made a t  a l l .  
Thus th e  d u a l o f th e  d u a l o f  a q u a n t i ty  i s  th e  o r ig i n a l  q u a n t i ty .  A 
q u a n t i ty  w hich s a t i s f i e s  j,
= Q , (94.1)
i s  s a id  to  be s e l f - d u a l .  Note th a t
S#  =  Z , l* =  1 (9 4 .2 )
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Let Q be a self-dual quantity which is linearly dependent on
the paracanonical coordinates s and t (or s and t ) of an arbitraryy y z z
parabasal ray» Then
Q = Q s + Q t a y  b y
Under a dual transformation this must be transformed into a valid equation 
Thus, using (94.2),
= Q #t + Q # S
l y b y
for all s and ty y Since Q is self-dual, it follows that
Q /  = Q. , Q,# = Q . (94.3)a b  b a
Next,suppose that Q is a self-dual two-vector which may be expanded as in 
(24.1). Perform a dual transformation on (24.1) and use (94.2). (Note: 
An interchange of .S and T means an interchange of and T^, and T^.) 
Then, since Q is a self-dual, the duals of the paracanonical coefficients 
are given by1
(tO#
pVT ^(n-p+V)VT (94.4)
Note that the interchange of £ and T is equivalent to an interchange of 
5 and £, jr and £ i-n (6.1). Thus, from (6.2),
(94.5)
Obviously, any quantity which has physical meaning for the system (or for 
any ray traversing the system), irrespective of whether or not paracanonical 
coordinates have been defined, must be self-dual. Thus £, V and jg are 
particular examples of self-dual quantities. It is readily checked, using 
(94.2,3,5),that (25.6,7) are consistent with this.
1 Compare (6.3,5) of Buchdahl (1965). See also Table 29/3.
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95. The Principle of Duality and its Applications
(a) A dual transformation will now be generalised to the following:
a dual transformation is a formal interchange of all quantities and their 
duals. Consider for the moment the manner in which the expressions for 
the basal coefficients were derived. Throughout the derivation the basic 
operational procedure was as follows: some combination C of functions of
£ and £,or of Y and V , was constructed and set identically equal to zero 
for all rays. Y and V were expressed in terms of £ and £ and the 
coefficients of the powers of £ and £ in C were then zero. If a dual 
transformation is applied to C it is readily seen that the theorem at 
the beginning of this appendix may be generalised to the Principle of 
Duality:
Under a dual transformation valid equations are 
transformed into other valid equations.
That this is consistent with the principle of duality as expressed by
Buchdahl^ is obvious. As a simple example consider (14.3). Under a
dual transformation (yjv) becomes y,v - y v = **(y|v). N is unaffectedb a a b y
and g transformsysince it is a function of the parameters of (K) 
according to (94.5). Thus the original (14.3) is recovered. Other 
examples may be found throughout this thesis, for instance, the iteration 
equations (Table 37/1), in particular the first and seventh members of 
these. (Note: (94.4) also applies to pseudo-coefficients.)
(b) There are two important applications of the principle of duality.
The first is a check on the various equations appearing in the text of the
1 Buchdahl (1965) §6(ii)
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thesis. From the principle of duality it follows that corresponding to
any equation there exists a second equation formally similar to the original
except that all quantities in the original are replaced by their duals. By
comparing the relevant equations the existence of an error in one or the
other can be ascertained. (e.g., the first and seventh members of Table
37/1 form such a pair.) The second application of the principle of duality
is a computational aid.^ The computer programme used for computing basal
coefficients was constructed entirely from relations to which the principle
of duality applies. It has already been observed that an interchange of
S. and .£, ä and t. in (6.1) is equivalent to a dual transformation. The
numerical values of these quantities form the "initial data" of the a-
and b-rays used to compute the coefficients. It follows that if the same
programme is used with the numerical values of y , and y, ,, v , and v, ,~al ~b1 ~al ~bl
reversed, it will yield the correct values of the dual coefficients. When 
the programme was initially constructed this feature was a very valuable 
aid to "de-bugging".
The series for the surface and paracanonical expansions of any 
quantity are formally the same, except that where Y and V appear in the 
former, and T appear in the latter. Thus, if (94.4) is applied to surface 
coefficients, equations such as those of Table 30/1 may be checked in the 
same manner as equations involving only paracanonical coefficients.
Finally, the dual transformation can be built up from two independent 
transformations - for example, an interchange of S^, T^ followed by an 
interchange of S , T^, Each of these transformations forms a dual trans­
formation in its own right and equations analogous to (94.1-5) may be 
obtained in each case. A principle of duality exists for each trans­
formation. This is not the case in the axial theory since an interchange
of S. , T. alone does not preserve the rotational invariance of the Ay Ay
equations, in particular of £ , q , £
APPENDIX F: LISTING OF PROGRAMME TIRIKI
This Appendix consists of a listing of the computer programme 
used to compute the basal coefficients appearing in this thesis. The 
listing presented here was obtained from a successful production run.
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APPENDIX G: TABLES OF SURFACE CONTRIBUTIONS TO G- AND h -CPEFFICIENTS
The f o l l o w i n g  t h r e e  t a b l e s  a r e  t h e  s u r f a c e  c o n t r i b u t i o n s  t o ,  
r e s p e c t i v e l y ,  t h e  b a s a l  G jG and h - c o e f f i c i e n t s .  The f i n a l  c o e f f i c i e n t
ci D
i s  g iv e n  i n  t h e  l a s t  column and t h e  c o n t r i b u t i o n  by t h e  j l t h  s u r f a c e  i s  
g iv e n  i n  t h e  _ith colum n. (S ee  5 7 2 ,7 3 . )
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APPENDIX H; TABLES OF SYMBOLS AND AFFIXES
This Appendix is divided into three parts: (a) a table of
special symbols and conventions, (b) a table of kernel symbols, and 
(c) a table of indices and other affixes. These tables are by no means 
exhaustive and contain only repeatedly used symbols etc. If a symbol 
has some particular meaning in only one section, that meaning is not given 
below. As in the text, Q and q are reserved for general kernel symbols 
and are only used in examples. Only the generic form of coefficients 
is given and §29 should be referred to for an interpretation of coefficients. 
Section references refer to the first use of the symbol in question.
(a) Special Symbols and Conventions
o around a letter indicates script type
below a letter indicates German type
below a letter indicates block type, used only for 
two-vectors (54)
above a symbol denotes a vector (§4)
*
above the kernel
are often used to indicate a 
variation of the usual meaning 
of the kernel symbol
(fig)
n!/(n-r)ir! (536)
0(m) terms of the mth and higher orders in given variables
(b) Kernel Symbols
The symbols representing parabasal quantities are not shown 
separately but are indicated in brackets after the corresponding general
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symbol. Symbols whose k e rn e l  i s  a "w" o r  " z " ,  a r e  th e  second component of 
th e  co r re sp o n d in g  tw o -v ec to r  whose k e rn e l  i s  "v" or "y" .
®
© » © d>(§k
© *
©*
®
®
®
® .  (E^  
©
©
p seu d o -ax is  (§1)
c o o rd in a te  systems a s s o c i a t e d  w ith :  (F ) (§ 5 ) ,  (D)(§63),
®  (§D
c o o rd in a te  system  a s s o c i a t e d  w ith  (H) (§7)
c o o rd in a te  system  o b ta in e d  by t r a n s fo rm a t io n  o f  (C) (§5) 
diaphragm (§1 ,61) 
e n t ra n c e  p u p i l  (§6 ,61)
boundary between two o p t i c a l  media (§1)
o b je c t  (or image) s u r f a c e ,  u s u a l ly  p la n e  (§6 ,7 )
o p t i c a l  system  (§ 1 ) ,  symmetric system  (§54)
l i n e  in  (M) and, in  o b je c t  space o f  (K), normal to  
(1^ (§18)
p la n e  o f  symmetry o f  (K), m e r id io n a l  p lan e  (§1 ,3 )  
p o in t  of in c id e n c e  of (R) w i th  (f) (§8)
a r b i t r a r y  r a y  (§ 5 ) ,  b a s e - r a y  (§2) 
s a g i t t a l  p la n e  (§3)
a
a
a
y
A
m a tr ix  elem ent in  r o t a t i o n  o f  c o o rd in a te s  (§5) 
a / a B (§59)
c o e f f i c i e n t  o f  Y in  AG^ (§26) 
c ro s s  s e c t i o n a l  a re a  o f  p e n c i l  (§64) 
a r e a  o f  (E) (§64)
b
b
y
m a tr ix  elem ent in  r o t a t i o n  o f  c o o rd in a te s  (§5) 
c o e f f i c i e n t  o f  V in  AG^ (§26)
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c c u r v a t u r e  of  s p h e r i c a l  s u r f a c e  (§1)
C c e n t r e  of  s p h e r i c a l  s u r f a c e  (§1)
da l o c a t i o n  o f  p la ne  o f  (5) (§63)
d ' s e p a r a t i o n  of  x-  and x+- p l a n e s  (§10)
E o p t i c a l  i n v a r i a n t  o f ® ,  (§57) (deno ted  by E * i n  M)
eb
b a s a l  p o i n t  of  (E) (§6)
£C£) o u t - o f - f o c u s  terra (§22)
F FM* S
F ( n )
m e r id io n a l  and s a g i t t a l  f o c i  (§17) 
c o e f f i c i e n t  of  pn VHV i n  .e (§49)
8 _oj -  j t j  , u s u a l l y  deno ted  by g (§6)
5 ( g ) q u a s i - i n v a r i a n t  (§22) (denoted  by A(A) i n  M)
JlCfe) o b j e c t  h e i g h t  (§6 ,7 )
h i o b j e c t  h e i g h t  of  a p a r a b a s a l ,  m e r i d io n a l  o b j e c t  (§18)
H d i s t a n c e  o f  0 from b a s a l  p o in t  of  (S) , i . e . , l e n g th  
o f  H (§48,49)
kAx * ^ A n V -  n W , n V -  n (§9)z A y A X~A ~~
Xx ’ I A - I  , I  -  I  (§10)Ax Bx A B
I an g le  of  in c id e n c e  (§2)
k number of  s u r f a c e s  o f  (K) (§1)
k r e f r a c t a n c e ,  k = N/N' (§8)
ky ’ kz k = N /N 1 , k = N /N ' (§13)y y y z z z
*m > KS m e r i d i o n a l ,  s a g i t t a l  comat ic  asymmetr ies (§53)
►Q
>
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i » 4 m  * =s distance of 0_ from (P) (§17) ; value of 1 for F.. , B = M
F s (§20)
i position of object plane or distance of 0 from x-plane 
(§6,7)
distances of F_, , F 0 from x-plane (§20) M  b
JS magnification (§7)
N=gn number of nth order g-coefficients (§25)
n t=In number of nth order extremal identities (§43)
N , N=yn =zn number of nth order terms in expansions of , Q^ _ (§24)
n normal to (F) (§8)
N refractive index (§1)
N , N
y z
N = No, 3 , N = Na (§13)y B z B
N , N tr number of rays forming spot diagram, from ray
traces (§77)
n order of term of coefficient (§24)
°, oB point object (§6) , basal object or basal point of 
®  (§6)
P location of plane of (E) (§6)
P(p) RX (§10) (denoted by X in M)
Pqa * Pqa generic form of first order coefficients of Q (§29)
(n) (n)
5 (n)
HpVT
generic form of nth order coefficients: paracanonical
(§24) , pseudo- (§35) , surface (§26)
~(n) (n)
q > q
generic form of nth order terms of expansion of Q 
in terms of: Y and V (§26) , S. and T (§24)
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ra
(AN cos I)/N'a' (§8) (denoted by S in M)
R(r) defined by R = RR (§8) (denoted by S in M)
■SU) paracanonical coordinates (§6)
S , sqa qa generic form of second order coefficients of Q (529)
so for principal ray of pencil containing R^ (§65)
ICE) paracanonical coordinates (§6)
T , tqa qa generic form of third order coefficients in Q (§29)
U N (ZV-YW) (§59)z
V point characteristic (§44)
v(x) VA - V B (55)
V J3/a (§5)
X  > V , v vp q a b paracanonical coefficients (§14)
X -VVV > W >  (§26)
% (xM , xs), displacement of F , Fg from (H) (§22)
X displacement of image plane from initial position (§51)
X , X abscisse of point on (R) (§5,17)
X(x) abscisse of (?) (§9)
z > z d(y ^ d ) point of intersection of R with: x-plane (§5), (D) (§63)
v  yq > £*> & parabasal coefficients (§14)
x > i ordinates of point on R (§5,17)
y -vvv ’ vv> <s26)
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ß
A, Ay V
€
(a>,ß,7) , direction of ray (§5)
- ^ A '£bi . ^ ' £ ai «25)
grid mesh used in construction of spot diagrams (§74)
defined by: AQ = Q ‘ - Q (§8) , A^Q = Qj ” (§44) ,
VQ = Q+  - Q ’ (§10)
aberration (§7)
t
0
^1
h
£
IT
cr
a
cr
5 > 2
Z
Ta
T
X , I
4>
$ (n)
X
(§60)
V * A (§60)
angle variable for polar coordinates in (S) (§21) or (5) (§64) 
combinations of pseudo-parameters (§13,32) 
augmenting factor (§22)
constant term in equation for R or R (§9,27)A
VV*A (§32)
I A -SA (560) 
product sign
coefficients in quadratic equation for X (§27) 
radial coordinates in (E) (§21) or (D) (§64) 
radial coordinate in (D) determined by tracing (§75) 
radius of (D) (§63)
second order aberration coefficients (§52) 
coefficient of linear term in equation for R or R (§9,27) 
coefficients of and in _S, usually denoted by cr, cr. (§6)
summation sign
third order aberration coefficients (§53)
coefficient of quadratic term in equation of R^ or R (§9,27) 
coefficients of and in T, usually denoted by t , t (§6)
angle coordinate for polar coordinates in (S) (§49)
Q02T (n) + 2Q08-(n) + p (n) (§30)
[l+(aBb/aB*)vf1 (§5)
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X(y,z)
Vn)
$(n)
♦
equation of aspheric surface (§87)
coefficients in expansion of X.(y>z) in terms of y,z (§87)
T0q(n) + 2fr(n) +2Q/n) (530)
angle of inclination of ray with axis (§69)
(c) Indices
The various indices characterising coefficients were described 
in §29, in particular in Tables 29/1,2. The only entries from these tables 
which are repeated below are those which are also relevant to quantities 
other than coefficients. In the table below Sb is an abbreviation for 
"subscript" and Sp an abbreviation for "superscript". The number in 
parentheses after these abbreviations gives the rank (§29) of the index.
\ Sp(-1) ante-prime: Q = (g/N (§25)
A Sp(0) indicates that a quantity is either expressed in 
of Y, V or associated with such an expression
terms
(§26)
rsj Sp(0) implies multiplication by p (§22)
* Sp(l) indicates that a quantity is either of the second order 
in Y, V or associated with such a quantity (§26)
+ Sp(l) same as * but with Y, V replaced by .S, T (§24)
+ sp(5) as a surface indicator, an abbreviation for j+1 (§10)
t Sp(7) prime: implies association with the image space (§1)
it Sp(7) attached to a quantity referring to the object space 
of (F), implies definition in (C^1 (§84)
# Sp 1 denotes dual transformation (§94)
> Sp 1 implies differentiation by variables following " (§44)
No rank has been assigned. The affix goes immediately to the right of 
the last affix characterising the quantity being transformed. Further 
affixes refer to the transformed quantity.
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A Sb(l)
a , b Sb(4)
B Sb(l)
d Sb(5)
H Sb(l)
i, 3> k Sb(5)
M Sb(1)
N Sb(1)
(n) Sp(6)
0 Sb(l)
P Sb(l)
S Sb(l)
y , z Sb(2)
implies reference to the axial theory (§5,54) 
denotes a-, ^-components (§22)
implies association with (R^ , is value of for 
(§£ (§2,54)
as a surface indicator refers to (D) (§63)
implies association with hamiltonian coordinates (§18)
surface indicators: denote particular surface of (K)(§1)
implies association with meridional rays (§17)
implies association with normal coordinates (§14)
denotes order of term or coefficient (§24)
denotes a special value, usually zeroth order term (§24)
implies association with principal ray (§7)
implies association with sagittal rays (§17)
indicates y- , ^-components of two-vectors (§4)
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